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PREFACE

THIS book is prepared with a view to be used as a text-book
for the B.A. and B.Se. students of the Indian Universities.
‘We have tried to make the exposition of the fundamental
principles clear as well as concise without going into
unnecessary details ; and at the same time an aftempt has
been made to make the treatment as much rigorous and
up-to-date as is possible within the scope of this elementary
work.

‘We have devoted a separate chapter for the discussion
of infinite (or improper) integrals and the integration of
infinite series in order to emphasise their peculiarity upon
the students. Important formula and results of Differential
Calculus as also of this book are given in the beginning for
ready reference. A good number of typical examples have
been worked out by way of illustralion.

Examples for exercises have been selected very carefully
and include many which have been set in the Pass and
Honours Examinations of different Universities. University
questions of recent years have been added at the end to give
the students an ides of the standard of the examination.

Our thanks are due to several friends for their helpful
suggestions in the preparation of the work and especially
to our pupil Prof. H. K. Ganguli, M. A, for verifying the
answers of all the examples of the book,

Corrections and suggestions will be thankfully received.

CALCUTTA } B. C. D.
January, 1938 B. N. M.



PREFACE TO THE SEVENTEENTH EDITION

WE have thoroughly revised the book in this edition. For
the sake of the convenience of the students, the chapter
on “Integration by Successive Reduction” which was in
the Appendix in the previous edition, has been inserted at
the end of the chapter on “Infinite (or Improper) Integrals”.
Our thanks are due to our pupil Prof, Tapen Maulik M, Se.
of the B. F. College, Shibpur for his help in the revision
of the text.

B.C. D.

B.N. M,

PREFACE TO THE EIGHTEENTH EDITION

THE book has been thoroughly revised in aceordance with
the revised syllabus of Mathematics for the Three-Year
Degree Examinations in Arts and Science. In this edition
a few examples have been inserted herc and there and
a chapter on the integration of Irrational Functions has
been added. We take this opportunity of thanking
Mrs. S. Chatterjee and Prof. Gouri De M. Sc. for their help
in the revision of the text.

B.C. D.
B.N. M.



FORMULZE xiii

(xiv) a—i (sin™z)= 7]%-_-7-; (-1<z<11)

(xv) ;%3 (cos™*z) = — Jlg__;,- m1<z<1]

(xvi) o= (tan™2a) = g

(xvii) g% (et a)= =, [} .- p
(aviid) 7 (cosec™a)= =, L. (12| >1)
(xix) d—- (sec"w)—w—:/;;——"- (Jz|>1)

(xx) £ (sinh o) = cosh .

(xxi) lec (cosh z) =sinh z.

(xxii) j— (tanh z)=sech®z.

(sixiii) £ (coth &)= — cosechs.

(xxiv) éa- (sech )= — sech z tanh =.
(xxv) élé (cosech )= — cosech z coth z.
o gy, 1
{xxvi) e (sinh™ ') Je® ¥1)
(xxvii) de (cosh 1g)= ,J(a: ) (x>1)

(xxvm) (ta.nh“m) = --_-};s’ (22 < 1)
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(xxix) dda: (coth'lw)=1_}ma" (z*>1)

(xxx) ;%; (cosech™z) = ;:—:/(i 2’17;1‘) .

W a 1N 1 s
(xxxi) o (sech™z) (T (0<z<1)
III. Important results associated with curves.
.

1

(i) Cartesian subtangent =

(1) ” subnormal =»y,.
Gi) ., normal =1y Jl +y.2
(iv) " tangent =y v J 1+y.2.

(v) Polar subtangent =7* Z?- = - gg; ( w= 3— )
(vi) . subnormal=g;-= - 1%; z’; H (ua : )

" _4dy. . . _dY,
(vii) tan 9= Ip b COS Y= i siny="7

_.ds. I )
(viii) tan ¢=r 5 icos$=7 i singp=r,

ds
(ix) ds?=dz?+dy*® =dr® +°d6°.

ds)® _ (t_ﬂ_‘!/) df) dz 2;
dm) 1+ a) =1t dy)

B e S o)

(x)z’frmn«#.;lﬁ 2+ (%; =y +(Z';
;

o KA

AN P Z‘ﬂ% ﬁ"’ JETT
(x’) ¢ 2, 2+ 2r, §—-rr, rdp p+dv
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IMPORTANT FORMULZ AND RESULTS
of
(A) TRIGONOMETRY

1. Fundamental relations.
(i) sin?6+cos®0=1 (iv) sin (- 6)= —sin 6
(ii) sec?0=1+tanZ%6 (v) cos (—8)=cos 0
(iii) cosec®6=1 + cot?0 (vi) tan (—0)= —tan 6 r
II. Multiple angles.
(i) sin 2:1=2 sin 4 cos 4.
(ii) cos 24 =cos24 —sin®.4=1-2sin?4=2 cos®4-1.
ey s 2 . . 1-tan®4
(iii) sin 24 = 1 —t;;::x;ii ; (vi) cos 24 = 1¥ t:ﬁ—g—d'
(iv) 1—cos 24=2 gin%4 } . s, _1—cos 24
(v) 1+cos 24=2 cos%4 (vii) tan®4 = 1+cos 24
(viii) 1+4sin 24 =(sin 4+ cos 4)*.
(ix) 1 —sin 24 =(sin 4 — cos A)%.
(x) sin 34 =3 sin 4 - 4 sin>A4.
(xi) cos 34=4 cos®4 - 3 cos A.

" _3tan A—tan®4
(zii) tan 34= -3 ten?d

cot®4—3 cobt 4,
(xiii) eot 34 =""g~ Lo )

{Il. Special Angles.

sin 0°=0 cosec 0° =«
cos 0°=1 sec 0°=1
tan 0°=0 cot 0°= =
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cos 90°=0
tan 90°=

sin 30°=3% }

gin 90°=1 }

cos 30°=3%./3
tan 30°=1/./3

sin 45°=1/./2
cos 45°=1/./2
tan 45°=1

sin 120°=1%./3

. o __ Js_l,
sin 15" = 2,\/2 ’

. KO N/_3_-|-_1-
sin 75 2J2 ’

sin 18° =} ./5-1);
sin 228°=1% /(2 J2);

sec 90° = oo
cot 90°=0

sin 60°=4% ./3 }

cosec 90°=1 }

cos 60°=1%
tan 60°= /3

sin 180°=0
cos 180°= —1
tan 180° =0

cos 120°= — %

go_ N/8+1
cos 15 2.,/2

tan 15°=92— /3.
cos 756° = 9 \_/é

tan 75° =9+ /3.

cos 36°=3( /5 +1).
cos 293° =% J(2+ /).

1V. Inverse Trigonometric functions.

(3) cosec™*z=sin"*

sec 1z =cos”

(ii) sin™*z +cos™*z=1%xn.
(iii) tan "z + cot ‘= %n.

(iv) cosec *z+sec 'w=1%n

(v) tan™z + tan"*y = tan~

1

1 ; cot™tz=tan" 1 :
x x

1l

12ty

1-zy



FORMUL Z ix

; -1 —tan=ly =tan-2 LY.
(vi) tan™z - tan~ 'y =tan 1¥ay

(vii) 8 sin~*z =sin"Y(8z — 42®).

(viii) 3 cos™*x=cos~(4z® — 3z).

. ~1 -13z—
(ix) 3 tan™z =tan 1= 3.'17
9 —;1-—2% -
(x) 2tan‘1w=siu"1+xmg=005 1}.4_22“5"“1 ?]__?_a;'l'
. Complex Arguments.
(i) (cos @+ i sin 6)"=cos 16 +1 sin n0.
(3i) cos x=1-”2°'!+f! (=D Gyt b .
2n+1
(iii) sin :1;=a:—3 + (= 1)"(2 +1), -« o =,
a2n-1
: -1 1,8 31,5 n-1
(iv) tan" 'z =z — J2® + 3z = +(-1) (Zn 1)

F+rtoe -1z 1.
(v) e®*=cosx+isinz; e =cos x—{ sin z.
(vi) cos z=3(c*®+¢7%®) ; sin == 3}(c* — "),
(vii) 2™+ ;1,.= 2 cos b ; z"— ;rl,, = 2i sin n6.

(viii) 2™ cos™@=cos 10 +% cos (n—92) 0

n(n—1)
271

(n being a positive integer)

+ cos(n—4)0+--
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(ix) (- 1)™/® 2"~ sin™g
= cos n0—n cos (n—2)0 + -—2~T'- cos (n—4)o— ++-
(n being an even positive integer)
(x) (- 1)1 gn=2 gin™p
=gin n6 — n sin (n — 2)0+”(7; 0 1) sin (n—4)0 — -+
(n being an odd positive integer)

VI. Hyperbolic Functions.
(i) cosh z=13%e®+e7®) ; sinh z=3(e”— ™).

(ii) e®*=cosh £+ sinh £ ; ¢ *=cosh z —sinh .
(iii) cosh?z—sinh%z=1.

(iv) sech®z + tanh®z=1.

(v) coth®z— cosech®z=1.

(vi) sinh 2¢=2 sinh « cosh 2.

(vii) cosh 2z = cosh?z + sinh?z
=9 cosh®r—1=1+2 sinh®z.

2 tanh =
(viii) tanh 2z = 1 +tanh®z
(ix) sinh (—x)= —sinh @ ; cosh (—2)=cosh 2.

(x) sinh 0=0; cosh 0=1 ; tanh 0=0,

5 wsn+1

(xi) sinh z= a:+3 +5! +(2¢'i+1)"!+'" to oo

(xii) eosh = 1+2 + + (2 )! ses o o0
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(ziii) sinh™*z=1log (x+ /zZ+1) for all 2.

{ziv) cosh™*z=1log (z+ Jz®-1); (2> 1)

(xv) tanh™*z =% log ]l'tz (z?2 < 1)
2
(xvi) cosech™z = log 1+ «Zi_l_t_w_) (z #0)

—_2
(xvii) sech~*z=log 1~ "/g‘- - 2%) (0<z<1),

(xviii) eoth™*z=1% log ;t} (22 > 1)

VII. Special series.

@) 113 + 21,, + -312 doeenes to o =7::,
(ii) 112 + 312 + 512 Foeeenns to o =ﬂg,
(i) 15+ gt e oembo oo =;;.
Giv) {6+ 314 +-514- oeeeens to oo BQ;

VIII. Logarithm.

log, m = log, m/logy, a.



(B) DIFFERENTIAL CALCULUS

I. Fundamental Properties.

II.

® d% futoxwte- to n terms}
de = : dv Z{l:‘; «+- to n terms.
av, du duw,

(i1) o (uv)—u 2T g (111) (cu)—c i

dfq,_ dv
Y e

i) dx (u) -[MT—‘

) dy _dy dz {where y—f(z) and z=¢(z)}.

dz dz dw
Standard differential coefficients.
M £ @=0. () I @ =nr,

1 . 7 z

(iii) dz (én) = - m—,ﬁ% (iv) é& (a*) = a® log. a.

(v) d(i (%) =¢?. (vi) } (logs z)= 1 » loga e.

(vi d 1

vii) in (loge )= z (vm) (sm 7) = cos 2.

(ix) a (cos )= —-sinz. (x)- a (tan ) =sec®z.
dx dr

(x1) (cot z)= — cosec’z.

(xn) (cosec z)= — cosec z cot Z.

(xiii) ?i_:i: (sec z) =sec z tan z.
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. Fundamental Properties.

@ j {f, @)£fs @xfs @+ ton terms} dz
=j f1 (@) d;tij fa (@) d-wij fs (@) do + ++ ton terms.

(i) j cf(z) dz = cJ f(z) dz. r
Fundamental Integrals

@) jm dm"—'- (n—-1).

(ii) J' (n 1):”;1-1 (n#1).

(ii3) S de=x. (iv) 5 dffz N
(v) S d:= log lzl. (vi) J em” dm=€;m-

@<
(vii) 5 & dx=¢". (viii) j a® da:=lo—§--&- (a>0)

[]
CO8 M,

(ix) jsx o
J

sin & de= —cos Z.

(x)

sin me,

(xi) 5 cos mx AT ="
J

cos z de =sin Z.

(xii)



xvi
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(xiii) j sec?x dx=tan z.
(xiv) j cosec?z dz = — cot z.
(xv) j sec r tan & dz =sec z.
(zvi) J- cosec & cot x dx = — cosec .
(zvii) J‘ sinh z dz = cosh z.
(xviii) J. cosh z dz=sinh z.
(xix) J tanh 2 dx = log (cosh z).
(xx) j coth # dz=1log |(sinh 2)].~
{zxi) j— coseL:h z dz =log |tanh ¥z].
(xxii) j sech 2 dz =2 tan™?* (¢®).

(xxiit) J sech?z dz =tanh .

(xxiv) j cosech?z dx = — coth x.

'}& Sw_nddr& ‘lntlm(

(1) j‘f—@ dw-'log | A(2)1.



METHQD OF SUBSTITUTION

6. |-, .25 o (" >a®).

v (m‘“ -a®)b® -z

[ Put g? —a®=2%]

<

7. (i) Jl+m+a; ) (i) _"4:1' +4a'+5.

8. (i) Jlﬂ-&«—m ) @) J'G.z; +7:r+2'

, r dr

9 )zt + 22 +2

cos r dr

10. ) smm®*zr+4 s r+3

[ e dr .
Je*F+2"+5

11.

dr .
J J1=r2{1 +(sin”*r)?}

12.

72 dr

18- | pe_ gt 45

o

14 J' dr .
* ) 2§10+ 7 log o + (log «)%}

15.(i)j- LTI @) | 5450t 42

[ 27 +3
J 4x® +1

z®+2r+1

16. @) j' " 1;’: 15 da. (i)

17. ) j (4r+3) dr @ | (

3z% +8z+1

2
18. jbfﬁ dz. [C. P.1935 ]

r+1

dz.

rde

2—%z— z*
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. z?% + 9z o [22—x+1
19. (i) jx % 49743 de. (ii) ng Far1 dez.

8 2
z +ax” +2zx+1
20- j wg -zt 1 dw.

d

) dz
2.0 | i @ | ssiera

23. T/’z—éﬁi??w‘“jrl - [ P.P.1932]

24. . az » [Putx—4=22]

) Vet Tr+12

[ dz
] 6+ 11z— 102

25.

cos @ d:_c
J) V5sin®z—12sinz +4
[ dz .
2 ) Je-aXe-p)
. dz .. lz
2.0 [ 00 @ | g

_zt+b 2r+3
29. (i) j e 9 (i) J Taratl dz.

26.

80. |- a0 gm dz. [C.P.1926]

.t (2x-1)d
@ | Gl
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85

S dm N Y
82.0) | (g yiis @) ) Gr¥1) Ja53
[ dz .
S BV PR
o [ /z-38 o [ /2 ¥1
34. (1)_4"/a:— dz. (11)_‘\/3:v+2dm
~ [ o [ d
85. (i) a- ‘f:)" o (ii) \a:/{i_lg
[ Put x=2%] ?
N dx o [ dz
36. (1) )= Ja}‘ :_‘_—a 5 (11) ) —(—f‘lzw—)d—i::;’i
(i) j S v | de
2 NIZZ+dx+1 J(+a)J1+20—22

(vii) j(w J):vw ~6z+8
37. (i) j Y “m—“-”i da.
d
38. jw———ﬁ” <

39.6) [ /52 an.

dz

(z— a) V(@ —aX —a\b- a:) Ta-b

(ii) j

[ Put 1+z°=2%]

JQ+a2) Ji+5=7%

w+Jw 1

(i) j ——*/fc‘“ dz
40. If o < 2 < b, show that

2

ANSWERS

1. tan~'(z®).

3. (i) tan-%(e?).

2. (i) % tan-*(z?).

(ii) - sm"( ﬁ)4'

b

S § z?-1
(@) Z108 jag g
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4. (i) tan z—tan~'z.  (ii) Jog 2;::: >

5. (i) & log (=?+ /z*¥+a?). (ii) log {(1+2?+ A/1+2")/z}

6 sin A /27 7.() Tate -lgmj; (i) % tan-(z+3).
8. () 25 log ://55,*3; L Xl e jenmEi+n.

1 1+sin T,

10. 2 log 11, § tan~{3(e*+ 1)} 12. tan~'(sin—'z).

S+sin
m —5 1 2+log
13. log 14. 3 log 5+1og 15, (i) log (a::+1)+w_'_1
(ii) —1log (x—3). 16. (i) & log (x?+ 4+ 5)—tan~'(xz+2).

(ii) % log (4z®+1)+3 tan~*(2z).
17. () 3 log (82 +3z+1)+ {“}é tan=* { J3(2z+1)}.
G 5 'J-- log fl_“gf“” L 1og @—6z-27).

c—2

. 1 - -1
o2 19, (i) z—2 tan-*(z+1).

18, z+log

(i) o—log (o +a+ 1)+ Jg tan=t (*757):

1 _, 2w~1
20, #z’+2z+% log (z?—x+1)+ J3 tan—? @./3 .

o 0 oo 20F1
21, 2103(Jz+2+ N/a:—l). 22. (i) sin~** ai/s

.

24, 2log(/z—3+ /z—4). 25. J ! sin 10:1;-!-4'

26. __,JB log { /2= 5sinz+ A/5(2—sin )}
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2log (NJz—a+ Jo—p) 28. (i) sin-:(’%“).

(ii) log @+a+ Ja7+2az). 29. () WJo?+a?+blog(w+ Vo +a?).
(i) 20/z"+z+1+210g (z+3+ Q/ga;w'.p 1.

80. §J2t=8a+s 81 G) g sint (P ) —t vares-nan.
(i) & \/doi ¥ azr2—log w+1+ /407 +da+9).
\ o — o 1 z+3—
32. (i) 2 tan™" /1 F 2. (ii) 2 log(:}/::IS+i)' e
2w+1— 3, ) o - —
33. log :/[2m+1'| VS 34, (i) (z—8)(z—4)+log (A/z—3+ Jz—2).
(ii) & [2 /(20 1)(3a+2) — Wi log (W3 J2z+1+ N2 ./3z+2)]
3. (i) log 1+ :,/Z (i) 2 W+ log j” oL
- 1 -1 & -
36. (i) 2&. log j‘”"t: +Z, 257, (ii) ’\/1+a:
(iii) log z—log (1+2x+ \/9r7+ 4z +1).
 n2 oy fa—1
(iv) :/2 sin"‘(i‘_"‘_/;)- (v) sin (Z ,,/2)'

37

38,

Bot1 ) (vii) sec=* (z—38).

(vi) sin=* ((1+a;)',,/5 .
(] ,,/E*—.i"+aloga— '\/:"""’9..

(ii) log (e+ \Jz=1) - 33t n-t (‘.’- ded1+1)

%log (J/i+a*—1)~log z. 39. (i) alog (Na+ Na+a)+ Jale+a).

(i) 2 \/z—a—2 Na tan~* ( \/w‘;a)




CHAPTER III

INTEGRATION BY PARTS

3°1. Integration of a product ‘by parts’.

We know from Differential Calculus that if % and vy
are two differentiable functions of ,

e ('u/ul) d Yy + l:lf;:

integrating both sides with respect to =, we have

wUVy = j( do da: +j(1 %;;) dz,
1 d:
or, j( ”)1 dx=uvl—5(£-v1) dez.

Suppose ‘f};‘ =9, then v, = [v dz.

Hence, the above result can be writiten as

S(uv) ax=u{ v ax- {28+ ax} ax

The above formula for the integration of a product of
two functions is referred to as iniegration by parts.

It sﬁa.tes that
the integral of the product of two functions

= 1st functior. (unchanged) X integral of 2nd
— integral of [ diff. coeff. of 1st % integral of 2nd ].
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3'2. Illustrative Examples.

Ex. 1. Inlcgrate S we® dx.

I=ws e* da:—S{ZgS e’ d:c} dz
=a:e”-s 1.6* dz
=xzc®— ¢~

Note. In the above integral, instead of taking x as the first
function and ¢® as the second, if we take ¢® as the first function and @
as the second, then applying the rule for integration by parts, we get

[(e® x) dr=e" .32 — fe*.3u? dx.

Tho integral 3fe*s? dz on the right side is more complicated than
the one we started with, for it involves «? instead of x.

Thus, while applying the rule for integration by parts to the product
of two funcltions, care should be taken to choose properly the first
function i.e., the function not to be integrated.

A little practice and oxperience will enable the student to make
the right choice.

Ex. 2. Inlegrate S log = dx. [C.P.1928]
I= S log z.1 da.
~loga S dw—S{zL_ (log ). S da:} do

1
=log .z — SE x dic

=g log z— [dz

=g log x—2z.
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Ex.8. Integrate Stan“x da. [ C. P.1929,'36 ]

I=S tan~'z.1 dz

= tan-'z. S dx—S{d‘i(mn--z )|z} ax

- 1
=tan~'z.0 — Sl:-?. z dx

=z tan-' _l§_
ztan~'z— 5 1+m,dm

=gz tan~'z—4 log (1+2?). [ By Bx. 5, Art. 2°2 ]

Note. Very often an integral involving a single logarithmic func-
tion or a single inverse circular function can be evaluated by the applica-
tion of the rule for integration by parts, by considering tho integral as
the product of the given function and unity, and taking the given
function as tho first function and unity as the second.

This principle is illustrated in Exs. 2 and 3 above and Ex. 4 below.

Ex. 4. Integrate Slog (c+ Nao?+a?) dr.
1= 10g (o W a?)1 do
=log (z+ »./:Z-'*'-T?)S dx—S[‘z}{log (a;+ ,,/.%“]-M)}-Sdz] dx
=log (z+ Nz?+a?) z—s :/a:”1+a’i. z dz
=g log (z+ Nz®+a?)— SJm"‘+a

. put 22 +a?=22, so that & dz=12 da.

To evalua.tos N/ ,‘+ i

R S P

oo I=zlog @+ \/z¥Fa?)— NJzi+al.
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Ex. 5. Integrate Sa:’ e” dzx.
I=g23 ¢*—3[x? ¢* dx, integrating by parts
=g ¢*—3.[z® e —2[xe”™ dx], integrating by parts again
=g3 =3 [z? ¢®— 2 {xe® — fe* da}]
=3 ¢* =3 [2? e*—2 {re® —e"}]
=g ¢*—3x? ¢°+6xe® —6e”® .

=(x®—2z*+6x—6) ¢,

3'3. Standard Integrals.

ax bx+b si
(A) g e™ cos bx dx =2 (a cosa ’1!)7 sin bx)

b

e‘l
cos (bx —tan~'— )
a

= Jaz+b?

a i -
(B) Seax sin bx dx =& *(a sn:l:):b:) cos bx)

e . -3 b
~Jaztb sin (bx—tan 1 y )
( Here a==0.)

Proof. Integrating by parts,

J' e cos bx de = ew.su;)_bq: - j( ae™™ .smbbm) dx

ax _ s
=° s;nbm_ g’j e sin bz dx
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Now, integrating by parts the right-side of this integral

az _: _ _
™ _sl:n b _ _tg {e“”- czs b _ j 6% ( ozg, _Z_)_a:) da:}

ax 2
esinbr | o a
= Yt b2 " cos by —- l—)gj ¢"* cos bx dx.

b
transposing,
2 ax .+ :
(1 + %g” ¢"? cos bx dw= “(a -°‘~’?~g-“; hsint

2 . 2 + 2
Now, dividing both sides by 1 +Z, .., q_,_zflg‘_, we gob

. ¢ (@ cos bz +D sin bzx)
Jc(lf cOos ba" (Iw = = 4_——'(;—'2—'-'_—5)2 —_

Again, putting @ =7 cos a, b= sin a, so that r= /(a®+b?)

and a= tan“‘z on the right side of this integral,

we have, the right side
e rcos(bw—a)_ " .
a®+b? Ja?+b? oo

(bx—tan"l b—)'
a

Integral (B) can he cvaluated exactly in the same way.
Note 1. The abovo integrals can also be obtained thus :
Denoting the integrals (A) and (B) by I,, and I,, and intograting
each by parts, we shall get
_ al,—bI,=e"" cos bx
and, bI,+al,=e"" sin bx
from which I, and I, can be easily determined.

Note 2. Exactly in the samo way tho integrals [e®* cos (bx+c) du
and [e*® sin (bx+c) da can be evaluated.
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3°4. Standard Integrals.

© {vartar ax=2LER0 8 100 (et xm )]

@ (Viezar ax=X 20 8000 o4 yian)]

e e ggoXAATIE a7 L x
(E)SJa’ x2 dx ) +5 sin™? - .

Proof.
{C) Integrating by parts,

[veva ao
= ‘\/m-2 +(l2.m - j 9 N‘/Ez‘_l.-az'.'r dﬂ/‘

- 02 .
=x Jw2+a2— ‘;/;%747 dz (1)

2 2
242 3. | 2 Ta”
Also, J.Ja: +q?dx e a2 dx

2
d .
“j Varras darat) ST e ()
Adding (i) and (ii) and dividing by 2,

o a5 _@Alr®+a®, a®( dr
jr./x +a? dx 3 + 2 ) et ta?

4 3 2 .
=m-“/-”;-+~q +% logl(z + Vot +a?)l.

[ By Art. 223 (D) ]
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© [V5-a o
= Jmﬁlzﬁ.m—jo /im 2 T d

/¥ = -
z¢—a® ¢ - » 0T
TN \/w.a_az

P [ (@ —a®)+a®
=gz Jz?-a*— NP dz
o

2 2
I8~ ﬂ,' - de — QJ dr
=z Jz?-at -, z—a
v ) Nz?-a? Ja?—a?

. dx
=g Jzi-a?— | Vot -u* dz—a® g

o

Now, transposing [a/z%2—a?dz to the left side and
dividing by 2,

- ] 2 _
j‘x/w“—a“ du=" ~/:r0__a. - 2'2— log|(z + N/z%-a?|
[ By Art. 2°3(D) 1

Note. The integral (C) can bo evaluated by the method of evaluat-
ing the integral (D), and the integral (D) can also be cvaluated by the
method of ovaluating the integral (C).

(E) Although this integral can be easily evaluated by
either of the methods employed in evaluating integrals (C)
and (D) above, yet another method, the method of substi-
tution may be adopted in evaluating this integral.
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Putting z=a sin 0, so that dz=a cos 8 d6, we get
j o' -z dz= a*jcoszﬂ do
=a2.3f(1 + cos 20) do
=%a® [fcos 26 d6 + [d6]
=%q® [% sin 20 + 6]

=%a’.8in 0 cos 0+ }a%6
. .
=1a*? ,\/1 - +3a? sin™1 ¥
a a a

="{',‘.\./.'.7‘2.:-T2 + a® sin~? x,
2 2 a

Note. The integrals (C) and (D) can also be cvaluated by putting
#=a sinh z and £=a cosh z respectively.

3°5. SJéx’+b§+—c dx. (a#0)

To integrate this, express az®+0lz+¢ as the sum or
difference of two squares, as the case may he; that is
express az® +bx+c¢ in either of the forms af(z +1)% +m?}
or, a'{m® — (z+1)*} and then substitute z for z+17. Now the
integral reduces to one of the forms (C), (D) or (E) discussed
above. This is illustrated in Fx. 3 of Art. 8'8.

3°6. S(px+q> Jaxtbx+e dx. (a%0)

To integrate this, put pz+q=L (daz+b)+ (q - Z_ﬁ) ;

then the integral reduces to the sum of two integrals, the
first of which can be immediately integrated by putting
z=az®+bx +c, and the second is of the form of the previous
Article. This is illustrated in Ex. 4 of Art. 3'8.
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37. S ex{f (x)+1' (x)} dx.

Integrating by parts [e®f(z) dz, we have
[e*f(z) dz = [f(z)e%dx =f(z)e® — [f'(x)e® dx.
transposing, [¢*{f(x) + f(x)} dz =¢"f ().

Alternatively, we may integrate by parts [¢*f/(x) dz, and
derive the same result.

Note. [e*¢(x) dz, when ¢(x) can be broken up as the sum of two
functions of x, such that one is the differential coefficient of the other,
can be easily integrated as above.

3'8. Illustrative Examples.

Ex. 1. TIntegrate S e sin 3z cos z dux.

I=3%[e?*.2 sin 3z cos z dx
=3fe?* (sin 4x+sin 2r) da

=3[fe?” sin 4z dx+ fe?* sin 2 dux]

2
= ; [-:/20 sin (4z—tan~* 2)+ sm (2z — tan-? 1)]

=& ["/20 sin (4 —tan~! 2)+ i sin (24:— Z)]
[ See Art. 3'8(B) ]

Ex. 2. Integrate Scoff dz.

I=[e"** cos’z dr=4fe"** (cos 3z+3 cos &) dx
=3[fe~?* cos 8z dw+8fe=*" cos x dx]
=1 [6—_:-(—3 cos 3z+3 sin 3x)+3-e—-s—=(—3 cos z+sin a:)]
4118 10

-3
=§-§f{% (sin 8z —cos 3x)+ §(sin x—3 cos w)}*
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Ex. 3. Iniegrate SJ&+ 8z — 5z* da.

I=[\/5#+3z -2 do
= V5[ A28 - (18— o +2%) du
= N5f @) = &—1)* dz
= 5§ aJa*—32% dz, ( putting z=z—¢{and a=§)

2 __ 4 3
=5 2/ “2 3 +'ﬁ‘2- sin=* Z] [ By Art. 34 (E"]

— 5[Bz—9) N/4+82—52" 18 . (ﬁ:‘i
-,\/5[ 10 /5 +25 sin G ]

on restoring the values of @ and z and simplifying,

1 . 18 . _,(5z—4
=10(5w—4)J4+8z—5w‘+5~/5sm ‘( G )

Ex. 4. Inlegrale S (8z—2) \Jz* ~z-+1 da.
Sinco 3x—2=3 (2z—1)-3,
I=2[(2z—1) /z*—z+1 dz—3f Na&* 2 -+1 da.
To evaluate the 1st integral,
put z=z?—z+1; .. dz=(2z-1) dz.
.*. 1st integral=[ Nz dz=§z’2=§(a;’ -2+ 1)4‘}.

2nd integral=J A/(z—3)"4 2 da
=[A/s7+a’ dz, putting z=x—% and a?=2,

=z-f\/z‘-;;-£éi+§ log (s+ /2" +a?)
=%} (2z—1) /o —z+1+8 log (t—3+ Az —z+1).

I=(a?—z+ 1)t -3 (2z—-1) 2T =5 +1
~fslog [(@—%+ \Jz? —z+1)|.
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- e+l
Ex. 5. [ntegmwsd hetlog 10.P.1989)

da

S(a;’+2w+3) -(x+2)
Nz +2z+3

K ".'2”.”_"13 S et
~/m’+2m+8 Nz 253

- o iado—\? (@x+_2)+1
S'Jz Zo+3 do S,,/:c"+2a;+3d

dx

N s g 1( (2+92) do .o dw
S\/(:c+1)’+2dﬂ3 2S~/iﬂ s o SJ(:}:+1)’+2

Denoting the right-side integrals by I,, I, I,

I;-I,=SJ2’+a° dz—s;/ dz

')+2

s ( where z=z+1, a?=2)

=324/2"+a?+3§a? log (s+ /s"+a?) —log {s+ A/27+a?)

=% (z+ 1) \/z*+2x+ 3, on restoring the values of 2and a?.
Putting 2 +2x+ 3 =2, so that (2c+2) dz=dz,

I, =S f;’z =22 =2 /2?4 3z+3.
I=3% (z+1) JE"‘+ 2+ 83— \Jo¥¥or+3
X

Ex. 6. Integrate S(w‘f’: e [ C. P 1980, '33, '37, 48 ]

{@+1) e =S.§’i., _.S_ '
I=) @+ B= o198 vy &

Integrating by parts, the first integral
Sw_'_le’dm e +S(m+1),e dex.

o I=piy
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Ex. 7. Prove that (if a7b ),
NU S e"* sinh bz dz= —‘—“—'— a (a sinh bz —b cosh bz).

) S ** cosh bw do=_ b’ (a cosh bx—b sinh bx).

(i) Integrating by parts,

—ecosh bz _(  ozcoshbz .
b b
= °%sh_bi’- g So"’ cosh bz dx. e (1)

Again integrating by parts,
ar o3
S €% cosh by dp=2 SR BZ_ ‘(}S ¢ sinh bz do

b
G o3
=9__._512_hu bo o1, )

From (1) and (2),

1=° _cc;)s‘h bz ba. e sinh bm+b, I.

Transposing,

( b’)I == (b cosh bx—a sinh bz).
I=a"—b’ (@ sinh bz —b cosh bz).

(ii) This integral can bo cvlauated in the same way.

Alternatively we can use the exponential values of sinh z and
cosh 2 to evaluate these integrals.
Thus, f¢®* sinh bz dz = [e**.3(e?* —¢~*) dx
= %J‘(e(a-kb)z_ e(a-b)l} dx
1 {o“'“""_e_‘“_’?)f}
2la+d a—bd
i g { i il
. 2  la+d a—=bf. -
e (a—b)e"’-—(a+ b)e"’}
. a —b’ :

ba o dle™ —4-")- h:i('a"'l' 9"")]
b' [a sifh bﬁs =p oosh bal.

=

a
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EXAMPLES 1I
1. Integrate the following with respect to z :—

(i) z sin z. (ii) z? cos . (iii) ze®®.

(iv) 2™ log 2. (v) =2 (vi) z sec?z.
(vii) sin™a. (viii) cos™z. (ix) cosec™z.
(x) see™*z. (xi) cot™z. (xii) cos™* (1/x).
(xiii) z sin™z. (ziv) 2% tan™*2z.  (xv) % cos nz.
(xvi) (log z)®.  (xvii) = log z. (xviii) sin~* Jz.
(xix) log (1+)**® (xx) -l-czi‘g?’;)-zl) .

(xxi) log (1+2z% +2*). (xxii) log (x® + 5z +86).
(xxiii) 2® cos 2x. (xxiv) z* (log )°.

Integrate :(—

2%4) j z sin®z de. ﬁ '[ x sin ¢ cos z dz.

3. (i) jlog (- Jz2-1) dz. (i) J log (z%—z +1) dz.

4. () J {fc;; x (loéla.')"i} de. (i) j 1 +:ost: dz.

5. (i) J- sin z log (sec z + tan ) dw.

(i) j. cos z log (cosec z + cot ) dz.
6. i) J. cos 22 log (1 + tan z) dax.

(i) j cosec’z log sec z dz.

7. () Jsin" (8z - 42°) dz. (i) J (sin~*z)? dz.
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8 G) [eos* 1% dn ) J- tan™" %%? dz.

J 1+x* 1
9. () | sin~* l—f_“—”;—; dw. (i) J tan™* 3”” ”” s da.
10. () [ cos”x dr (ii) J.tan"" l-m dz.
S P L 1+2
- -
11. () ‘-':7’1"_‘5 da. (i) J SN2, dw, r
J T (1 - )‘5
12. (i) J‘ e” sin z dz. (i) | €® cos z dz.
(iii) j 9% sin z dx. (iv) | 8” cos 3z dx.
v) I ¢ sinh z dxr. (vi) | ¢” cosh z dz.
13. (i) J & sin®z dr. (i) fe” sin 7 sin 2z dz.
em tan-1 2
14. (1 gy 2)2 dz. [ Puttan™' z=:z] [C. P.1929]
r+sin z log (w+1)
5. () [22502 4, ) 1ot gy
16. j tan™* (1+coszr) dz.
sin &

17. I sin™? ,\/ ¥~ da. [ Put x=a tan®6]
18. I ¢® (cos z +sin z) da.

& )
19. - (1+z log z) dz.
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20. (i) I &” (tan = — log cos z) dz.

(i1) j ¢® sec z (1 +tan 2) dz.

s E2+1

21. (i) Je "(:;+—1)§ de.
[(c) Write (::_'*1)1—,=

(iii) j é* (ffl%-s dz.
W [
(iii) j

j' S5 do.

zl+sinz ,

22 1+cosz

«2— sin 2
—cos 2z

24. (i)j 59z +2? de.

25. (i) j 18z — 65—z d;-.

522 +8z +4 dm.

26.
dr .
i PEvE S
28. N2z — z? de.
29. Nz =a)p-z) dz.
o

z (1- -z)?
(1+2%) %

6 | o

22—1+2 -1 2 ]
(x+1)?

“z+1t (@)

=,,,1--8111.'1:
1-cos z ‘%

(ii) J
@Gv) J

2z 2 +sin 293

1+ cos 2a:

6 | Vi & vis® an.

) j JiZ35-5 da.

AN

[ Put ®=a cos?@+ 8 sin?6]
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80.0) | @-10ve=idn @) j (a+b) VTTT 3 da.
81. () | (zx—-1) /2P —z+1 dz.

@) | (z+2) V22¥+3z+1 da.

z? +z+1

5 (27 +z+1 o [22+22+3
32, (l) ] »\/1—1:5 dz. (ll) I w' +2}-'|-"1 dz.
z®+ Zm’ +a-
. atx a—,—w
34.6) /272 ae. 6) [ an/252 .
s [@+1)Jzta
- 35. J Jo—2 dz. [ P.P. 1934 ]
36. If u=J e*® cos bx dz, v =I e* gin bz dz,
prove that
. (i) tan* % +tan™? b = br.
) u a
(1) (a®+ 02N 0?2+ v%)=e%2®
ANSWERS
1. (i) — cos z-+sin z. . (ii) (m’—2) sin @+ 2z cos z.
(iu) (am -1). (iv) Z— o [log z— nll]
(v) € (z* — 2z +2). (vi) = tan ¢+1log cos .

(vi) @ sin~o+ \Ji=z". (viii) @ cos~'m— \/1=g".
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(ix) @ cosec™'z+log (z+ JaT—1) () zsec~'z—log (z+ Afz®—1).
(xi) = cot™'z+3§ log (1+2%).  (xii) @ seo™'z—1log (w+ \/2?~1)-
(xiii) 3=® sin~'z—3 sin~'w+3z \/1-2°.

(xiv) #2° tan=*x—$x? +% log (1+22).

(xv) ?’—SL: 1’-‘?+9€,::,:1 B (xvi) @ (log z)® —2z log =+ 2.
(xvii) 327 (2 log z—1). (xviii) (z—~3) sin™* NVo+3 J/z(1-2).

(xix) & (1+2)? log (1+2)— %z (x+2). (xx) —(1+2)* [log (1+x)+1].
(xxi) 2 {x log (1+2?)—22+2 tan~'a}.
(xxii) (z+2) log (x+2)+ (z+3) log (z+ 3) — 2.
(xxiii) 3z (22 —3) sin 2v+32 (22?—1) cos 2.
(xxiv) #z* {(log z)*—3 log x+1}.
2. (i) # (22 —22 sin 2z—cos 2z). (i) —2%vcos 22+ % sin 22,

3. (i) = log (x — \J#®~ 1)+ Jo?=1.

(i) (x—3) log (z*—2+1) =22+ /3 tan~* 2‘{};1-
4. (i) = (log ©)~". " (ii) 2 tan ¥z +2 log cos &r.
6. (i) z~cos « lng (sec ¢+ tan x). (ii) sin z log (cosoc z+cot o)+ .

6. (i) sin & cos z log (1+tan x)—&z-+§ log (sin a+cos z).
(if) —eot  log (sec z)+z.
7. (i) 3 (z sin~'z+ J1=22).
(ii) z (sin™'@)* +8 \/1—z* (sin™'x)? =6 (z sin~'z+ f1-22).

8. (i) 2z tan~'z—log (1+x?). (ii) Same as (i).
9 (i) Same as 8 (i). (ii) 3z tan~'z—3§ log (1+x?).
10. (i) M_L:—g?-,‘ cos”lw, (i) % [z cos—'z— J(1—2?)].

sn—t
(i) 25m.®

11. (i) 2~ /1 =g sin~'=. J1—intH108 (1—-27).
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12. (i) %e* (sin z—cos z). (ii) %e” (sin z+cos ).
(aig) 281 2" sin {z —cot~? (log 2)},
J1+(log 2)'
..y 8743 sin 32+ (log 8) cos 3}
() S e

(v) % (cosh 2+ sinh 2z) —&z. (vi) # (cosh 2z+sinh 2x)-+3z.

13. (i) 3e* {1—13 (cos 2z+2 sin 2z)}.
(ii) e {(cos x+sin x)—1 (cos 3z+3 sin 3x)}.

e™tan-ig ] 1 1-z%, 4z
. g [7n+;u'=‘+4 {’" PR i) }]

15. (i) z tan 3z. (i) 2/z+1log (z+1)—4 NJz+1.
16. drz—31x. 17. (z+e)tan~* ( ) Naz-
18. ¢* sin . 19. ¢° log .

20. (i) ¢* log sec x. (ii) e* sec w.

2 zZ—1 i
() e” oy (i) 1+a: (i) (1+z)*
22, (i) ¢” tan . (ii) —¢® cot 3z. (iii) —e® cot z.

(iv) €® tan . 23. ; 25 —9z? +965 sin""?-

24.(i) ¥ (z—1) /5 -9z +2?+2log (6 ~1+ \/5—2z+2?).
(i) 1 (22~1) /10— 4z +4a* +§ log {(22— 1)+ /10— 4z + 42}

25. (i) % (x—9) \/182—65—23+8sin™* % (z—9).

(ii):§(4m+3)d4_3,;2xa+ L Ja s _,421-1%

26, 1 (50+4) /B B0+ 457 5 log {5+ 4+ o/5(50 +85% D

27, }{o(z— Jz7—1)+log (z+ Jzi—1)}

28. % (v—a) N/2az—27+}a® sin™? (x;a)

9. ;[6o-a-p) VE=AE=D)+E-a) sin-g/ 7 |

55
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30. (i) 3 (o —1)T— 3o N&T—1+3 log (e+ Nz —1).
(i) 3 @*+a*)? +§be VT Ta+Eab log o+ NoTFa).
81. () & (&* 2+ )T~ Q2—1) Vo' =2 F 1~ log lw—}+ N&®—2F1).
(i) % @27 +22+1)T+3 @o+1) viz"+ 2571
+ 575 log {2a+ 1)+ A F 2o+ D).
82, (i) % sin-'z—} (z+2) /1o,
(i) 3 @c+5) /Tt g+1+4¢ log {w+3)+ /o2 +a+1h

38. 3 @'+ 20+3)T — 3 (v +5) Wz + 25+ 8—6 log o+ 1+ Wt +2z+9).

84. (i) @ sin=* :- - Na* =g (i) (3z—a) \/a¥=x? —3a® sin-* -Z’ .

85. ¥ (2+6) \Jxi—a+4log (x+ \Jz2 —4).



CHAPTER 1V

SPECIAL TRIGONOMETRIC FUNCTIONS

4°1. Standard Integrals.

(A) S cosec x dx =log ltan ’25:

dzx _ dz

gin z J2 sin 4z cos 3z

[ 3 sec? 3z
tan 3z

Proof. j cosec x dx =

( on multiplying numerator and denominator by sec?® 3z )
=log |tan 3z]
since, numerator is the diff. coeff. of denominator.
x® , x\!
(B) S sec X dx—log, tan (Z +3 )J

=log|(sec x+tan x)|.

de _ | _ dez
Proof. j sec z dx oos & —J- sin Bn¥2)
dx

2 sin (2n + 32) cos (3n + 3x)

% sec®(3n + ¥r) dx
tan (3n+ 32)

=log|tan (3= + 32)| as in (A).
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Note. Alternative Methods :

coseo @ (coseo o cot 7)

0866 5= 0L T dz=log| (cosec x—cot x)|

S cosec x da:=§

Scoxeca:d:c=§—.dL S sma-
sin o sin‘e
rll (c::sm:),, S ]:ﬁzé"' where z=cos o
1 10 1-2_1 1o u.’_'.‘.’fﬂ’
81%s™ 8 14+cosx

800 2 (src @ + tan )

S sec z do =S sec £+ tan o

dz=1log |sec x+tan x|,

since the numerator is the derivative of the denominator.

Ssaca: de =Soosmd ___Sr_l(sina:)

cos*x 1-sin?g

__S dz 1+2

1—s2 Iog 1— !Whetc z=sin x

_ 1, ltsing:

27V 1=-ging:

S sec x dr =S = ‘S _dz
' cosx ) cos’3r—sin*iz

sec?3x dx dz.
S 1-iangs 25 —5 where z=tan §z

1-|:_z [1+tan 3 |

2= log 9 i1 -"tan s |’

= log

It should be noted that the differont forms in which the integrals
of cosec 2 and of sec z are obtained by differont methods can be easily
showz) to be identical by clementary trigonometry.

Thus,

l—cosz| 1 o 12 sin? }r'
d+cosal 2 8 2 cos? §z|

H 1 18 ; log|tan? z|

=log |tan x| ; etc.



SPECIAL TRIGONOMETRIC FUNCTIONS 59

. dx
¥2. Sa+b Co8 X

The given integral

S S S
—J— a ( cos? 3z +sin® 3x) +b (cos? 3z —sin? i2)

.

- J’ _ sec* dmdr
(a+0)+(a—b) tan® 3z

( on multiplying the numerator and denominator by sec?® $z ).

Casel. a>10.

Put Ja-btandz=2; ... 3}Ja-bsec? iz dz=dz.
The given integral now becomes

___2__j _dz
Ja-b) (a+b)+2°

- 2 -1( a=b “‘)
Ja’—b”tan a+btm'n

~1(h+acos

. I .
e ~ Ja¥-b* ban "\ 5 cos a:)

Case II. a <.
Put Jb-atan dzr=2: ... }.b—a sec? }z dx=dz.
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As before, the required integral becomes

2 j’ __ds
N IR
= J%—‘—.; 2~/§,+a lo l{jzifﬁ}

[ See (0), Art. 2°3 ]

i1 {Jb+a+ Jb—a tan '}:r}
~/b“ %\ Vbfa— vb—a tan 3z

Note 1. Here it is assumed that a >0, 6> 0; if a<0, b>0
or,a>0,b<0,o0r,a<0,b<0, then the integral can be evaluated
exactly in the same way.

Note 2. (i) If b=a, the integrand reduces to ;"‘ sec?4x, the intcgral

of which i is >~ 1 tan §a.

(ii) It b= —a, theintegrand reduces to 51[-1 cosee? , the integral

of which is — C—J; cot 3.

Note 3. By an exactly similar process, the integral S a¥b '—ﬁ--*

dx
a+b cos x+e¢ sin x
sin # and cos ¢ in terms of 3z and thon multiplying the numerator
and the donominator of the integrand by sec? 3z and substituting 2z for
tan 3z. This is illustrated in Examples 3 and 4 of Art. 4'8 below.

or more generally S can bo evaluated by breaking

In fact any rational function of sin x, cos ® can be easily inte-
grated by expressing sin 2 and cos z in terms of tan #z, é.e., by writing

_2tan 4o _1—tan® 3z
sin =g iz and cos =7 tand 1z
and then putting tan dz=2.

Similar integrals involving Ayperbolic functions can be evaluated
by an exactly similar process.
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4'3. Positive integral powers of sine and cosine.

(A) 0dd positive indezx.

Any odd positive power of a sine and cosine can be
integrated immediately by substituting cos z =2z and sin =2
rospectively as shown below.

Ex. (1) S sin’x dr= S sin?z sin ¢ de= — S (1 —cos?z) d (cos x)
"\

=—[(1-2% dz [ Putting 2 for cos x ]

= —(2—%2%) = —(cos z—~3} cos’z).

Ex. (ii) S cos"x dw=§ cos*z cos T dr= S (1-sin?g)? 4 (sin x)
=[(1—-2%%dz [ Putting 5 for sin ]
=[(1-22%+35*) de=2—42*+ 12

=sin ¢ —3% sin®z+1 sin’z.

(B) Even positive index.

In order to integrate any even positive power of sine and
cosine, we should first express it in terms of multiple angles
by means of trigonometry and then integrate it.

Ex. (ili) Integrate s cos*xz dx.

cos*z=1{} (1+cos 2x)}? =3{1+2 cos 2z+cos?2x}
=3 [1+2 cos 22+ (1+cos 4z)]
=3+% cos 2+ % cos 4x.
oo Jeos*s dr=f(§+% cos 2z+3 cos 4z) dx
=8z+$'sin 2+ sin 4z,
Note 1. It should be noted that when the index is large, it would

be more convenient to express the powers of sines or cosines of angles
in terms of multiple angles by the use of De Moivre’'s Theorem, as

shown below,
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Ex. (iv) Integrate S sinz dx.

Lot cosg+isinzg=y, ) .. cos na+i sin nz=y"
then, cosz—isinz= 5 I cos nz— 4 sin fna:=$,-
.yt 1=2 cos @ Y+ 1,,=2 cos nx
Y i
Y- % =2i sin z y“—x%;=2-i sin nz.
. 2%° sin®z

(5= 4)
Yy
= (y°+~;,,) - S(y“ +§/1;,) +28 ( y‘+;‘,) -56 ( 1/°+y1.,)+70
=2 cos 8z —8.2 cos 62+ 28.2 cos 4x —56.2 cos 2z + 70.
sin®z=2"7 (cos 8x— 8 cos 6x+28 cos 4z —56 cos 2x+35).
fsin®z de=2"" [(cos 8z—8 cos 6x-+28 cos 4w —56 cos 2+ 35) dx
_ 1 [sin8x_8sin6z sindz_ .. sin 25 o,
27| g P +28 4 56 + 3-).1:]
=2}'., [3 sin 82— § sin G+ 7 sin 4x— 28 sin 2z+ 35z].

Note 2. When the index is an odd positive integer, then also we
can first express the function in terms of multiplo angles and then
integrate it ; but in this case, it is better to adopt the method shown

above in (A).
Thus, [sin®z dz=[4}(3 sin z—sin 3z) dz= —% cos z+ 1 cos 3z.

4'4. Products of positive integral powers of sine
and cosine.

Any product of the form sin®z cos% admits of immediate
integration as in Sec A, Art. 4’3, whenever either p or q s
a positive odd integer, whatever the other may be. But when
both p and g are positive e en indices, we may first express
the function as the sum of a series of sines or cosines of
multiples of # as in Sec. B, Art. 4'3, and then integrate if.
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Ex. (i) Integrate S sinz cossz dx.
I=[gin%z cos*c cos = dx
= [sin?z (1—sin2z)? d (sin )
=[2% (1—2%)? da, [ putting z=sin z ]
=[(s? —22*+2°) dz
=328 —225+ 12" i

=% sin*z— 2 sin“z+ 1 sinz.

Ex. (if) Integrate S sin‘z cos®x dz.

Let cosz+isinz=y; . cos nz+4i sin nz=y
then, cos z—i sin m--]: } cos nx—4 8in mr.=-1-
Y y"
. y+—1 =2 cos & y"-!——l =2 ¢cos ne.
©e Y ) y"
y—l =2i 8in nx y"—l =24 sin ne.
y :'/n

.. 2%* sintz cos?z

{3 ) = (=)
e

(o))~
=2 cos 6x— 2.2 cos 4x —2 cos 2z +4.
*. sin‘g cos?z=2"3 [cos 6z —2 cos 4z —cos 2z+2].
*. [sin*z cos?’x de=2-% f(cos 6z —2 cos 4z —cos 2z+2) dz

1 [sin 62_ 2 sm_}_a_:__s_l%gg_'_%]

"2f |76 4
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Note. The expression sin® o cos?  also admits of immediate inte-
gration in terms of tan x or cot z if p+q be a negative even integer,
whatever p and ¢ may be. In this case, the best substitution is tan =
or cot t=2z For other cases of sin? & cos? z, & reduction formula is
generally required. See § 8'14—8'17.

2
:c
dx.

cost

Ex. (lif) Integrate S
Here, p+9=2—6=—4; .'. put tan z=gz, then sec’z dz=dz.
Now, I=[tan*s.sec's do

=[2? (1427 dz=42*+}2°

=} tan®z+1 tanz. -

Ex. (iv) Integrate S 4—%'14” 7"
sinz cos*z

Here, p+q=—3%—3F=—4; .". puttan x=2, then sec’z drv=dz.

dz

Now I= Ssec zde_( 1+2°
’

tau z&
= (s_é + z%) dz= ‘.’.z% + %zg

]
=9 ta.n&m+-'_,‘; tan®z.

4'5. Integral powers of tangent and cotangent.

Any integral powers of tangent and cotangent can he
readily integrated. Thus,

(i) [ tan®z do={ tan z.tan’z dz=[ tan « (scc®s—1) de
={tan ¢ d (tan ¢) —f tan & de=% tan?z—log sec z.

@) [ cot*z dz={ cot’x (cosec®z— 1) dz
= [ cot?s cosec’s dec— [ cot?z dx
= — [ cot3z d (cot )= [ (cosec®z—1) dz
=~} cot®*z+cot z+2.
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4°6. Positive integral powers of secant and cosecant.
(A) Even positive indezx. '
Even positive powers of secant or cosecant admit of
immediate integration in terms of tan x or cot 2. Thus,
@) [ sectz dz=f(1+tan?z) sec?z dz
={ sec?z do+ [ tan’z d (tan «)
=tan x+3% tan®z.
1) [ cosec®z dz= cosec*sz.coscez de
=[(1+cot?z)? cosec’z dx
= — [(1+2 cot?z+ cot*z).d (cot x)

= —~cot z—% cot®z —1 cot’z.

(B) 0dd positive indez.

Odd positive powers of secant and cosecant are to be
integrated by the application of the rule of integration
by parts.

@ii) [ sec®z de=/[ sec z.sec’z dr=sec ¢ tan x— [ sec z tan’z dr

=gec « tan z— [ sec x (scc3z—1) de
=goc z tan o+ sec z dz— [ sec’z de.
.". transposing [ sec’z dz to the left side, writing the value of
J sec z dw, and dividing by 2, we get
J'sec’a;dx=;secmtana:+ ;logmn(:+2)

@iv) [ see’z dz= [ sec’x sec’z dz
=gec’z tan z— [ 8 sec’z tan?z dx
=sec’s tan z—3 [ secz (sec’z—1) dz
=gecz tan z+3 [ sec®z dz—38 [ sec’s dz.
Now, transposing 8 [ sec’z dz and writing the value of [ sec®z dw,
we get ultimately,

3 tanxsece, 8 1 T, ®
+4-§-logtsn(z+§)-

tan o sec'm+

[ sec®s dz= Z 1 P
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(v) [ cosec®z dz=[ cosec z cosec?z dz
= —cosec x cot z— [ cosec x eot?x dx
= —cosec x cot £— [ cosec x (cosec*z —1) dx
= —cosec x cot z+ [ cosec z dz— [ cosec’z du.

‘. transposing [ coscc®z dz and writing the value of [ cosec z dx,
[ cosec®z dx= —% cosec z cot z+3 log tan 3.

4'7. Hyperbolic Functions.
(i) S sinh x dx =J e —e™) dx =3(e" +¢ %)= cosh x.

(i) S cosh x dx = %(e” +¢7%) dz = 3(¢® — ¢™®) = sinh x.
(iii) S tanh x dx = i:{l: dz =log (cosh x).
(iv) S coth x dx = ‘;’:}’1 ; dz=log |(sinh x)|.
(v) S cosech x dx =S--.dz =2j xdﬂf..—x
sinh @ e —e
€ dx
QJezx_ 1
1 =
J Fo1 e +1)d(e)
=log er—1 ,
e+1|

=log [tanh 1x|.
‘}icl

[on dividing the numerator and denominator by e

. _|_dr _ | ¢
(vi) Ssech x dx—jcosh - 2jl+e“ dz

= 2J1d+(e ,),, =2 tan~'(e*)

=9 tan~* (cosh 2 + sinh z).
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Otherwise :

_[_dz _ do
S sech x dx—j’cosh p Jcosh" 32 +sinh® 3z

_2J' ¥ sech® 4z d
1 +tanh?® 32“%

=2J1_(|l_ s [ on putting z=tanh 3z ]

2 tan"'z=2 tan~ ' (tanh x).

(vii) S sech?®x dx =tanh x.
(viii) S cosech?x dx= - coth x.
(ix) S sech x tanh x dx= —sech x.

(x) Scosech x coth x dx= - cosech x.

4°8. Illustrative Examples.

dzx

Ex. 1. Integrate S @ 51 54 oos T [ C. P. 1928,'30 ]

Put a=rcos 8, b=r sin 6, then a sin ¢+ b cos =7 sin (z+0).

Here r= Ja3+5® and 0=tan~* (l; .

_ dzx _1r y
—-Sr sin (z+6) "S cosce (x+0) do

= :_S cosec z dz, where z=g+0

_1 z2_1 z+0
, —rlogtam2 7_log't'.am 9

= 1 : m. !’ -lh .
JarE b log | tan (2+ 5 tan a)l

Note. Since, as above, sin x4 cos £= /2 sin (z+ %)-
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dz 1 -
s sin z+oosz N3 ) ©O%° (=+ 4‘) da
x , 7\l
ngoa tan (§ +§) z
Ex. 2. Integrate S I —
a® sin*z+b? cos’z

Multiply the numerator and denominator by sec?s and put
tan z=2z.

=L = b

e I= S S°+b" S Pyl Where k= a
1.1, _,z_1 . (a. )
a’ khn i abt‘m b tan

.dx -— .
—18 sin x
D e — ..,_dm . ——— . - —_——
5 (sin? 3z +cos? §x)—13.2 sin 3= cos §=

Ex. 3. Integrate S 5

Multiplying the numerator and denominator by scc? 3z, this

sec? ¥z dx
5 (tan? 3+ 1)—26 tan &z
5 _&52;45" [ putting tan §z=2]
_2{ . ds
=5 )
= g J'Q-?a." where u=z—22 and a=2*
2 1 u—a -5
"5 '2g log u+a. 12 103 o—3
1 15 tan 3z —25
IOS | 5 tan do—1

on restoring the value of z.

dz
Ex. 4, Integrate S J3¥3 [C.P.1933 ]

& .
0s o+ 4 sin @

) dr .
IBS 18 (sin® 3z +cos? i)+ 8 (cos? 4z —sin? §z)+4.2 sin 4z cos 3z
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Multiplying the numerator and denominator by sec? &z, this

=S sec? 3z dz
10 tan? §z4-8 tan x+ 16

2 ds .
= m’ [ putting z=tan 3z ]

1 dz _1 du |
5)(z+2)°+(8)* 5) u?+a?
where u=z+3, a=§

ﬂl.l -1 y = 1 -1 5Z+2
5'a tan a"6 tan 6
=1y -y Btan jz+2
g fan 6

2 sin z+8 cos o
3 sin ®+4 cos ©

Ex. 5. Integrate S dic.

Lot 2 sin 2+ 3 cos o
=1 (denominator) + m (diff. of denominator)
=1(3sin £+4 cos x)+m (3 cos z—4 sin x)
=(31—4m) sin x+(41+3m) cos z.

Now comparing cocfficients of sin x and cos # on both sides, we
get 3l—4m=2 and 41+ 3m=3 whence I=32, m=1%.

2 sin ¢+8 cos £=12 (3 sin ©+4 cos )+ (3 cos © —4 sin x).

S I=

18 S dz+ S Bcosr—dsing

25 25 ) 3 sin 244 cos &
=38z + % log (3 sin & —4 cos 2).

a sin x+b cos x

eSin x¥d cosx dx can bo treated in the same

Note. Generally S
way.
1
Ex. 8. Integrate S s;ﬁ—“(a-_-a—)gmn (:c—bf de.

1 sin_{(z —b)—(z—a)t

Sin (z—a) 8in (@ ~b) " sin (2 =D) 5in (z—a) sin (& —b)

1 (x—a) cos (x—b
P [ e g |
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__ 1 [f{cos(z—a) 03 (n —b)
I_sin (a—10) [S sin (z —a) S ;m (z— b)d ]

=§i_E'(i—'b) [log sin (z —a)—1log sin (z—b)]
sin (z—a),
" sin (@a—b) 198 in (x=10)

tan 2
Ex, 7. Integrate \ - , - =dr, b > a.
neeq Ja+b tan’s 7

I= S dr____ S sing de __
Ja cos* v+b sin’z Jb-—-(b —a) cos’z
sm T dz dz

“71,1':a5 ;, =T J,;‘—:A Jrr =22

—cos’m
b—a

[putting =cos x and k*= = -a)]

s i L)
Jb—dcos Py coq cos T

[ Sce Art. 28(E), Note 1

dz

Ex. 8. Inicgrate S 5742 cosh &

dz
I= S 8 (cosh? $z—sinh? 3x)+4 (cosh? 3z +sinh? 3z)
-
7 cosh*3x+sinh*4x

sech? 3¢

7+tanh® i« dz.

( on multiplying the numorator and denominator by sech? z.)

Put tanh gc=2z; then } scch? 3z de=dz.

o oq=al B2 _ 2 . o2 _ 2 . (1 .
A & 287_'_2, 'ﬂta,n“\n ’J7ta.n‘(~/7ta.nh}x)
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EXAMPLES 1V

Integrate with respect to z the following functions :—

1. (i) cosec 2z.
(i) cos®z.
(iv) sin®z.
(vi) sin®z cos®z.
(viii) sin®z cos®z.
(x) sin 2z cos®z.

(xii) sec?®z cosec’z.

2. (i) cot®z.

(iv) cosec*z. (v) cosec®z.

Fvaluate the following integrals : -

s1n a:

Gii) J sin o

J tan z) .
Cos T

3. () j’cos

4. (i) j sin z cos®x dz.

5.0) J.(sm z +cos z)?

(ii) tan*z.

[C. P.1929]

(3ii) sin*z.

(v) sin®z cos®z.
(vii) sin*z cosz. §*
(ix) cos?z sin®z.
(xi) sin 3z cos®z.
(xiii) sin®z sec®z.
(iii) see®z.

(vi) tan?z sec’z.

G )Jcos%

Ccos &

. CcCOosS T
) [ oors da.

& )jmcoszdz.

z
(if) ,[ Jsin®z cos'z

. do
(i1) j 1+sin 22
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6 . a=
‘ 3sinz—4 cos x

7 s__ dz
: (8 sinz +4 cos z)?

5.0 | Sne dn
9. (i) jcos 3y —sin’z

cob a:+l
10. Jcot 2z —

11 j' dx

dcos®zr—3 cos z

12. (i) J’ sin® z g

COS x

18. @ j sin z cos*z

(iii) j _sin 2z d=_
- sin 52 sin 3z

sinz
(i) J sin 8z de.

(1) jiisTn—a,

()jsmzr

cos’z
. dzr
(i) j‘ sin = cos®z

. r
(iv) j cos 3r—cos

[ Put sin®z+ cos®x in the numerator of (i) and (ii). ]

_.dﬂ_v _—
J sin*x cos? m

14. (i)

_.L/_En.v”' az.

16. (i) sin x cos
N dr |
16. () | 4_ 5 gintp

(11) jSID.‘ E OOS a:

[ Put tan &=3 in (i) and (ii). ]

i) j cos z — sin
J sin 2z

@) I 1 + cos®z



18. (i) J f’” dz.

19.

J
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sin 2z
sin*z + cos*z

dz. (i) J’

az
sln a: +cos a:

[ (i5) Write sin*c+cos*x=cos? 2z +3 sin? 2z. ]

1+sin z

sin x

(1 + cos w)"’

20. (i) j 1+ +ta,n z

21. (i) j N

22.

23.

24.

sin x+cos &

(i) j’ G sin 22 do

W)J1+mm;a;;

(ii) J co_s__:_v__c_ia: .
2 sin 2+ 3 cos =

[ (+) Numerator= %{(sin x+cos x) +(cos . —sin )} ]

) o/

o

J

J

secx o
atbtan z
dz

a+btanz

_dex
a+bsinz

265. () j5+4 sinz
(i) j 4+ 3 sinh 2

. dz
2&@jﬁﬁﬁ¥

27. (i) J'

cos a+cos x

cosec % — cota: _
cosec & +cot & A/1+2 sec T

fec x

[C. P. 1933 ]

(i5) J4+a sin

¥ ] 4438 coshz

- dr .
(i) J-3+5 cos

(i) J-

cos T dx
5-8cos x

73
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28.

29.

o

30.

81.

o

32. (i)

(i)
. 01
. |

35. (i)

36. (i)

INTEGRAL CALCULUS

dx

J a® —b® cos®r

sin ¢ dr

Ja? cos’r + b2 sin’z

[ sin 2% dr
(a+bcos 2)*

[ 11 cos »— 16 sin =

2cosr+5Hsin

j 1-cos T+sm T

dir .
3+2sin r+cos x

6+3sinxr+14cosx
8+4sinz+5 cosz

J1+sec r dr [ Put N2 sin dr=2.]

LS d (ii) j. gz ____,
sec = + cosec & sin z +tan z

[(vean o+ vesiz) ae. ) [ ootz e

[ () Put sin z— cos x=2 and note 2 sin x cos x=1—(sin ©—cos x)?. ]

I«/ o oo g

z® dr

(z sing' + cos z)?
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ANSWERS
1.(i) & log tan z.  (ii) sin o—} sin®z.  (iii) 3x—% sin 22+ o sin 4x.
(iv) 4 cos®z—cos z—} cos’z. (v) 3z—o% sin 4z.
(vi) 1 sin*xz—} sin®z. (vii) 1iz [8z—sin 4x+} sin 8z).
(viii) % sin®z -} sindz. (ix) 2 cos®z—3% cos®z. (x) —32 cos’z.
(xi) § sin’z—71 sin‘z+4 sins. (xii) tan x —cot .
(xiii) sce x —% sec®x+3 secz.
2. (i) —3% cot’z—1log sin z. (ii) % tan®z—tan z+zx. #*
(iii) tan z(1+4% tan®z+3} tan‘z). (iv) —cot z—3 cot®s.
(v) —% cot 2 cosce®z— 3 cot x cosec z+§ log tan 3x.
(vi) tan®z (3+1 tan2z). 3. (i) log tan 3r+2 cos z.
(ii) 2 sin z—log (scc z-+tan x).  (iii) & log (sec z+ tan 7).

1+ A2 sin @,

iv) 1 541 7
(iv) 3 log ; _ V2 sin z (v) 3 tan®z+3} {an"z.

(vi) log tan 3x—2 cosce a. 4. (i) o Nsin g (7 sin z~ 8 sin’z).
(i) 2 cot?s (3 tan‘z+2 tan’z—3). 5. 6) & (i) ~f piey

6. 3 log tan (3x—3% tan-* §). 7. —3(3_651% o d)

8.0 5 08 T g can o (i) g 198 Yo me

9. (i) % log tan (37 +2) (ii) % tan 2+ 2{@ tan=*( &2 tan 7).

10. % log tan (}r+1). 11, 3} log tan (Ir+ 3x).
12. (i) -4 cos*a;+~,“3 cos® . (ii) sec z+2 cos x —§ cos®x.
18. (i) scc z+1og tan #a. (ii) % tan?z+log tan z.

(iii) 3 log sin 8z~ log sin 52.  (iv) # [cosec z— log (sec z+tan 2)].
14. (i) tan —2 cot @ — 3} cot’x. (ii) 3 (tan®z — cot®z)+ 3(tan = —cot z).
15. (i) 2 Ntan z- (ii) log (cos @+sin z+ Wsin 2z).
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16.() § log2ttens, @ I mn-*(t“s;’)
17. (i) tan-* (tan2z). (ii) 2 fan"( T tan 2m)

18. (i) 2 /1 —'sin z—~ N2 log tan (3z+3n).

1

1+ fan o 19. 2 tan ¥z —2x.

(ii) z+
20. (i) % {x+log (sin x+ cos x)}. (ii) 2 cosec a tan~* (tan }a tan 3z).
21, (i) & {z+log (sin z+cos x).  (ii) 4%+ % log (2 sin 2+ 8 cos x).

(iii) sin='(3 sec?3z).

2 - ) 7, log f.an(";+ gtan= g ):
23. b"m+a +b’ log (a cos z+b sin z).
24, -;/-a?_ o o {2 L s > 0

vitza o8 it i b e <
25. (i) % tan~* % (5 tan x+4). (ii) ; log Z::Z g:ﬂ

COREN e beutis SO BT S bt
26. (i) % tan~* (§ tan }a). (ii) 4 log (gtﬁﬁ ;ﬁ)

7, (i) G zg: i {;_’_:‘; (i) —3x+ § tan~* (2 tan 3z).
28. o %:b tan~ (.J"" ; tan m)! ifa>0b;
1 g atenz—dJit=a?, .

ﬁaJl}’;d—i] a'tan z+ Jp* g2



SPECIAL TRIGONOMETRIC FUNCTIONS 7

2. =t 108 (Wa¥ =5 008 o+ NG cou'z+ 57 ina),
fa>b; - T/if!‘—d'* sin"( ~/_”_:"“’cosa-) if @ < b.
'30. —2b72 log (a+b cos x)—2ab~? (a+b cos z)~*.
31. 3 log (2 cos z+5 sin x)—2w. 32. (i) —log (1+cot §r).
(ii) tan-!(1+ tan §z). 33. 2z+log (3+4 sin z+3 cos a_:).
34. 2sin~( A/2 sin 3x). !

-35. (i) % [sin & —cos :c——':l/z- log tan (3 -+ &w)].

(ii) & log tan 3z —% tan? 3z. 86. /2 sin—! (sin z—cos z).
37. cos a cos~!(cos x sec @) —sin a log (sin 2+ Wsin?z—sin?a).

sin z— cos x,

38. z sin +cos &



OCIHAPTER V
RATIONAL FRACTIONS
[ Method of breaking wup into partial fractions ]

b°1. Integration of Rational Fractions.

When we have to integrate a rational fraction, say

fdf?))  if f(z) be not of a lower degree than ¢(z), we shall first

f ()

express bz ) by ordinary division in the form

Cp® + Cpoyz® '+ -+ Co + "'(")

lz)

where Cpa? + see--e-- +C, is the quotient, and w(z) is the
remainder and hence of lower degree than ¢(z).

VCO NN g 'P(ﬂ')

So we shall now consider how to integrate that rational
fraction z((:; in which the numerator iés of a lower degree

than the denominator. The best way of effecting the
integration is first to decompose the fraction into a number
cf partial fractions and then to integrate each ferm
separately.

*When f(r) and ¢(x) are algebraic expressions containing terms
involving positive integral powers of « only, of the form

ao+a, 2+ a,z® + -+ ana”.
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We shall not enter here into a detailed discussion of the
theory of partial fractions for which the student is referred
to treatises on Higher Algebra, but we shall briefly indicate
the different methods adopted in breaking up a fraction into
partial fractions according to the nature of the factors of
the denominator of the fraction.

We know from the Theory of Equations that ¢(z) can
always be broken up into real factors which may be linear
or quadratic and some of which may be repeated.

Thus the general form of ¢(x) is
Alz— o)z~ g)(z =" (z- 0)% iz — )* +m*}--
a1+,

Case I. When the demominator contains factors, real,
linear, but none repeated.

To each non-repeated linear factor of the denominator,
such as z —a, there corresponds a partial fraction of the

form w—f;' where A is a constant. The given fraction can

be expressed as a sum of fractions of this type and the
unknown constants A’s ean be determined easily as shown
by the following examples.

z?+z—1

STz —62 dz. [P.P. 1931]

Ex. 1. Integrate S
22 +22 —6r=g (x?+z—6)=x(zr+8)(z—2).

2?+z—1 4 B C

Let  ero)w—-2)"z To+8 2-2



80 INTEGRAL CALCULUS

Multiplying both sides by a(z+3)(x—2), we get
z*+z—1=A4 (z+8)(x—2)+ Bz (r—2)+ Cx (z+9).
Putting =0, —3, 2 snuccessively on both sides, we get
4=%, B=}%, C=%.
the given integral is

ISdg:*_l de , 1( dz
6]z 8)z+3 2)z—2

=% log z+% log (x+3)+3 log (z—2).
ml
Ea)z-bw=9 ®
Here numerator is of the same degree as denominator and if
the numerator be divided by the denominator, tho fraction would be
of the form

Ex. 2. Integrate S

1+ P, where @ = (x —a)(x— )z ~c) and P of lower degree than Q. -

Q
Hence, we can write
3 A c
(£c~a,i(a:?— Wz—e)~ +a' a+:c-— pte=c m
2 =(z—a)lz —h)e~c)+ 4 (z—b)(n—c)
+B (z—c)z~a)+C (z—a)(x—D1). (2)

Putting x=a, b, ¢ successively on both sides of the above
identity (2), we got

A=, ﬂ;_' < B=,— b v O=,-- c-‘—-—« .
(@a=b)a-c) (b=c)b—0a) (c—a)(e-d)
.. from (1), it follows that the given integral

b3 d
Esd‘”(a b)(a—c)s z—at @ c)(b—a) a;_

S dz
(c-a)(c ~b)
-zq.- (E—-_l:)l(a——bi log (x—a)+ (3;7)(1;“_;) log (x —?)

+(c—:3(?:—b) log (z— o).
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Case Il. When the demominator contains faciors, real,
linear, but some repeated.

To each p-fold linear factor, such as (x— a)? there will
correspond the sum of p partial fractions of the form
Ay, Ay A,
(m—a)”+(w a”“+ (a: a)

where the constants 4, 4p_4,...4; can be evaluated en.sih;,.

2
Ex, 3. Inteqgrate S (-a"' ¥ 1)?;(:”- +—2) dx

z? =4 L. B L C
Lot 1) @+~ G+ 1) T @+ D) @)
Multiplying both sides by-(z+1)? (x+9), we get
z2=A (z+2)+B (x+1)(x+2)+C (z+1)2.

Tutting = —1, —2 successively, woget 4=1, C=4.

Again, equating cocfficients of * on both sides,

B+C=1; .. B= -3, since C=4.

the given integral= S( +1),—3 Sm4;1+45 w+2
=-.1 _ .
==,41 3lg (x+1)+4 log (z+ 2).

Note. The partial fractions in the above caso can also be obtained
in the following way. Denote the first power of the repeated factor

i.¢.,, ©+1 by 2, then the fraction= ;,—,-(% +¥.l) Now, divide Num. by

Denom. of the 2nd fraction after writing them in ascending powers
of 2, till highest power of the repeated factor, viz., 2%, appears in the

3 4
remmnder Thus the fraction= 3 (1 ~82 +i7!7§) zi, -+i;|: -« Now

replace 3 by z+1, and the reqd. fta.otlons are obtained.
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Case IIl. When the denominator contains factors, real,
quadratic, but none repeated.

To each mnon-repeated quadratic {factor,

Ar+B

such as
22+ pz+gq, (or, 2® +q, ¢ # 0), there corresponds a partial

fraction of the form g =-1 the method of integration

+p:z:+q

of which is explained in Art. 2'5.

T
Ex. 4. Integrate S @=i)@ 4 da.

4 |, Bz+C
Lot (e — 1)(.1: +4) o1t pies”

e =4 (2®+4)+(Bx+C)z—1).

Putting z=1, on hoth sides, we get A=1.

Equating coefficients of 2% and z on both sides, we get
A+B=0and C—D=1; hence B= -}, C=4%.

.'. the given integral becoincs

ls_c_i_:g_l

1 _ S dr _ 1 ( 2zvde
5Yz—1 5)x%+4

W Sw-—l-ld 2 +4

5]og(a: 1)— log(z’+4)+ tan~* 7

dz
Ex. 6. Integrate S m,_'_b,)'
1 =1 L_ 1 _._El._._].
‘ (3’ +ai)zm3 +b'l) a! — ba ﬂ+ bl mi +a‘l

. . . 1
.*. the given mtegral—a T [S 2153 Sz’+a

I g _ 1
a’—b'[b“‘“ b '“’""a]

%,

4

5

_dx
2+ 4

[ C. P. 1928, 31, ’37 ]
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dz_
Ex. 6. Integrale S z +1
Since, z®+1=(z+1)(z?—xz+1),

1 4 Bz+C
let us assume M a:+—1+w e

1=4 (z* —2+1)+(Bz+C)(z+1).

Putting z= —1, we get 4=13.

Equating the cocfficients of x?, and the constant terms, we ha,vg~
A+B=0and 4+C=1. .. B=-},C=4%.

the givon integral becomes

- l_s _z—=2 dz
3)a+1 3)az?’-z+1
_1( dz _ 1( (2-1)-

“8)z+1 6 z'—mi—i‘dx

_1{ d» _1{ 2z-1 1 dz
'§S¢+1 Gs:c’—a:+1dm+2§m’—z+1

1 1 a_ I\ —d
= glog (a+1) = glog = m+1)"28(”_&)’+(~\_/§)’

= “’°¥ (w+1)— —103 @ —z+1)+ ; ;/_31;,, -x(2a:7-_9-’ )

log (a:+1)— = log (z?~ a:+1)+-- /3 tan~! (2""' 1)

N

Case IV. When the demominator contains factors real,
quadratic, but some repeated.

In this case we shall require the use of Reduction
Formula to perform the integration, for the general dis-
cussion of which see Chap. VIII.
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Ex. 7. Integrate S ﬁida;—,)‘;'
Although this case comes under Case (IV), it can be treated more
simply as follows : Put x=tan 6.

2
I =S se:e‘ﬁ 0d0 cos?d do

=§ 3 (1+cos 26) do=4 (0+3 sin 20)

_1 1 2tmé
=3 {” 9 1+tan=a}

_1 - }
2 {tnn :c+1+

52. Two Special Cases.

(A) In many cases if the numerator and the denominator
of a given fraction coniain even powers of x only, we can first
write the fraction in a simpler form by putting z for 2%, and
then break it up into pariial [ractions involving z, i.e., z2,
and then integrate i6. Thus,

2

x
Ex. 8. Iniegrate S o g da.

Putting =*>=3, wo have
w2 2 _ A_+. B .
' +2?—2 2*+2—-2 (2+2)(z—1) 2+2 z-1 J-
2=A4(z3-1)+B(z+2).

Putting 2= —2and 1 respectively. we get A=3, B=}.

= 1 +1—1-—
a:+m—2 3m’+2 3 g?~1

=2( dz_, 1( dz_
I—§§z"+2+3 z2—1
2

oz 1 1, =1
7““ t et aalegy

)
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(B) If in a fraction, the numerator comiains only odd
powers of x and the denominator only even powers, then
it is found more convenient to change the variable first by
putting #* =z and then break it up into partial fractions as
usual. Thus,

z°® de
Ex. 9. Integrate S e .

Put z’=z ... 2zdr=dz, .. z*dr=%zdz.
I IS zds
T2) 3% 4+32+2

B
*ag ey

Now, LA A
' 2243242 (3+1)(z+2) z+1

‘Wo determine as usual 4= -1, B=2,

=1fg(de _(d2]_1 -
I—2[2 paiy a+1]—2[ﬁlog(s+2) log(z+1)]

=log (z?+2) ~4% log (x> +1).

5°3. Integral of the form

( _dax
Yx=-a)"(x~-b)"

where m and n are positive integers and @ and b are unequal,
positive or negatlive.

Put z—a=2z(z—0).

dx
Ex. 10. Inlegrate S(w—_l)-w,

Put 2z-1=3(x-2)

[
|
o
1Y

. - d3_
= e S ode (1_‘)
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Hence, the integral transforms into

(P e

=—-z]:—3logz+35—}s’
z—2 z—1 z—1\_ 1{z—-1)\2,
~(529)-e1ee (320)+2(523)- 5 (5=)

EXAMPLES V

Integrate the following :

(xr—1)drx
l.d(w “S)z - 3) [C.P.1937]

2. (m'-i)(g'— y L[C.P.1923]

(x—1)d ;
3. | (w‘i (e ”3) [C. P. 1924 )

. z dz . 3z dz
4.0 [ (¥ @ L;‘: o—9

S j (=T

8. () 00(2?::;3)_ . ) -(“%:,J_)_.l?)’w.

7 0 ::»‘%7:1 12 (&) g: 382 i;d
8. (i) ;m 1=300 i, @ [ g3 oy
"0 [eaees O Jemdemw
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(m) j(ﬂ? 2)2(427 1)3

a2 [ 2®de
10-0 J g3 1o+ 9
dm
Ja¥—a® -z + 1
(_dz _
J@&*-1)*
N dz
18. () | (1) +1)

ﬂ_dw- .
J 1‘153

1.6 |

12. (i)

14. (i)

)
15.6) | .7,

L

16.G) |, % |
o g

; d
19.0) [ Gos s s oy

z2° de

18. (1) j-(m +a'2)(9‘ +b2).

19 j (w +a2)(m+b)

; dr
20 6) J a+ f)(i'-? 29’

(IV) J(w+1)2(w+2)3
(i) J’Q 72 .

r*+z

(i) j e +ﬁ )%

o [ (@+1) dz
(i) i wl)’(m o 2)91
o o522
(ii) % +:3 dez.

o [ d
@ ) D
@ [

6 | s i
(z® +a®)z® +b?)

i ‘ da
R T
@ J iy 0n

@ [ et de

z® -
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dz
P

22 dz
L N s 12z%+1)
95 s dz

: z(1+a:+a;ra +a;3)

dz

26. j z*+z2+1
[2*+z?+1=(z*+ 2+ 1)(2? —a:-i-l) ]
r 2

27. () :;,‘1%- (i) -,,-;_—1 da.

[z*+1=(z?+2 J2+1)(z’—z N2+1)]

[ dz o [ dz
28. () Jeos z (5+3 cos z) (i) Jsin2z-sin &

N dz . oy [ e da
29. (i) J1+386° +2%** (i) J =37 +2

dz _ )
30. jsin 2 (3+92 cos ) [ Putcosz=2z] [ P.P.1932]

31. Show that J—--- » where ¢(z)= I"I0 (x+7)
r=

[Ioga;+ > (- ])"( )log(w+fr)]

n-l

32. Show thatj f( ) dx

= “ (EIL— log (z—ar)

F(ay)

where f(z)=¢1=’i; @—ar), [ai # axif i % & ]
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ANSWERS
1, 21log (z—38)-log (z—2).
2. E}B {a log (x—a)—Db log (z —Db)}.

3. {8 log (x+2)+2log (z—3)}.

4. (i) #{7 log (z—7)—5 log (z—5)}. (ii) log {(x—2)? (x+1)}.
5, §log (x—1)—4log (x—2)+ ¢ log (x —3).
8. (i) § log (x—1)—2 log z—¢ log (z+2). (ii) log (x> —1) -—Fog z.

7. (i) 3= ~Tz —27 log (x +8)+64 log (x+4). (i) x— 3 log e 2
8. (i) 3 log {x (w* —8)*}. (i) —34log (8—a)—t& log (3+2x).

. a? b?
9. (i) (@—b)a—c) log (= —a,)+(5-__ N6=a) log (z—b)

+ (c-a ;’(2—_ ) log (z—c).
(i) (b—a)]ia:—a)-'.(b—la)"’ log ::a'
) -5 -stex 2148 223 1 (220)"
(iv z+1-31°z”1'§+3§ﬂ )
10. (1) : +log (c+1). (ii) — 3 -—4log z+4 log (a2+1).
11. (i) 2(: 1)+il gzti- (ii);,41_1+1°3 FoRE
.00 yog 211 g 7
(ii) g(a;-'l-ﬂ z—1" 31°32+;)
1. (i) 4{(a; 1t 3los 21} i) “°gm+1+2?:::f)‘

a2l 1, 1-z |
14, (i) Jstan‘ .JS 8log Niais
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(ii) log (1— ,,).,. ..... - 2aaj:;1

15. (i) #{log(z*—1) —log (z2+ 1)} (ii) # log (2:* —1)—1log =.
16. (i) #{log (1+2x)—log (L —2z)}—% tan~'z.

(ii) logw -1 El-i.m:r‘a:
4 z+1 2

. 1 2432 - 1 1
17. (i) 2(@, __1;.‘) log:.x-_i_—b:,- (11) {a tan~—! a Z _) tan-! z }'

18. (i) '2?&,1_-_—’),‘) {a® log (m’ +(b’) —0? log (a:’+b")}.

b -
(ii) m+ i3 tan" Ty T tan™* wb
1 :r+b + Ptan2 }
19, 3 +b‘i{ 8 Joipgt ot

20. (i) —% log (1+:c)+i log (1+2?)+3 tan~'z.
z—1 1 ) 2e4+1
@ glog 20t T

21. 3 (log (z* —z+1)—log (x®+z+1)].

2. () {210 * 724 ¥ tan-r % (1) § tlog (2*—2)—log (x?+1)}.

N3

z+2 }
+4x+5

25. logm—} log (1+x)—# log (1+2*)— & tan~'x.

1+a4+27 :v;J3)
. | lg1 m+z’+2J3tan (1 @

o LN+ 1 IV
22 (1) 4../2 T—zAa+ar 2o b0 (1— *)
. @) 3 tans 242,

23, ;{ tan-! (o+9)+ =2 24, tzm"w—:l/z tan~" (z n2).

28. (i) 1 log tan (37 +3z)— % tan™* (3 tan 3a).
(ii) 3 log (1+cos z)+3% "»g (1—cos x)—4 log (L—2 cos ).
29, (i) z+1og (1+¢%)~ 2 log (1+2¢%). (ii) % log (e*—1)(c*+8)2.
0. —& log (1+cos x)+ y'5 log (1~ cos x)+ 3 log (3+2 cos ).



CHAPTER VI
DEFINITE INTEGRALS

6°1. Thus far we have defined integration as the inverse
of differentiation. Now, we shall define integration asa
process of summation. In fact the integral caleculus was
invented in the attempt to calculate the area bounded by
curves by supposing the given ares to be divided into an
infinite number of infinitesimal parts called elements,
the sum of all these elements bheing the area required.
Historically the integral sign is merely the long S used by
early writers to denote the sum.

This now definition, as explained in the next article,
is of a fundamental importance, because it is used in most
of the applications of the integral calculus fo practical
problems,

6°2. Integration as the limit of a sum.

The generalised definition is given in Note 2 helow.
We first start with a special case of that definition which is
advantageous for application in most cases.

Let f(z) be a bounded™ single-valued continuous function
defined in the interval (a, b), a and b being both finite
quantities, and b > a ; and let the interval (a, ) be divided
into n equal sub-intervals each of length 7, by the points

a+h,a+2h,..a+(n—1) h, so that nh=b-a ;

*i.6., which does not bocome infinite at any point. Sea Authors’
Differential Calculus.
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then '!,toh[f(a)+f(a+h)+f(a+2h)+---+f(a+i-1h)l
=> |
n-1
i, shortly Lt h X fla+rh), (nh=b-a)
h->0 r=0
b-a | PR 4
or, f_fw o S f(a +(h-a) n)

(*." n—> when k. >0)

is defined as the definile integral of f(z) with respect to =
between the limits a and b, and s denoted by the symbol

J : fz) de.

‘@’ is called the lower or inferior limit, and ‘b’ is called
the wpper or superior limit.
Cor. Putting a=0, we get

b n-1
f =Lt h 2 f(rh), where, nh=b.

§o s am=rs 372 son)
Note 1. sb f(@) dr is also sometimes defined as

a

n n
Lt b 2 flatrh), or, Lt h = flat+rh);
hs0 =1 0 r=0

these definitions differ from one another only in the inclusion or
exclusion of the terms kf(a) and hf(a+nh), i.e., hf(b) which ultimately
vanishoes.

It should be carefully noted that whichever of these slightly
different forms of the definition we use, we always arrive at the same
result. Sometimes for the sake of simplicity we use one or other of
these definitions.

Bopposing the interval (a, b) to be divided into n equal parts each
of length Az by the poini zo(=a), T1, Taseeecensenens 2q(=b), the definite

n=-1
integral 8 v f(z) dz may also be defined as Lt = flx,) Ax.
a n>o0 =0
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Note 2. The above dofinition of a definite integral is a special case
of the more generalised definition* as given below.

Lot f(z) bo a bounded function defined in tho interval (a, ) ; and
let the interval (a, d) be divided in any manner into n sub-intervals
(equal or uncqual), of lengths §,, 8,,... 8,. In each sub-interval choose
a perfectly arbitrary point (which may be within or at cither end-point
of the interval) ; and let these points be z=¢,, ¢,,... {n.

it

Lot S, = 51 [ (AN -

Now, lct # increase indefinitely in such a way that the greatest of .
the lengths §,, 8.,... 8, tends to zero. If in this case, S, tends to
a definite limit which is independent of the way in which the interval

(a, b) is sub-divided and the intermediate points <., $ay.er $n are chosen,
then this limit, when it exists, is called the definite integral of f(x)

from a to b.

It can he shown that when f(r) is a continuous function, the above
limit always exasts.

In the present volume however, in Art. 64, we prove that if

in addition to f(z) heing continuous in the interval, thero exists
a function of which it is tho differential eonofficient, then the akove

limit exists.

In the dofinition of tho Article above, for the sake of simplicity,
f(z) is taken to be a continuous function, the intervals are taken
1o be of equal lengths, and {,, {,,... {a arc taken as the end-points of
the successive sub-intorvals.

The method of uncqual sub-divisions of the interval is illustrated
in Ex. 5 below.

Ex. 1. Evaluate from first principles S: dz.  [C.P.1922]

*For an altornative definition based on the concept of bounds, see
Appendix.
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>m the definition,

] n=1
S e®de=Lt h = e*" where nh=b—a,
a h>0 7r=0

=Lt h[e*+e 4 eeqotttn-1h]
h->0
=Lt h.e"[1+e"+e? +.eeten 1]
h->0

uh
=Lt “-g--—:- 1
a0 et TR

= g% (g¥-¢ —1).#6’0 e—hli—_—ln since nh=b —a.

=é'—e¢".
ince, Lt M ]
[ since, a0 & —1 1.
Ex. 2. Find from the definition, the value of
1
g = e [ C.P.1935,'37 %
From the definition,

1 n
S z*de=Lt NI = (rh)?, where nii=1
0 h->0 r=1

=Lt h[1%R2+2%K%+ -+ +n?N*]
h-0

=Lt [h*(1%422+.-+n?)]
10

=Lt 3 n(n+1)2n+1)
h-0 6

1
= ~oLit 873 27,2 a
6 "hs0 [2n2h® +3n?h2 . h+ nh.h?)

1
Lt 2 i =
650 (2+ 875+ h?), since nh=1
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Ex. 3 Prove ab initio Sb—l.,dz=1—1- [C. P.1943 ]
al a b

Here, by the definition,

S da:=L‘ h[ 5 1
am

(a.+h)"+(a+§h)’+ o

A S ]
@+n—-1n)2t
where nh=b—a.
Denoting the right-hand series by 8, since, obviously,
1 1

1 . 5 o o 1
(a+rh)? 15 > (a+rh)a+r+10) and < (a+r—1h)(a+7h)

1 1 1
. e A eee — e
woget § > 1 [a,(a+lz)+(a+h)(a.+2h)+ (a+n—1h)(a+nm]'

. 1_ 1 11 . ( 1 1 )]
‘ML'>[(G a+h)+(a,+h a+2h)+ + la+n—1n) (a+nh)

. 1 1 1 1 cmth=b—als
1.e.,>(a a+nh)“"> 2" b [ nh=0b a]

1
also § < & [(a. Ma a(a,+h) (d':l'-'n éfélif(ai-q;;ih)]'

. 1 _1 1_ 1\, .. ( 1 1)]
"'3"<[(a~h a)+(a c:n+h)+ + a+n—2 a+n—1k

1

. 1 1 1
°'”"<(a—‘h (a,+n'11h)) i <(a h b—h)'

1 1 1 1
Hence (a‘— I;) <8< (E:h_b;h)'

and this being true for all values of h, proceeding to the limit when

h—>0, (E}:fz—bé'}i) clearly tends to (; - ;—)- and S by definition

1_1,

bde b dx
becomes Sa;;' and hence Sawh:a b

For an alternative mothod, see Ex. 5 ; here m=—2.
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b . '
Ex. 4. Prove by summation, S e sin % dz=cos a—cos b.

n-1
S b sinzde=DLt 7 3 sin (a+7h), where nh=b—a,
a >0 =0

=1t h [sin a+sin (s + h)+sin (a+2k)+ -+ to n torms],
I.-)
. b sin 3nh
=Lt -1
’1;;0 T.sin {a+(n 1) 2} sin 3

t 3 { -
;?-»osm 34 2 sin dnh.sind a+(n—1) }

_Ii . Bh [cos (a—- %h) —cos { a+(2n—1) }]

W0 sin 30

0
= I}t Z_
M [coq (a—3%n)—cos (a+nh—3%h)] since L sind =1

= Lto [cos (@ —3%) —cos (b—3%)], since a+nh=>b,
h->

=c0s a—cos b.

] . .y
Ex. 5. Hraluate S a™ dx, where m is any nwmber, positive or
a

negative, integer or fraction, but -1 (0 <a <b).

Lict us divide the interval (a, b) into n parts by points of division

1
a, ar, ar®,...... , ar™', ar" where ar"=b, i.e., r=(bla)".

1
Evidently as n > o, r=(b/a)" = 1, so that each of the intervals

a (r—1), ar (r—1), .cuoen.e. ,ar""* (r—1) » 0. Now, by the genoralised
definition, as given in Note 2, Art. 6°2,

S : ™ dx= ,-l;lim [a™.a(r 1)+ (ar)™.ar(r — 1)+ (ar?®)™.(ar®)(r— 1)
4.+ to m terms ]

=Lt1 o™ (r—1) [14+ ™42l to n terms ]
r>
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‘ﬂldﬁl(r"l)‘(rwl)—_—l- ["L"!'l 7‘ 0]

o I B [

r>1
1 b ™+
=Lt . mE1, -
=1 7] @ {(a) 1}
=Lt r—1 .( my_ mi1
r>1 r"ti—1 b a s

l""'fl —a™t!

w1 tm#-1]

1

R Rt 3 0 _r¢ 1 1,
[ R 'bemgoftht, formo rol (m+1)r"‘=m+1

Note 1. Since z™ being continuous in (a, b) is integrable in (a, b),
2 unique limit of the summation S, as given in Note 2, Art. 62,
exists ; so it is immaterial in what mode we calculate it. The same
remark holds for the next examplo.

. v
Note 2. In cvaluating S 0 a™dz [m3 -1, b> 0] we may first
evaluate S b 2" dr [0 < a < 6] as above, and then make ¢ = 0+.
a

Ex. 6. Show from the definition

Sz 1da:"lor] -. (0<a <bd)

As in Bx. 5, divide the interval (a, b) into m parts by points of
division, a, ar, ar?,......... ,ar*"*, ar®, where ar"=b i.e., r=(b/a)*!"
Evidently as n—>c0, r=(b/a)!/" —> 1, so that oach of the intervals
a(r—1), ar (r—1)--+ss=> 0. Now, by tho generalised definition,

b1 Lt 3 —art-t
L la ”_mkzlar,_l(ar* ar-1)

=Lt Z(r— 1)=Lt n(r—l)
n->o00
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=Lt n [(b/a)*"—1]
n=»oo

Lt [£=1 ] =1
ol T +log = |» where A= log

=1og 2. [ Lt 3"“1 ]
loga e =1

1.
Ex. 7. Find ab initio the value of S ;" sec*s da.

By definition, the required integral

n
I=ILt h = sec®rh, where nhi=3%r.
a0 r=1

Now, soc (r—1) hsec 7h < sec?sh < sec ] sce (r+1)h,
since secc ¢ increases with z in 0 < ¢ < #.

__1 sin{(r+1) h—sin rh}
Also, sec ri scc (r+1) k= sin h “cos 1 cos (r+1) b

xim} {tan (r+1) h—tan rh}.

Similarly, sec (r—1) & sec rk

—an 3 {tan 72— tan (r—1) u}.

Thus, I lies between Lé h_ 3 2 {tan ri—tan (r—1) 4}

h->0 sink .
Lt hﬂ _
stnd h>0 sm h E {tan (‘T+1) h—tan rh}
e, Lt _ It b _
i, Lt v, ton nh—tan 0) and Db R ftan (n+-1) i tan .

Since nh=42r, and Lt (a/sin h)=1 as 1 ~> 0, both the above limits
tend to tan %, d.e., 1.

Hence, I has the value 1.
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b
6°3. Geometrical Interpretation of S f (x) dx.
a

Let the function f(z), which we suppose to be finite and
continuous in the interval (a, b), [ b > a ], be represented
graphically and let ¥ =f(x) he the equation of the continuous
curve PQ, and let AC, BD be two ordinates corresponding
to the points x =a, £ =05, meeting the curve at finite points.

Y Q
"/ é

-y

N\

X' O A A 8 X

v

We have OA=a, OB=b and .. AB=b-a.

Let AB be divided into % equal parts each of length k.

. wh=b-a, or, a+nh=b.

Let the ordinates be erected through the points whose
absciss®e are a + h, a + 2h,...... a+(n— 1) to meet the curve
at finite points.

Let us complete the set of inner rectangles ACC’'4’,......
and also the set of outer rectangles.

Let S denote the area enclosed between the curve
y=f(z), two ordinates z =a, £=25, and the z-axis.

Let S, denote the sum of the inner rectangles.

8: < 8; [f(x) monotone increasing ]



100 INTEGRAL CALCULUS
Now, 8;=nfla)+hfla+h)+---+hfla+n—1h)

n~-1

= h'f'o fla+7h).
Let S denote the sum of the outer rectangles ;
Ss > 8.
Now, Sz=hfla+h)+hfla+2k)+ - + hf(a +nh)

= E: Ha +rh)— hf@) + hf(b).

We have, S; < S < 8,.

Now, let the number of sub-divisions increase indefi-
nitely, and consequently the length of each of the sub-
intervals diminishes indefinitely.

Thus, as n—>, I — 0.

both hf(a) and hf(b) — O, since fla) and f(b) are
finite.

n—-1 b
S;>ILt hX2 fla+rh)=| flz)de.
h->0 r=0 a
n-1 b
Sy > Lt b3 flatrh) =I flz) dz.
h->0 r=0 a
Since, we have always S; < 8 < S,,

o S—S : 1(x) dx.

b
Thus, j f(x) dzz geometrically represents the area of the
a

space enclosed by the curve y =f(x), the ordinates x=a, x=>,
and the x-axis.
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Note. The arguments here postulate a concave curve. Similar
arguments apply for a convex curve, or even for a curve which alter-
nately rises and falls in the interval.

6'4. Fundamental Theorem of Integral Calculus.

If f(x) is integrable in (a, b) [a < b1, and if there exists
a function ¢(z), such that ¢'(x)=1(z) in (a, b), then

b
S #(x) dx = #(b) - &(a).
a
Divide the interval (a, b) into # parts by taking inter-

mediate points,
l1:=ﬂ70<£7'1<:l'3 Leeeerr < $n=b-

Then we have, by the Mean Value Theorem of Differen-
tial Calculus,

¢(wr) _¢(wr-1) =($r‘ $r—1) 4”(§r). (a0 < r <z ]

éod’,(gr) Sr=X [4’(‘1'r) -¢ (Tr— 1)]

[Where 6,-‘—"{(',-—.’191-—1 ]

= $(b) — $(a).
&Lto 3¢/ (&,) 6= o(b) — ¢(a), where 8 is the greatest of

the sub-intervals 8. Since f(z), and hence ¢'(x) is inte-
grable in (a, ), therefore,

Lt S¢'(Er) 6r = j :d>'(m) dz= J :f(w) dz.

j:ﬂw) do=8(6) - $(a).
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Note 1. The above theorem establishes a connection between the
integration as a particular kind of summation, and the inlegration as an
operation inverse to differentiation. This also establishes the existence
of the limit of the sum referred to in Art. 6°3, Note 2. For an alter-
native proof of the theorem see Appendix.

Note 2. From: the above theorem it is clear that the definite
integral is a fumction of its upper and lower limits and not of the
independent variable x.

Note 3. It should be noted!that if the upper limit is the indepen-
dent variable, the inlegral is not a definite integral but simply anothor
form of the indefinite integral. Thus, suppose [ f(z) dz=¢(z) ; then

S : flx) dac = H(x) — pla) = p(x) +a constant= S flz) dz.

6°5. Evaluation of the Definite Integral.

By the help of the above theorem, the value of a definite
integral can be obtained much morc easily than by the
tedious process of summation. The success in the evalua-
tion of a definite integral by this method mainly depends
upon the success in the evaluation of the corresponding
indefinite infegral, as will be seen from the following illus-
trative examples. The application of the above theorem
in the evaluation of the definite integral is very simple.

b
Suppose we require to evaluate j flz) de.
a
First evaluate the indefinite integral [ flz) dx by the
. usual methods, and supposs the result is ().

Next substitute for © in ¢(x) first the upper limit and then
the lower limit, and subtract the last result from the first.

b
Thus, j * 1le) do = o(0)- 4a).
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b
Now, ¢(b) — ¢(a) is very often shortly written as [d:(m)] .

It should be carefully noted that in a definite integral,
the arbitrary constant of integration does not appear.

For if we write [ f(z) dz=d(z)+ c=v(z) say,
then | 1e) da=vlt) - vla)= 1000 + & - o)+

= ¢(b) — ¢(a).

Thus, while evaluating a definite integral, arbitrary cons-
tant need not be added in the value of the corresponding in-
definite integral.

Illustrative Examples.

Ex. 1. Evaluate S: " de.

n _mthH_
Sa: dx_n+1
LI gtti1h_ 1 N1 _ n+l].
Saw dz= ntlla=ni1 [b a ; n+17#0.
”
Ex. 2. Evaluate Szcas"w dz. [C. U. 1936 ]

Scos’m dm=~;s 2 cos’z de=4 S (1+cos 2z) dz

=3x+2 sin 22.

m

T, . ! 1. ]
Socosmdz [2w+4sm2a:

n
¥
0

1 1. 1
- Zr"' '4 sin ® Z‘l’.
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L ]
Ex. 8. FEvaluate SO it dx. [C.U. 1937 )
1-m . ((2 _
i a o (1)
=g\ L dz— Sd:c=2 log (1+a)—2
1+ :

1
I=[2 log (1+z)—a;]0=2 log 2—1—2log 1=21og 2—1.

a dz__

Ex. 4. Evaluate S 0a+ a7

cdx_ _ 1 aw
Sa"‘+m" a "

I=[1tu.n“ ?]a= lmn“l— 1 tan~!' 0
a alo a a

1= 1. =
a4 0=

a 4q
Note. Two points should be noted when evaluating a dofinite
integral for which the indefinite integral involves an inverse trigono-
metrical function.

(i) The result must never be oxpressed in degrees ; for the ordinary
rules for the differentiation and integration of trigonometrical functions
hold only when the angles aro measured in radians.

(ii) In substituting the limiis in the inverse functions, care should
bo taken to chooso the right valucs of the expressions obtained. Unless
otherwise mentioned, usually tho principal values are used.

6°6. Substitution in a Definite Integral.

While integrating an indefinite integral by the substi-
tution of a new variable, it is sometimes rather troublesome



DEFINITE INTEGRALS 105

to transform the result back into the original variable. In
all such cases, while integrating the corresponding integral
between limits (i.e., corresponding definite integral), we can
avoid the tedious process of restoring the original variable,
by changing the limits of the definite integral to correspond
with the change in the variable.

Therefore in a definite integral the substitution should
be effected in three places (i) in the integrand, (ii) {n the
differential and (iii) in the limits.

The following illustrative examples show the procedure
to be employed.

INlustrative Examples.

1 sin~'z
Ex. 1. Evaluate S 0 Jl g daz.
Put sin~tz=0. .'. df= - 1 dr.
Ni-x?

0 and 1 are the limits of & ; the corresponding limits of @ where
0 =sgin"'z are found as follows :

When =0, §=sin"' 0=0.

Whon =1, 6=sin"* 1=4m.
m T
2 3 = -1 ’]§=1 2
Soﬂdo [20 0= 8™

Note. Of course this example can be worked out by first finding
the indefinite integral in terms of z and then substituting the
limits.
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Ex. 2. Ewaluate S: Jat—z? dz.
Put g=g sin 6. .. dr=a cos 6 do.

Also, when =0, =0, and when z=a, 6 =3,

.T=S z"a," cos?0 d0=aqa® S z’r cos?0 db.
2 1 1 1.
Now, \ co3%8 db= 3 (1+cos 20) 10 = 2 o+ g Sin 20 |-
I=a*- % [ 0+3% sin 20] b =}ma?.
0
Ex. 3. [Evaluate S " J(z—a)(B —z) da. [ C. . 1925,'382,'37 ]
a

Put z=a cos?0+B sin%0. .. dr=2(8—a) sin 6 cos 6 df ;
also, x—a=g sin* —a (L—cos%0) =(B—~a) sinf.

B—z=8 (1—sin%0) —a cos®0 =(8—a) cos®4.

when z=a, (3—a) sin?0=0.

sin 8=0. .. 8=0, sinco B a.
Similarly, when £ =3, (8 —a) cos?0=0.

cos 0=0. .. @=3m.

T
I=3(8—a) S: 5in?0 cos?0 d4.

Now, sin?0 cos?8 =}%. 4 sin%@ cos®0=1 sin?20=} (1 —cos 46).

Also, S (1—cos 46) d0=0—} sin 44.

J1(%2 1 . 1., 7
. I=2 (8—a) ﬁSo (1-cos 40) d0= } (8-a) -[O—Zsm 40]0

=% (8-a)® [§r—} sin 2x] =4~ (8—a)”.
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Ex. 4. Ervaluate SB Az (8>a)

a \Jz—a)(—2)

As in Ex. 8, put 2=a cos?6+8 sin20.

in 1
I=S 0 2d0=2.9-' r=.

] dx
.5 8 o AT = + WJ3).
Ex. how that So(l 9%) 1t 3leg (2 3)
[ ¢ P 1933 ]

Put z=sin . Then dr=cos f d0; also when =0, 0=0, and
when x=%, 0=4}r,

- T cos 0 49

. T 0 cos 28 cos 6

Ir
=§ 0 sce 20 46

™
= [ 4 log tan (}=+ 9)]:
=3} [log tan {m —log tan 3r 1=% log (2+ /3).
L LI a 2
Ex. 6. Show that 0 5in®0 cos*0 do= o [C.P.1925 ]

Let sin 0=2. .. cos 0 do=dz;

also when 0=0, x=0 and when §=3m, z=1.

1
I=S z" 8in®d (1—sin%@). cos @ d0=§0 z°® (1 -22) dz
1 1 2] [z°J1_1 1 _2
= 6 - =% =% =22 == ="°..
§o’” dz So”’d’” [7]0 [9]0 779763

6'7. Series represented by Definite Integrals.

The definition of the definite integral as the limit of
a sum enables us to evaluate easily the limits of the sums
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of certain series, when the number of terms tends to infinity
by identifying them with some definite integrals. This is
illustrated by the following examples.

In identifying a series with a definite integral, it should
be noted that the definite integral
b
J fl@) de =Lt hXfla+rl), when nh=>b-a,
a n>0

may be expressed as

fz_fwbnazf(a+ -——) J:f(x)dm.

In the special case when a =0, b=1, we have I1=1/n.

Henee, in this case, we have

Lt Ef( ) j:f(w)dm

nsc0 N

[ As if we write z for r/n and dx for 1/n. ]
1
or putting h=1/n, Iit h.‘Jf(rh)=J flx) der.
h->0 0

[ As if we write 2 for 7L and dz for A. ]

It { Lol e L }
Ex. 1. Eraluate n+1+n+2+ +otn

Dividing the numerator and denominator of each term of the above
serics by n, the given scries becomes

1 1 1

=Lt 'nl : 11,2 + n
el § R A 1+ "
n n
I R S S n

o a0 311_,.,,, [puttmgh= ]
Ton

11 1
SO -1:'_—:5411:=[log (1+a;)]0 log 2.
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Ex. 2. Evaluate

2 4 6
It 1 )n“( _2_’)7;“( 8\ns n?\n¥]
”1_)@{(1+n, 1+>5 1+ . 1+3
Let 4 denote the given expression ; then

2

n . 3
log A=r§1 77 log (1+na)'

.. Lt A=Tt 1% fa(.'r_’) .
n->00 log 4= b 2nlo° ll-'n.’

v 2a~>»00 i r=1
1
==So 2z log (L4-22) dx
2
=Sllogzdz. [ putling 1+x*=2z]

2 4
=[zlogz—z] =2log 2—1=log
1 e
Since, log Lt A=Ll  lug .1=log 4,
N> n->o0 ¢

Tl 4, we., the limit= j .

n->20

1™ 42" - 3™ eeenan +a™ 1

3 Do Lt s =
Ex. 3. Prorve that i b 41

Left side
=Lt 1[(1 )’".;.(2.)1".;. +(1’.’ )m]
n->oc N n n (12

m
=7t 1 ;(r)m=Ll I g, (‘rh) [whcrc h=alz]

w0 N\ 0 h>0 4

1 [m"‘“ 1
—Soa, “EElnF 0

"mE1

109
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EXAMPLES VI(A)

1. Find by the method of summation the values of :—

o "ot d. 6) [ e da.

() | * da. @) [ o +D) a.
) J:"sin' z da. (vi) j:cos 0 do.
(vii) J; J dz. (viii) j: jm dz.
(i) | *sin o ao. 0 [V eoses’s az.

Fvaluate the following integrals (Ez. 2 to Ex. 12) :—

1 L 9 o
2. (i) Jo z® 1 +3z* da. (i) Jon Nax — 2% dz.
e dz
(ii1) L #(L ¥ log 2)° (iv) IO(T Ty 1)
1
3. JO re® dx. [C. P. 1936 ]
f .
4. (i) 50 sin~ 'z dx. (i1) 0 tan" 'z dx.
) 1 r1 '
(iif) jo (cos™*z)? dxz. (iv) 0T log (1+ 9z) dz.
1 r1
v) Jo z(tan™x)® de. (vi) o z® J(4 - z*%) de.
J
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w
5. (i) jo sin me sin nz dz. [C. P. 1937 ]
(if) J- cos mx cos nx dr. ( m, n being integers )

i
(i) J . sin z sin 22 dez. {C. P. 1940

6. (i) I: 2in’®*na de. (ii) J: cos’nz dx.

( 1 being an integer )

x dr o dr
n0 J, i & fo(a.;w‘..;)a‘
(&) J " o @ f 4 R
8. (i) ji: z sin ¢ dz. (i) ji: sec T dz.

i
(3i1) j . (sec 6 — tan 6) dé.

in
9. (i) j tan = dz. (i) . tan?z de.

o

i [ 4
10. (i) I ) ©08 9z cos 3z dz.  (ii) o sin®z cos®zr dz.

ey [ 3T N L
(iii) j o & 08 @ cos 3z dz. (iv) 5 5€° 0 do.
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Ne i
11. (i) j’ L2 log z dz. (i) fo x? sin z dz.

E 14
(iii) j.o sin ¢ cos ¢ /(a® sin? ¢ +b2 cos? $)de.

dx
12. (i) ,‘-o a®+z* (i) Jj. 2(1 +2'::)2

dr
(lll)jo a+bco§w(a>b>0)

dx

T
(iv) jo 1~2a;cos:r+a"’(0 <a<1)

Show that -—
[log 2 ez P

3
13. ) o 1+B‘,(7m log2.

(blog o , _ ( b
14. i da =% log a ) log (ab).

Ja

fa . _, 9 _ R a
15. oSBT e dt=2a tan 'a —log (1 +a?).

o

2 _
16. () L J@ =102 - z) dor=3m.

(..) b R (l.?:____ =}l 5
Wlg @-3)Jzt1 ° BT
(@ 42 _msﬁ
17- Jo (aa +m2)2 (I.’b‘ %2a
(3" sin o do _ P |
18. 0 l+cos®zx 4 +t';a,n J2

- L
19. : cos®z %/gin x dz=
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dz
20’(1)jo a? cos®z +b® sin’z 2ab la,5>0]

(i) J sm_a:_p_qg_ 2 s dw=
0 (sm z + cos’z)?

21. () jo 4+5 sin T—%log 2.

(ii) J i de =% tan"* 3.

0 5+4sinz

' —_ -1
22. (])Io 5+3cosa; ¥ tan™ 3.

o [T dz. .
(i) j 3+5cosx =ilog3.

11

(ii) Jo 1+4 cotz 6

= _ 0
23. jo 1+cos 0 cosz sin 0

24 r” cos # dz

o (1+sin z)2 +sin ) =log 5.

25. J - sm2a: dp="-

0 sin*z + cos*z 4
dz a® +b°
26. (1) Jo (a® cos®z +b? sin%a)® afbs

118

[a,d>0]

[ Multiply num. and denom. by secx ; then put b tan x=a tan 0 ]

) j zsinzcos " o=

o (@* cos®z +b? sin® 4ab’( +

e 1 1 _ 9
21. jz{m (1ogm)’}d”“’ log 2

) [ﬂb’ > 0]
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a(° dz ___ =
®.0 [, Gy Tm3

d: n
(i) jo(l'i'm)'\/la-:l-ﬂm 28 4.2

29. Evaluate the following :(—

. 1 1 1 ]
e e e e |
© ,.I-'jm 'n+m+n+2m n +nm

n
(i) Lt ['n +1’+n2 |-2’+ '..+h2+n§]'
_ B TR SRS |
(iii) Lt [N/2 2+~/n$_2,}+ "'J,;’—'(n—l)"]
s 1,1 .. 1]
(iv) ﬂw [:/271:1”+ ~/4n—22+ + n]

[ Write n= N2n® = n? in the last term ]
22 n®
(v) Lt [ +1"+n g0 "'+'27f‘]'
: 1, n* . n® 1
vi) flm[n Yo+t arae ™ +en]

i) zt_[2+ Jﬁ;;lﬂ,... Lkl (e 1)_"]_

n>coL N nz

n—l
(viii) Lt 1 ,\/ ("+ 4

oor=1‘n
1
0

e D) 2)fe 2

0 21 {fs S 2o

EIH
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n
@ x -7

n->00 r=1 na ‘I‘Ta

(xii) ’{fw Z ¥ .J{r(2n +n}b

(xiii) Lt [;1‘+ pape e |

n+l n+2 3n

n-»o00

(ziv) Lt ln [1+ 3/2 -+ jn]

n->c0

(o) L[St DE St Dt Jon)

noo nn

1/m
(zvi) Int ["’—,E] .
n>c0 L%

o cos?8

de SJ‘*” sin 6 d6.

a
30- If J‘O '\/ﬂ') -i‘_'a'_i_ \/’IL‘

find the value of a.

115

31. If a be positive and the positive value of the square

root is taken, show that

+1
J dz —a=21ifa<1;

-1 /(1 - 2az+a?)

2ifa>1.
a

32. If m and » are positive integers, show that

O ifm #n
r i m=m.

7

@) j sin mz sin nx dz ={
-7
+

(ii) J sin mz cos nzr de=0.
-

+
(iii) J CO8 M COS NT dw={
-7

Oitm#n
xif m = n.
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ANSWERS

1. (i) (e*—e7Y). (ii) (e*®>—e**)/k. (iii) 2. (iv) 2a+0.
(v) 1. (vi) sin b—sin a. (vii) 3. (viii) 2.
(ix) (1 —cos na)/n. (x) 1.

2, (i) 1% (ii) 3ra’. (iii) 3. (iv) 3 (r+2).

3. 1. 4. (i) 3r—1. (ii) 3v—3 log 2.  (iii) »—2. (iv) § log 3.
() dr @Gr—1+3log . (vi) 37— /8.

5. (i) "“;-8}:—: -:3 r_sis bl @) o. R

8.() 3v. (i) 3w 7.() v2-1 (i) a"1~'2' (iii) .

(iv) ¥~ 8. (i) 1. (ii) log (W2+1). (iii) log 2. 9. (i) % log 2.

(i) 1- % 10.G) 2. () % Gi) Ye(r—9).  (iv) &
11. (i) %. (i) =—2. (iii) 3- “"';‘_’;f’.l;"_b_f.
12.() ;- (ii) log §—7%.

(1) ~ oy oo (o Y e 2.0 Ligem.

(ii) . (iii) 3. (iv) g, (v) 31log 2. (vi) 2.

(vii) 3. (viii) gr+1. (ix) 4fe.

(x) 24T -9, () T+ log2  (xiD) gm (xiii) log. 3.

(xiv) 2. (xv) & N2—-13. (xvi) e~2. 30. 5.

r
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6°8. General Properties of Definite Integrals.
b b
@) S. t(x) dx-S. f(z) dz.
b
Let j flz) de=olx): .. L flz) de=¢(b) - $(a) ;
ten, [/ az=90; . [ A0 ds=g)- o).
b a
(if) Sa f(x) dx= - g . f(x) dx.
Let Jf(w) da=¢(x) ; R J- : fz) dz=¢(b) - ¢(a),

ond -~ [ fla) da= - [9(0) - 400) = 45)- 9lo).

Thus, arn interchange of limits changes the sign of the
integral.

b [] b
(iif) S. f(x) dx= Sa f(x) dx+ S f(x) dx. (a <c¢<b).

Let [ feaw=oe): . |? e) da= 960~ gto).

Right side ={a(c) — ¢(a)} + {p(b) — d(c)} = $(0) — H(a).

Generalisation.

j :f(:c) dz =j :: flx) dx+J :: flx) dz+ -

+j ::.1 fz) da:'+j :. flz) d=z

when a < ¢, < ¢cg < **°°° <cp <b
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a a
(iv) S. f(x) dx = S . f(a-x) dx.
Proof. Puta—z=z2, S ode=-—dz;
also when =0, z=a, and when 2=a, z=0.

right side= - j :: £(2) dz=5 : f(2) dz =“- :f(w) dx.

T kg m
Tllustration : j :‘; sin & d:c-—*J’ 0 sin(g —:r) dw ==I : cos 2 da.

@ ™ 1) ax=n " 160 ax, i /@) =1Ga + ).

Proof.
I’: flz) da:'=J: flz) dm+J- 2: f@) de+ - .|.j ne ) dor.

(n-1lla
Put z+ a=2, then, dz=dz,

also when z=a, 2=0, and when 2=2a, z2=a ;
. j 2: flz) da:=J:f(z+a) (Zz=j:f(a+m) dx
-j I flx) dz.
Similarly, it can be shown that
j :: () da:=j 2: /) dm=[ :f(w) de ;

and so on. Thus, each of the integrals on the right side

can be shown to be equal to J: flx) dx. Hence, the result.
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Tllustration :

Since, sin®z=sin® (r+z), .. S ‘: sin®z de=4 S ; sin®z dz.
% a a
(vi) S . f(x) dx = So f(x) dx+ S. f(2a - x) dx.

Proof. j 2: flz) dz =j : flz) dz +j e flz) dz.

¢ [ By (iii) ]
Put z=2a — z in the 2nd integral ; then, dz = — dz, r
also when z=a, z=a : and when 2=2a, 2z=0.

the second integral on the right side viz.

IQ:f(a:) de= -J: f(2a-2) dz-j:f(ga—z)dz
[ By (ii) ]

: j S2a-1) da. [By(i)]
Hence the result.

(vii) S !: f(x) dx =2 S : 1(x) dx, if f(2a - z)=f(x),

2a
and S ] f(x) dx =0, if f(2a—z)= = f(z).
These two results follow immediately from (vi).

Tllustration :

Since, sin (r —z)=sin x, and cos (r—x)= —cos x,

L 7. w
. Soammdz=2so sma:da;;andso cos @ dz=0,

L4
and generally S :f(ain x)dz=2 S:f(sin ) dz,

and S:f(cosc) dz=0, if f(cos ) is an odd function of cos z.
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+a a
(viii) S . f(x) dx = S ] {1(x)+1( - x)} dx.

Proot. | " ) da= [° s+ [ o) v
Now, putting z= - 2,
j _tf(a:) do=- J-Zf(—z) dz= J:f(—z) dz
= J: A~ a) dz.

Hence, the result follows.
Cor. TIf f(c) is an odd function of x i.e., f(—x)= —f(x), .
‘-“' 1(x) dx=0,
-a
and if f(z) is an even function of z i.c., fi—r)=f(z),

S “:: 1 (x) dx=2 S:!(x) dx.

Illustration :

+7
T .

j sin®z dr=0, and
m™
7

+7 i
J sin®z de=2 g sin®y dx.
-z 0

. 6'9. Illustrative Examples.

By the help of the above properties of definite integrals
we can evaluate many definite integrals without evaluating
the corresponding indefinite integrals, as shown in the
following examples.
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T
Ex. 1. Show that Sg log tan « de=0.
ki
I=S: log tan (g —a:) dz [ By (iv), Art. 6°8]

d T
=S:log cot & dx = —S-g log tan o dox= —1.

2I=0; . I=0.

m

Ex. 2. t S ez o= -
} 4 Show tha 0 Jw”’_i_\/qum 4

IPREY N
Tl ()

S Afcos >

d:
0 AJcosz+ afsinz “

oI = S Asin dw_,_s; /o8 z

0 «/sin @+ afcos @ 0 oJcos z+ A/sin z

S R R

I=}%r.

w

Ex. 8. Show that S log sin x dx=s log cos x dx= - log 1

™ ™

SZ log sin « ch=S: log sin (g —w) dx

w™
=§: log cos x du.

121

-

[ By Art. 68, (iv) ]
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2I=S: log sin z dz+S: log cos z dx
hs ks
=S:- (log sin z+log cos z) dm=sg log (sin z cos z) dz

T . T
=S°§ log (51112 %) dz= S: (log sin 22 —1log 92) do

us

3 . _
-So log sin 2z dx 9 log 2.
Put 22=z; .. dr=3da.

us
. T . _ I~ .
. SO logana:dm—zso log sin z dz

™
= ; S: 108 sin o d:.c=§: ]03 sinxgde=1 [])’y (.,'M’,), A’l‘t: 6.8]

21=I—;log2; I=—;log2=;log%-

Ligl+a) , _ =
Ex. 4. Show that SO Tz dr= 8 log 2.

Put r=tan 0; .'. dr=scc?@ d@ ; also when =0, 6=0;

and whon =1, §=3mw.

I=S§" Jog (1+tan 6) do=S;"log(1+tan (Fr—0)} do.
[ By Art. 68, (iv) ]

T _ l-tan0_ 2 .
Now, 1+tan ( I—o)_1+1+"ﬂin'0—1+ta.n '
. im 2 ir
e I=So log 17-?;5?0d0=50 {log 2—log (1+tan 8)} O

im imr
=So log 2 40— | " tog (1+tan 0) a0 =3r. log 3 L

o I=3r.log2; .. I= glog 2.
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a a:a’
1+2?

a gz’ |
I= S_ 1+z,dm+so]ﬂ;dm—11+1,say.

Ex. 5. Show that S , dz=0.

Putting z= -z, in tho first integral,

0 ze a gz’ | Sa ze* _
I,= Sl+z = Sol+s§d" ol+:c"dz— I,

Hence the resnlt. !
6°10. Two Important Definite Integrals.
A. If n be a positive integer,*

i i
So sin"x dx--S0 cos"x dx

n-1n-3n-5_ 3 1=
n n-2n-4 4 2 2

o B=1n-3n-5 42,
n n-2n-4 5 3

according as n s even or odd.

Proof. [sin"z dz=[sin" *z.sin z dr
=gin" " *2.(— cos x) + (n— 1) [sin" %z cos’z dz
(integrating by parts)
= —gin" 'z cos z +(n— 1) [sin® %z (1 - sin’z) dz
= —gin" 'z cos z +(n— 1) fsin™ 2z dz ~ (n — 1) [sin"z dz.
transposing —(n— 1) [sin™r dz to the left side and
dividing by n, we have

n-1
Jsin"a; dx = _sin’” :cosa: (" I)J‘ sin" 2%z dz. -+ (1)

* For other forms of these integrals see § 8'3.
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A son—1 i -1 ir
. . s1n X COST n . -
. sin"z dz = [ - 0 ] + sin™" %z dz
0 n 0 n 0

n—1 (% .
=" J sin®™ 2z dx.
n 0

£14
Hence, denoting L sin™z dz by In, we have

In=n;lln—z_ b .ee are (2)

Changing n into n—2, n—4, ete. successively, we have
from (92),
n—3

17
Taes=""3Tucs; In-oa=""
2T g in-ss In-a T T

"—Z Ins, ete.

T, =n_—_l'n:3_n:5 3.1
" m n—2u-4 4 2

n-lnz3n-56 42

or L2
' n n—2An—4 5 3

according as 7 is even or odd.

i

But o= J’o dr=3%n

§r i
and 11=J0 sina‘d.’r—*—[—cos m]o =1.

i
Thus, we get the required value of Jo sin"z de.

i
Exactly in the same way it can be shown thatj 0 cos"x dzx

has precisely the same value as the above integral in either
case, n being even or odd.
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Otherwise, it can be shown thus :
i i ar
L cos"x dr = jo cos” (3n—x) dz = jo sin™z d.

Note. The student can ocasily detect the law of formation of the
factors in the above formulwe, noting that when the index is even,
an additional faclor 7 is written at the end but when the indox is odd,
no factor involving = is introduced. The formule (1) and (2) above aro
called Reduction Formulee. [ Sce Chap. VIIL ]

»

L o f
B. So sin™x cos"x dx, m, n being positive integers.”

j sin™z cos™z dx =J cos" 2. (sin™x cos z) de

am+1
n—1_ 8IN r, n—1 n-g . o mt
=cos" tx*-- - cos” “x sin & sin™" 'z dx
m+1l  m+1
sin™ g
[integmting by parts and noting | sin™a cos 2 dx = mt l——]

s amtl n—1
sin™ 2 cos" e, n—1 < m 2 n—g
= 2 | sin™2(1 - cos®x) cos™ *x dx
m+1 m+1j ( )
amt1 n—-1
sin xcos" Ty, n—1 - m —
= = 4 =2 | sin™z cos"  x dx
m+1 m+lj
n=—1}1 . n
= — =1 sin™z cos"x dx.
m+lj

. . eqs +n
Hence, transposing and dividing by :Zi-_';;' we have

[ sin™z cos™z dx

amt 1l n—1 -
—sin”™"?p cos" e n—1 j 6in™z 008"z dz. - (1)
m+n m+n

" *Soe Chap. VIII, Art. 8°15.
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“in sm+1 n-1_74r

. sin™* 1z cos" 'z

sin™z cos"z dz =[ R —-—“]
m+n 0

n—1 [ -
+ = j' sin™z cos™ %z dr
m+n]o

_ &
=::ﬁ-—17—1. j . sin™z cos™ 2z dz. (2)

Again, writting [sin™z cos"z dz = [sin™ *z (cos™ sin z)dz
and integrating by parts and proceeding as above, we geb
aom—1 n+1
. sin & cos x
j sin™z cos"z dp= — —— " - °
m+n
m—1 s m—-2 n
+ sin™™ %z cos"z dx
m+n

and hence taking it between the limits 0 and %n, we get

L m, ” m=1 ¥ . m—~2 ”
sin™z cos"z da:=/m-l~+-; sin™ *z cos”z dx. -+ (8)

0
i
Thus, denoting jo sin™z cos"x dx by Im, n, we have
from (2) and (8),
Im,n= ﬁ Im, n-2
m-1 I
= m-2,n

ks
.. L. "
Again, since, , Sin"z cos"z dz
g
. j o sin™ (3= — x) cos™ (3 - z) dz
i
=J’ 0 sin2 cos™z dz,

Im. n=1In, m.
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By means of the formule (2) and (3), either index can
be reduced by 2, and by repetitions of this process we can,
since m and n are positive integers, make the original
integral viz., Im, n depend upon one in which the indices are
1 or 0. The result, therefore, finally involves one or other
of the following integrals :

' i
j"sina:cosa:da:=%;j de=";

0 0 2

i i (6)
jo sinzdr=1; jo cosz dz=1 IS

Thus, finally we have,
& AT
So sin™x cos"x dx = So cos™x sin”x dx

_135. (m-1).1.35...(n=1) »
2.4.6......(m+n) 2’

when both m and n are even integers ; and
- 2.4.6...... (m-1) ,
(n+1)n+3)...... (n+m)

when one of the two indices, say m, s an odd integer.

Note. The above definite integrals are of great use in the appli-
cation of Integral Calculus to practical problems ; e.g., in the determina-
tion of centre of gravity, in the calculation of area, etc.; and also
many elemcntary definite integrals on suitable substitution reduce to
one or other of the above forms, as shown in the following examples.

6°11. Illustrative Examples.

1
Ex. 1. Evaluate S 0 z° J(1—2?) de.

Putz=sing; .. dr=cos 6 d0 and 1—-x?=cos?d ;
also when =0, §=0, and whenz=1, 6 =4r.
The given integral then reduces to
ir ., 29 qp1:3.5.1 7 _ 5r
S 0 8in®6 cos 0“’2.4.6 8 2 "256
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1
Ex. 2. Ewvaluate S o x? (l—a:)'} dz.

Put x=s8in?d; .°. dec=2 sin 6 cos @ do
and when =0, 1, we have 0 =0, 37 respectivoly.

2.4 16

. = br . =
o I—zs o Sin®@cost@di=2 0 g—g)p

mw
Ex. 3. Etaluates 0 ensz dz.
Sinco cns"z= —cos" (r—2), when n is odd,
and =cos” (w —a), when n is even,

by Art. 6'8 (vii), it follows that 7=0, when n is odd,
b ud
and T=2 S o cos"r dxr, when 1 is cven

Mm=lm=3 m=5

n w—2 n-4" 4 - [ By Art. 670(4) ]

=2

. 1,7
2’2
EXAMPLES VI(B)
Show that :—
b b
1. (3) 5 fa+b-1x) dz =J- flx) der.
a a

(ii) j ::: flz+e) de -=J' : ) dz.
(i) J: flnz) dz = ;1% j :: fz) de.

M .
2. _sne g

0 sinxz+cos 2

¥ oos 2 —s8in &
3. jol+sin:vcosa:dm 0.



10.

11.

12,

13.

14.

15.

16.
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r
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&
o (@ cos®z+b sin?z) dz=3%x (a+b).

i
0 sin 2z log tan z dz =0.

" zf(sin ) dz= 3= J- i f(sin z) de.
0 0

™
0% log sin z dz = %x? log %.

T
. 2 2
owsmzcos a:da:==3'

T
07 sin’z dx = 1n?.

o
sin 4z 2 —0,

0 sinz

+

* & Jat=z? do=0.
a

2
sin* 3z cos® %z dz=0.

1
. log sin (3n6) d8=1log }. [Putirg=z]

[1
_logz de =T log ; [ Put x=sin 0 ]

o J1-z* 2
1
: log (1 +tan 6) do = 7—8' log 2.

* 4 =_3_ 2
oa:cos z d: 6%
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17. (1) j cos®z de= 352

. o, 128,
(i1) Jo sin®z de 315
L Tn
ass . 4 8 _
(iii) jo sin*8 cos®6 d6 9048’
Gv) Ih sin*z cos”z dx = 8.
¢ 315

(v)j (1-cos x)? :r—%“

(vi) J 0 sin®z cos®z dxr=0.
T

(vii) j o cos”0 d6=0.
4T

(viii) J- :_r sin"z dz=0.
Tz

. L s 1
18. (i) J 22 (1-2)® dox= 140"

(u)J- z® (1- x”)“dw—ﬁa

4

111)j Ja, AR zdw—%ga .

Jl a: 32”
19 j __dr __ _3z+8
S Jo(mF ez +9)2T 32

2 sin x _m
20. (@) jol+cos zdw_ 4

[ Put c=1+tan 0 }

sin’z _
@) jo sin z+ cos & 2%~ ,./2 log (/2 +1).
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_ctanax
(iif) j T e gy (am9)

_zde 2
(tv) Jo 1+ecosiz 2.2 [C. P.1952]

0 [V e =% (1+10g (Va1

0 sec z + cosec T

(vi) J- cot™*(L—z+2x%) dz=1%n—log 2.

(vu)joa, sin a:+b”é<;s (a,6>0)= 2b

x dz
(viii) Jo 1+cos 2z +sin 9z 16 log 2.

(ix) j ale— -'“—/-ai- ;)f °)? de= J2 log (J/2+1).
(® j . zdw _ ._Q,.E(_a: _____ .
o0 (a%cos®z + b2sin®x)? 4a%p®
1
21. If I~ J . tan" o, show that T,= =~ Tu_s.

ir
Hence, find the value of J- . tan’z dz.

22. Show that, if m and n are positive and m is integral,

1 1
jo 2" (1-)™ de =Jo 2™ (1 -2Vt de

1.23........ '.(1”)_: 1 )__
nn+1)......... n+tm-1)
ANSWERS

21, §3-%nr.



CHAPTER VII

INFINITE (OR TMPROPER) INTEGRALS AND
INTEGRATION OF INFINITE SERIES

7'1. Infinite Integrals.

In discussing definite infiegrals we have hitherto
supposed that the range of infegration is finite and the
integrand is continuous in the range. If in an integral,
either the range is infinite, or the integrand has an
infinite discontinuity in the range (i.e., the integrand tends
to infinity at some points of the range), the integral is
usually called an Infinite Inlegral, and by some writers,
an Improper Integral. Simple cases of infinite integrals
occur in elementary problems ; for example, in the problem
of finding the area between a plane curve and its asymptote.
We give below the definitions of infinite integrals in

different cases.

(A) Intinite range.
()] ro fl@) dz is defined as ‘E»io I; f(x) de,

provided f(z) is integrable in (a, €), and this limit exists.

(i1) I_bm fla) dz is efined as ﬁt_m J-: flz) de,

provided f(z) is integrable in (¢, ), and this limit exists.
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(iii) Tf the infinite integrals J“ fe) dr and rf(w) de
- .

400
both exist, we say that I cmf(m) dz exists, and

J +:f (0) do = I;f(f) dz + j:f(z) da.

Note. In the above cases, whon the limit tends to a finite numbCr,
the integral is said to be convergent, whon it tends to infinity with
a fixed sigp, it is said to bo divergent, and whon it does not tend to
any fixed limit, finite, or infinite, it is said to bo oscillatory. When
an integral is divergent or oscillatory, some writers sa.y?.fmt the integral
does not exist or the integral has no meaning. [ See Ex. 2, § 7°2.]

(B) Integrand finfinitely discontinuous at a peint.

(1) If flx) is infinitely discontinuous only at the end-
point a, i.e., if flx) >, as & = a, then

v b
j f&) dz is defined as Lt I flz) dz, ¢ > 0,
a >0 Jate
provided f(z) be integrable in (a+e¢, b), and this limit
exists.
(i) If f(zx) is infinitely discontinuous only at the end-
point b, i.e., if flx) > = asx —> b, then

b b-e
‘Lf(m) dz is defined as £t0 J . flz) dz, e > 0,

provided f(r) is integrable in (a, b—¢), and this limib
exists.
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(i) If f(x) is infinitely discontinuous at an internal
point ¢(a < ¢ < b) i.e., if flz) > = asz —> ¢, then

b - b
J flz) de=Lt r gf(:c) dx + Lt j flz) dz
a >0 Ja €0 ) ct+e
when ¢ = 0 and & — 0 independently.

Note. It sometimos happens that no definite limit exists when
e and ¢ tend to zero independently, but that a limit exists when e=¢'.
[ See Ex. 7, Art. 72). When e=¢, the value of the limit on the right
side when it exists is called the principal value of the improper integral

and is very often denoted by P s: f(x) dz.

(iv) If a and b are both points of infinite discontinuity,
b P b

then j f@) dz is defined as J f@) dz+ J J(z) dx when
a a [

these two integrals exist, as defined ahove, ¢ being a point
between a and b.

7°2. Illustrative Examples.
Ex. 1. Evaluate S: e™* dx.
1=Lt S; e do=Lt (1-e9=1
0

Ex. 2. Ewvaluate Sw cos (x dz.

I =ﬂ§w S;cos tz de= gw ﬂ%ﬁ; but this limit does not exist.

Heace, the integral does not exist.”

*Although this integral does not exist in the manner defined above,
it is expressed in terms o. Dirac’s delta function [ 4(f) ] in modern
mathematics. Detailed discussion is outside the scope of this book.
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+o0  dn
Ex. 3. Evaluate S_w 14a
I= S o (° de
-00 1+$’ a 1422
dz =Lt Sa———-—Lt -1 -1
S-oo 1+2% e>-o0 Je 1+2? e_,_.m(t‘"ﬂ- a—tan~'e)
=tan~‘a+3m.
= =Lt -1 -1
a l+z* e’-wosa 1+m e’-»00 (tan=*¢’ —tan™'a)

=3r—tan~’a;

. I=(tan-‘a+37)+ @7 —tan~'a)=m.

1
Ex. 4. Evalua.tes dz,
0 x{i

Here, 13 tonds 10 > as z tends to +0.

x
1dr 1dge 3
=Lt =T —ed)=
SO § e-»OS 4i >0 (1-¢7)=3.
1
Ex. 5. Evaluate §+ df
-1z

Hore, ml -  ag £ -> 0, an interior poinl of the interval (-1, 1).
0 dx Sl dx
I_S -1 a:’+ 02z?

Ldo_ 14 IQE-H(}_. .
Now, 0% €0 Jex® ex0\e 1)'

1
this limit does not exist. So SO g‘: does not exist.
0 dx
Similarly, S 1 g“;' does not exist.
. S+1 dz ;
B 1 3 hasno meaning.

Note. In examples of this type usually a mistake is committed
in this way :
i 1 = 1 . +1 _l_ -— .]: ] +1 = -
Since Sz_’d’_—w’ . S_lz,dz=[ o 2,
which is wrong.
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In this connection, it should be carefully noted that the relation
b
Sa flz) dz=F(b)—F(a) cannot be used without special examination

unless F”(z) =f(x) for all values of  from a to b, both inclusive.

dx
when =0, and 0 is a value betwecen —1 and +1, we cannot directly
apply the Fundamental theorem of Integral Calculus to evaluate this
definite Integral.

Here, since the relation -‘l(— :‘})= a—}; fails to have any meaning

oo
0

Ex. 6. Show that S e~ 2% ¢cos bx dx=;rf;_—b-,’ a>0.,

€ az =[9_".’_(-ﬂ.99?_"_z.+_’2 sin bE)]‘ .
Soe cos bz dz @+ 0 [Art. 33
=a."-!1-b’ {6”% (- cos be+b sin be) —(—a)}.

o0
S e™%* cos bg de =Lt r e~ cos bx dz
0 €»o0 )0

=Lt L {e7% (—a cos be+b sin be)+a}]°

e>c0 La?+0?

Now, Lt 6 ® (—a cos be+b sin be)=0

€—>00
[*.* ¢"®-> 0 and cos be and sin be are bounded ]

* Sw 9% gog b dz=_, % .-
Yo € a?+b?

1 4
Ex. 7. Evaluate S+ dr,
1z

The integrand hore is undefined for z=0.

+1 1 S" dx S’- dx
5 =Lt SE4 T azx
S-l -] de >0 J+1 m+e'l—>0 e x

-e 1
=5t [ 1og (~a) | S+1é[10gs |,
=Lt log e~ Lt log € =Lt log -:,

as ¢ and ¢ tend to zero independently,

But this limit is not definite, since it depends upon the ratio e: ¢/,
which may be anything, :nce ¢ and ¢ are both arbitrary positive

numbers,
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. . +1 dg
f =ec, =Lt =0,
But if we put e=¢ wegetI’S_1 p e_)ologl 0

Thus although the general value of the integral does not exist,
its principal value exists.

-€
Note. S—l %z' where the range of integration is such that x is

¢ ds

negative throughout, may be written, by putting 2= -z, a3 Sl ’

-=[log z]i -[log (—=) ] - for log  is imaginary here.

Ex. 8. Evaluate S . dx.

0 (1 +a:’) s ©

Put z=tan 0; .". dr=sec?@ df ; as x increases from O to v,

8 increases from O to .
7 tan6 sec?0 4o _(#mr . _
I-—S 600 ———So sin@ d6 = 1.

Note. Thus sometimes an injinite integral can be transformed
into an ordwmary definite integral by a suilable substitution. But
whenever a substitution is used to evaluate an infinite integral, we
must sce that the transformation is legitimate.

Ex. 9. Show that S:’ e~ 2" dr=n |, n being a positive integer.
[C.P.1938 ]
Lot I, denote the given integral.

I,=Lt S; = g dx

€>00

=eL-foo {[-—e" m“];+nsg e~% gt dz}
[ integrating by parts ]
=nLt Se e®g"tdg, .0 Lt ¢7€e"=0,
€e>00 J 0 e>o0
[ See Das & Mukherjees’ Differential Calculus,

Chap. on Indeterminate Forms, sum no. 2(iii). }
=1 Ipn-1=n (n—1) Ix-, (as before)
=n (n—1)(n—2) I,-,=ete.

=n (n=1)n—2)--2.1 S:o e~* dx

=n !, since S: e dz=1. [See Ex.1 above]
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oo
7°3. The integral So e~ ** dx.
Since, e~*" =1/e** is positive and < 1—_-'_19}2' (forz >0)
X
it follows that jo e~%* dz increases monotonically with X,
and Ix e~ dp < jx Az i.e., < tan"'X.
0 0 1+m2 €., a .
[ See Appendix 4, §4 1

This heing true for all positive values of X, however
large, and as tan™'X increases with X and —3n as X—>,

x
it follows that jo ¢~ “” dr monotonically increases with X,

and is bounded above.

Thus, the infinite integral j-o e~ dr is convergent.
Denote it by T.

Now, a being any positive number, replace z by az.
had A2
Then, I=J-o ae~ "' dx.
oQ
Ie= =j ae~*1+2?) gg
0
Since ae~?*(1+2%) jg g continuous function for all posi-

ti;'e values of  and « (which are independent), assuming the
validity of integration under an integral sign in this case,

IJ“ e~ da .=j = {J.‘:‘° ae-*1+23) da} de. - ()
0 0 0
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14
Also for any particular value of «, Jo ae~ 2?42 g

€
~[- Frideem e =gt an[t -]

1
—->2(1+w3)ass—> o,
Hence from (i), 1°=| -, 1,4
ence irom (1/, 0 2 1+$2 T

L2, o, Tb i

i.e., S: e * dx=31.~.’

7'4. The integral S:’ sinhx o
o ,~ax 3
Let =j0 ¢ ;‘m~b@ dz, a > 0.

Assuming the validity of differentiation under the inte-
sral sign, we have

du | _
=) %% cos br dx

=42 172' a > 0. [ Sec Ex. 6, Art. 7°2]

Now, integrating with respect to b,

= db = -1 ‘1-]-, =ty -11—) oo
% aja2+bg a:  tan a+C tan a+0 (1)

where C is the constant of integration.
From the given integral, we see that when 6=0, =0,
from (1), we deduce C=0.

o0 ,—a% 3
j e sinbr o _po-1b, (@)
0 T a

* For an alternative proof sce Chapter VIII, Art. 821.
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Assuming « a continuous function of a, we deduce
from (2) when a — 0,

= gin bx x _=.
So - dx-2 or =3 8y

according as b > or < (.

Cor. When b=1, we have

* sin x = .
SO —'x— dx= E . (4)

Note. There aroc other methods of obtaining the result. Students
may consult text-books on Mathematical Analysis.

7'5. Integration of Infinite Series.

We have proved in Art. 1'4 that the integral of the sum
of a finite number of terms is equal to the sum of the infe-
grals of these terms. Now, the question arises whether this
principle can be extended to the case, when the number of
terms is not finite. In other words, is it always permissible
to integrate an infinite series term by term ? It is beyond
the scope of an elementary treatise like this to investigate
the conditions under which an infinite series can properly
be integrated term by term. We should merely state the
theorem that applies to most of the series that are ordi-
parily met with in elementary mathematics. For a fuller
discussion students may consult any text-book on
Mathematical Analysis.

Theorem. A power series can be integrated term by
term throughout any interval coniained in the interval of
convergence, but mot mecessarily extending to the end-poinis
of the interval. -
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Thus, if f(x) can be expanded in a convergent infinite
power series for all values of # in a certain continuous
range, viz.,

f@)=ao+aiz+a,z® + - to o,

b b
then J flz) do= J (@0 a1z +agz® +-+) dx
a a

b
=3 J a,x" dz, .

a

T, sz(m) dz= r (a0 +asx+asz®+++) dzx
a a

x
=3 J a2” dz,
a

provided the intervals (a, b) and (a, z) lie within the interval
of convergence of the pque;_rﬂggnes.

Ex. Find by integration the series for tan™'z.

1
1+2?

integrating both sides between the limits O and ,

x
SO if;,=§: (1-z?+at—z°+--) da.

=1—g3+g* -2+ to oo, ifa? < 1.

s tant'm=a—- 4 et —da A e ,—l<z <l

EXAMPLES VI

Evaluate when possible, the following integrals —

o [ de z de.
1. () Jo 142 (i) Jo x? +4
2. (i) :mgd f i (i) J ze™®" dx.
. [+1 . too g,
3.0, :ia" (i) j_m o
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4.0) ,‘-: si_&::_ggz. (i) j 01 +'éos 08 T

5. () :’ s o) jo R

6. () | SV @ j:’ e

7. (i) ;:o (1%_%2? (i1) j+m _: iml

8- () JF: alo () j AR

«Show that :—

9 ,’w(m +a,;l)?m T3 0%) 2abla+ ) [e,b>0]
10. ::o('xi+aa;%z%m=&—f}b§ IOgZ- la,b>0]
11. :0 (o +Z,;”)((ia.+b"’) s (a,>0]

12. (i) j: ¢ % (cos x—sin z) de=0. (ii) J ;(:_gmxz dz=0.

[ (ii} Divide the range (0, ) into two parts (0, 1) and (1, ») ]

13. g =,

T e sin e de=—32-5 @>0. [C.P. 19381
0 a’+d
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e _of'___ de .
16. () jo 22 +92 cos 0 +1 2J‘oa:“+2mcos—0'-i-_i'

(11)j fe+ o ,,/1+w“}" Tat-o]

where 7 is an integer greater than one.
(iii) ja ~ @ dm
o (L+az)1+2%)" 4

17, () Jo S awmcos bar dz=1%n,0, or =

according as a >, < or =b, (@ and b being supposed
positive).

00 (o3 2 _ (a3 2
) j . (sin 2z + cos 2z)* — (sin + cos z)° dis=0.

z
18, 7o’z gy 2.
Jo 4
19. ;:o Sil:w tla:=-13é 7.
20. Jo S“;J""‘ de= §m or, — gm

according as m > or < 0.

21. ro (sin_gzg)“ dz=7%
o\ 2z 2

29, j (sm z) e 38n

23. Find by integration the power series for the
following :—

(i) log (1 +2). (ii) log (1-=z). (iii) sin~'z.
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24. Show that :—
1 sm x 13sma; ]
— - = + P + es fe
()JJsznw 2‘/’5’“’[1 o4 9

_z_12° 182° . . 2
(“)J Jitet" 17 8 s Yoy T ilet <1l

3
(iii) j sin wd w=z-g 3'+--_..

5.51
.y (2, b b*-a®  b*—a®
W) Jaw de=log ) +(b=a)+ gy + g5, *+

§r
(v) Jo ~J1—e? sin®¢ de, where ¢ < 1,

S !

dx , 2
(Vl)'J’o ~/1 %* sin®s where k° < 1,

(1) e}
(vii)” Jol+a: =1-
(viii) J :—/—]—_ =

25. Jotan Lda=3 (-1 g, Ty

1,
gt

1, 1 1.3

2 YosarTaisast

1 2
26. () jo 108 7 ggm . [0 L7 ]
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27. (i) Show that if a > 0,

‘J‘@i‘_‘.‘ ~1_1 o1
0l+ez a a+l a+2 a+3
Hence, deduce the value of the series
1-%+%-F+ .-
(ii) Show that if @ > 0, b > 0,
1 a1
Jofimae ikt admarst

28. Show that

! 171, 1
2p~-1 =- 5 -
j o2 log(1+a) dz=g [1.2 *347  (@p-1)20l

[ Integrate by parts ]

ANSWERS
1. (i) . (ii) does not exist. 2. (i) 3 log 3. (ii) .
8. (i) principal value is 0. (ii) principal value is 0.
4. (i) does not exist. (ii) does not exist.
5. (i) log 2. (ii) does not exist. 6. (i) =. (if) o%m.
7. 3. (ii) 0. 8. (i) does not exist. (ii) log 2.
17. (i) z—3z* +3z®—--- (ii) —[z+3x?+32®+---c]
. 1 z*,1.3 2*
(iii) =+ 2 a‘;‘s +2—4a; +oee

10



CHAPTER VII(A)

IRRATIONAL FUNCTIONS

7(A)'1. In the previous chapters we have discussed
simple cases of integrals of irrational funetions. We shall
now consider here some harder types of such integrals.

7(A)"2. If the integrand contains only fractional powers
of x i.e., if the integrand be of the form

1
F(x"),

where F(u) is a rational funetion of 1,

the substitution is x =z",
where » is the least common multiple of the denominators

of the fractional exponents of z.
[See Ex. 1 of Examples VII(4)]

7(A)8. 1If the integrand contains only fractional powers
of (@ + bz) i.e., if the integrand be of the form
F {(a+bx)"},
where F(u) is a rational function offu,
) the substitution is a+bx=2",
where # is the least common multiple of the denominators
of the fractional exponents of (a + bz).
[ See Ezx. 2 and Ex. 8 of Examples VII(4) 1
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7(A)4. If the integral be of the form
[ x™(a+bx") dx,

where m, n, p are rational numbers.

(A) If p be a posstive integer, expand (a+bz™?® by the
Binomial Theorem and integrate term by term.
[ See Ex. 4(i) of Examples VII(A4)]

(B) If p be & fraction, say, equal to r/s, where #'and
s are integers and s is positive.

+1 .
Case I. If Z”n.m = gn integer or zcro,

the substitution is a+bx"=1zs.

It ’”-Zl # an integer or zero, we apply the following
case II.
Case II. Ii m’: 1y : =an integer or zero,
the general substitution is a<+bx"=z%k", - (1)

If however the integer is positive or zero,
alternative substitution is a+bx"=z*,
If the integer is megative,
the alternative substitution in the form ax~"+b,

which is practically the same as (1) of case II sometimes

facilitates calculation.
[ See Ex. 1 of Art. 7(4)'8]

7(A)’5. The integral of the form

S dx .
(ax® +b) J(cx®+ d)
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Here the substitution is
ex?+d=x2z2,
Sometimes irigonometrical substitutions like
x=ktan 6, x=k sin 9, x=k sec 8, etc. facilitate

integration.

[ See Ex. 28(ii) of Examples II(4) and Ex. 8(i) and
Ezx. 8(33) of Bxzamples VII(4)]
7(A)'6. The integral of the form

{ dx
) (px%+qx+r) J(@x>+bx+c)

Here we shall consider two cases only.

Case I. 1f px®+qx+r breaks up into two linear factors
of tho forms (mz+n) and (m'z+#'), then we resolve
1
(mzx+ n)m'z +n
then transforms into the sum (or difference) of two integral

of the type (B) of Art. 28.

[ See Examples 13 of Ez. VII(4)]

,) into two partial fractions and the integral

Case II. If px® +qx +7r is a perfect square, say (lz +m)?,
then the substitution is le +m=1/z.

In some cases {rigonometrical substitutions as in
Art. 7(A)'5 are effective.

.If ¢g=0, b=0, the integral reduces to the form given in
the Art. T(A)5.
In all these cases, the general substitution is

J(ax’+bx+ e\ —x
px3+qx+r/
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Briefly, we have considered integrals of the type

{5
PR
where P and Q are both linear functions of z, and P linear,
Q quadratic [ See Art. 2°8(4) and 2'8(B) ]

and P quadratic, Q quadratic.
[ See Art. 72(4)'5 and 7(4)6]
Also, we have considered integrals of the type .
1(x) dx,

PJQ
where f(z) is & polynomial, and P, Q being linear or
quadratic. [ See Ex. 11 to Ez. 15 of Examples VII(4) ]
7(A)'7. 'The integral of the form

S ry 'gf(X) 2 La) dxs
/(ax®+2bx3+ex* +2bx+a)

where f(z) is a rational function of 2.

The denominaftor can be written as
a:,J{a(m’ + 1,)+ 2b (m+ 1)+c}
T x
and hence the substitution is
1 1
X+ x Z or, X - Zz
according as f(z) is expressible in the form
-1 1 ( 1 ) ( _1 )
( m)¢(z+m) ot x+quaz x
If b=0, the substitution
1 1
x% 4=z or, x*=-5=z

is sometimes useful.
[ See Ez. 19 of Examples VII(4) ]



150

INTEGRAL CALCULUS

7(A)'8. Illustrative Examples.

dz
Ex. 1. Integrate S = YTz
Comparing it with the form of Art. 7(A)'4, we find here

m=—8,n=3, r=—1, s=3.

Now, ’-n-:-l # an integer, but
m+1l, r s
_«ﬁ."+ .= —1, (an integer)

by Art. 7(A)4, Case II, we put
1+z*=2%".
. 3 l__l)..l . .......1..—_ .
ceox¥(z =1 .E=i s

. I
Seode= (e -1

. s —pta= 2
.. denominator=z*z (=14

S I= —S z dz=—32"=-% (14-—:})—’—,?

Alternatively. Since (1) is 4 negative integer, wo can put
i+ 1=2%
Thus, I= S _ﬂ-i-_’l? = S
m'{x=(1+ ,)}
x

Since ¢~*+1=2° .. —g~*dz=2?dz

g~ x4+ 1)1 da.

I= —S 27122 de=etc.

dx .
~2x+1) Af(x? —2z+38)

It is of the form Oase II of Art. 7(A)6.

Ex. 2. Integrate S @

S R .
B I PRSI LINEESS | LTS

-S ;,Jg:——;—_'_z—)' putting z=gz-1.

1)

(@)

@)
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It is of the form of Art. 7T(A)5
- 2 sec?0 40
$2tan 39, N2 8e0 8" putting z= A/2 tan 8
-Q-SooseoOcotado

= —& cosec 0.

2
Since tan 8= = 2, cosec 8= W »"—'-2)!

N2
S GG I VL ) :
T g F} z—1 ¢

Ex. 3. Integrate the following :

x?+1 1
(s) S ot 1 de. (i3) S :r,‘+1 d (441) S£‘+1 dz.
14 L
(i) I= 1 dx ( dividing numerator and denominaior by 2?)
xz? +a-:
1
) (1+m,)dz
(:c— 1 ),+2
z

da . 1
=S E"-i2 (on puiting - @ =3)
el e 1 (‘""_— .1).
V2 B e= e R pe
(ii) It is similar to (i).

(1—-~!')d:c -4
I= = z
e Jea)

x?+ -5 z+ =) —2
[ T

do

=S’,d ( on putting w+—1—=s)

o*+1—o.2
2,./2 log a+72 2.\/2 log Ciritoag
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() 7-3(EHD=T-1 g,

z*+1

=t (% a3l

o*+1 o*+1
_ 1 afz?-1\_ 1 al+1—2 W2
TV Rl (z.J2) iz 8 iy it
[ by (i) and (is). ]
1—-z? d
Ex. 4. Integrate Sl _i_m.,' it +:g+—w.)'

L(ﬁ _; f};—(zd: 1)
ey

_ dz s 1_
SBA/z"_—_l [ putting o+ _ z]

Sw do [ putting z=cosec 6 ]

cosoo 6§ cot 8
=S df=60=cosec™'s
- -1 ?’l"‘_l)g : -x( Lz )
cosec ( z sin™H g e
EXAMPLES VII(A)

Integrate the following :—
o 1 + 4

.1. 4%,(“ J—)dm [ Put x=2*]
2. | J(w+2)+‘i—+2) [ Putz+2=2"
8. | Joiae(J@Fa®



IRRATIONAL FUNCTIONS 168

4.0 [ o+ Yo da. @) [ vo+ Jo) da.
8. (i) J' i/('lzct'ma) de. G | ;"(11" .

(iii) j v (11"'”--‘-) dz. .
7. G) “/("” %) . i) I‘J@ﬁg},’?”)dm
5@ f @m)‘%ﬁ o 0 e

[ Put (1) =2 tan 0 ; (ii) =3 sec 0. ]

9. [

z® dz (i1) J o .
J(z-1)J=+2) (z - 2%z - 5)

[ J(l+z+z )d ) fz+ Ja®+2* R

10. (i) 142 '\/(av +$z) -~ dx.
z?+2%2+4

1. (w+1)J(z +1) -

12. de

13.

14'

o

15. (i)

16. (i)

) (4a® + 4z +1) J(4z? + 4z +5)

dzx

) @700+ 9) S+ )

r+3
(z?® +5.z+7) J(m+2)

j’_ de (..)j (z2 + 4o + 4)dz
(w’+5z+7)J(m+2)_ 1 (w§+5c+7)J(a:+2)

z®+1
J‘éc'*ﬂi:ﬁi-"i de. (5) J-q: L +1
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x*
170 J‘x"_.;ig’_'_i dm.

r

1
18. ] ¥ 0% +1 dz.
[ 1 -2 dz
19. J1+z% J(z*+1)
(1+2®  dz
20. 1-2z° J(1-3z%+z%)

[ (2*—27%)__
21. @2+ 2 +1)

o

dz.

2
3 dzx.

Y a(x? _mz)"g'
1+272

J

24. TIntegrate

29 [ _at T

r

j _dr
/@ +z+9)
by the substitution z=z+ J/(z® +z+2)

1 V@l to+ )tz /9
and show that the value is /2 log J@+z+)to+ J2

26. Integrate
j _ dm o,
(@ +22+1)
by the substitution z=z+ /(z®+2z+1)
and show that the value is 2 tan™* (z + /(z® + 2z +1)).
) ANSWERS
1. 4[tan~* ({z)+3 log (1+ N2)1.
2. 2 @+ -4+t +elg 1+E+2)h.
8. 2tan~! (2+a:)'}. 4. (i) im*+§;z§+ ,!,x"".
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4. (1) 2 @+a)T -2 @+ voob.

z +2 (i) -

(2+a=’)* 1 @+t

12 4 @

1 (1+mn)ln-u'n

4
1 (1+2%3 x o
(ii) i=n i

6.0) -, " 3

(it 3 [log @+ L+4) - .:/_(_1;.“?,‘)].

it o
AU 2 = wz) (i) — 2 @ mg—“’)’ ; (1 z,,x) .
S § -1 A3 s 1 - -‘J—(?n__—_?) )
8.0 g tan ( {(vz +4)) (i) 5 jq tom ( : )
9. @ “”*9)*"2(90“)% ://§:1§;+ NS

w5/ (Z3)

10. (i) M(1+z+2°)~} sinh™* (22\};1) ~sinh™ (ml;&ﬁm))
(ii) i[m+ N +z2)1"

11. J(z?+1)+sinh~*z— -32 sinh™! (i—_:.;’)

1 J4e’+4z+35)

12 -3 9+1

2 _ 1 5438z
13. 3 sec I(2x+3)+8,,/2. cos (a:+3)
2

14 w+1 )

s (1/‘37/(5:5) :
1 -1 +1 _\_1 +8— Mz+2),
1500 g tan (——”s." i)™ T 858y ey

(i) 2 V(z+2)~ g ten™? ( ﬁ{}_’(—?vlm)'
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1 o, z?-1 a1 x?—z+1
16. (i) mtan 1 a3 (ii) 3 log - TFoFl
1 - (22— 1 —z+1
17. 53 B l( ) PRl :c’+:c+1
1 o (22— 1. o?—z+1 .
18. gus ! ('543) PRCE s

19.

1 . (N2 =\ Nlat +2?+1),
-@sm : (1_-'_9;,)- 20. sin l(a: =3 21. z

;/(1:?-:::“). 23. sinh~! (—1—;—3)~
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1. Integrate the

tox :—

o 22+ cos®x 2
) Sagy cosec’s.
(ii5) cos 82— cos T,

! 1+ 2 cos 5z

(v) sec®x cosec®z.

(vii) see z log (sec 2 +tan x).
(ix) sec z tan z /(2+ tan®z).

(xi) (log z)°. (xii) tan™* (

following functions with

~/ m).

(zxiv) z? sin™'z. (xv) 2% cos z.

Integrate the following :(—

2.0) (m +1) d.

o [ log (1+2)
3. (i) ) --"g-m,» ) d

4. (l) ] (egf‘:_g)—g

.

(a+2) Va2 +2% da.

5. (i)

(ii)
(i1)

@ [

(i1)

respect

»

(i) amm(:ia)

(i) fona=tan g,
tan a+tan =

(vi) 2® (log »)°.

(viii) z® cos .

() x cos®s.

(xiii) log (1+z2).

(zvi) z*

dx
J A+ +e®)

(a®+22% Ja+z dz.
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8. 0) (1+w“;zf/1 ~g*
8. () : mdfwz)_,_,.
9. () .- m(,'ﬁﬁ'lj‘
10. (i) : - j:z_ X
11. (i) 'x%)
2.0 | 35
13. (i) [ 2 ta,n_“i: i

Y (L+2%)?
14.0) [ YEon0 e
15. () ,F co8 wdzos-ﬁax.
16.6) -(w +J1:;(gai 2)
.6 [ o fgy

INTEGRAL CALCULUS

Y P

(i3)

(i3)

@ |

) (@ sin z +b cos 2)%

(ii)

(ii)

@ [~

Jo

(i) J-
6 |
@ |
6 |

G [

o

3
J 47

o _dz
(z® +1) Jz* +-

[, 2+sin 22

L + cos 2z

[ gatan-1z

dzx.

de

sm(ﬁ tan™ ,\/

dz

_dz .
zE+z—6

142

) alz=1)%a* +1)

2 4.



MISCELLANEOUS EXAMPLES

~ [ dr
18. (l) gin z+tan
-
19. (i) f'ﬁni dz.
. (a: 1)(a: 4)
a [ dz
21.6) ) sayige* v ol

22. (i) J

(1 +¢)f+(1 ot

Evaluate the following :(—
1 »

23. () |, A1 -2)? da.

24.6) | & log (1 + 3a) d.
25. (i) ;:(1 jig)z.
2.0 [ ;6% oy
2.0 [, =

28. (i) +1 (:2 T3 11). de.

159

d
(i) I 3 cso:;l:létl-a=~ 2 .’:m z
. dz
6 [ 5 Joa a1y
(i) j (@~

(i) j(m + 2a: +5)%

3w -22-3
1Yz - 2)z - 3) 3)

-

(i) j Ny

e
o 2" sin 3z dz.

(i)

K
(i) 0 log (1 +cos z) dz.

(> _Jz_

(i) Jo 1+z

) (I$

@ |, 508
Jo (A+z)1+2%)
@l . 9= .
Jo(1+2%) Ji-z*
"/'a'”-i'_l
1 z*+1

(ii) dz.
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Show that :(—
(t __ dz _ _.
29. o -I-:c)(2 ¥2) 288 nearly.

[a dz E3
30- Joz+ Ja?=g® 4
[ 5 dx
. ) Te-0G=a"

[a a?— 22 -
32. ofu"/a +m-d:c (47:— —)

o
[ Put 2*=a® cos 20 ]

~

. dx n
33. Jos+2sinz+cose 4

o dx 1, 1
34. Jo a%e®+b%* ab tan "

r oo

35. log('r+1)1+ = log. 2.

[ Put x=tan 6 ]

36. If C,, Cy, Cg,--.-.. C, denote the coefficients in the
expansion of (1+ )" where % is a positive integer, show that

Go G_j. gg Gn 2"+1_ - 1.
1tatst nt+l" wil
ANSWERS

1. (i) —(cot z+tan~'x). (ii) 2 cos a+s8in a log sin (z—a).
(iii) 3 sin 3z —3 sin 2. (iv) sin 2a log sin (z+a)—z cos 2a.

) -4 cotia. (vl) 3z4{(log 2)* — log 2+4%}.



MISCELLANEOUS EXAMPLES 161

(vii) & {log (sec z+tan a)}>.

(viii) (¢~ 6z) sin z+3 (x? —2) cos 2.

(ix) § sec z A/1+80c? z+3 log (sec z+ nJsec’z+1).

(x) vz sin 8z+ 5 cos 3z+ 4z sin z+% cos .

(xi) z(I1*—381?+61—6), wherc l=1log .

(xii) (z+1) tan=*( A/z) — N,

(xiii) z log (1+=2?)—2x+2 tan~'x.

(xiv) 3z®sin~'z+ 3 J1—22—1 (1 -w’)’?~ )
(xv) Jid 5252')4’ cos {o—cot="*(log 2)}.
(xvi) ” (z' — 4z®+ 12x* — 24z +24).

apoo 1 N C
2. (i) tan la‘+1+a:’ (ii) A(14 z2)?
3. (i) log a;—(1+ ‘1;) log (1+ ). (ii) — 1z~ %(cos log 2+ 2 sin log ).
4. (i) -3 (142" (i) —(@1+e®) .

5. (i) & (22*+3ax+2a°) No* + 5% +3a* log (z+ Na®+z?)-

(1) 125 e+ a)? (1527 — 1202+ 13a2).

6.0 Jytan=(5%)- (1) g g 108 Ny 1 mat o

IR v v OV Fio)

8.0) —4t 2~ 5 wana (G -%_“3 9. ) log 5 %, -
(1) 2571 ViE 10.6) #seomo VUL () 1og (%~

11. () 1"“3;;,'6“ +3 1og 221 1 (if) log (e+ './c'+1)—-f'-/«_:‘—°i-

12. (i) z (tan z—sec x)+1log (1+sin 2). (ii) ¢* tan o.

11
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z—tan-lg ’ (i) (a+z) o® ton~ "".

18. () i (+a) Nite?

. \ —cos &
14, (i) & {scc x+1og (sec z+1an z)}. (ii) ala sin o+b cos 2)’

W 1 1+ 2sing_ 1 1+sin g,
15. (i) 2 log 1- 2sinz” 2 %8 1 —sing

(i) % {x N1 —g?—cos™'a}.
18. (i) 2 V2 tan"J: —2 tan~' WJr.
oe * 1.1 _
(ii) log :—c_——1+ Tz 2— tan-'g.

17. (i) ; log (‘”"1)"5‘(,,.—1.:1)— i Yog (z® +1).

(i) \/A o8-l J?(m+‘l)

18, (i) 3 log tan §z—31 tan? 2. (ii) & {2x—38log (3 cos x+2 sin z)}.
19. (i) e*—(n4-1) log (¢* +1). (ii) sinh—? (?z‘;l)

20. (i) &+2 {log (x—2)~log (x— 3)}.
(ii) 9 log (z—38) —5 log (x~—2)—log (x —~1).
R | - 3z oy 1o L a;+]. z41
21. (i) 51 {tan ‘§w+x~+9} (ii) 16 tan-! +8 (a? +22+ 5)°
P K +:n N2+2? -'2
N+ N2+

23. (i) fm. (i) Z—ghr® 24() 2(1—-21log §). (i) = log 3.

22, (i) 2 tan~'(1 +a:)§. (1)

265. (i) 1r. (ii) ‘Sz 26. (i) % log 2. (ii) .

22.6) 73 (i) g 28. (i) —1. (ii) 52 oot~ 12.



CHAPTER VIII

INTEGRATION BY SUCCESSIVE REDUCTION
AND
BETA AND GAMMA FUNCTIONS

8'1. Reduction Formulz.

It has been mentioned in § 16, that in some casés of
integration, we take recourse to the method of successive
reduction of the integrand, which mostly depends on the
repeated application of integration by parts. This is
specially the case when the integrands are complicated in
nature and depend on certain parameter or parameters.
These parameters may be positive, negative or fractional

indices, as for example, #"¢*”, tan™z, (z* +a”)§, sin”z cos™x
etec. To obtain a complete integral of these trigonometric
or algebraic functions, we first of all define these integrals
by the letters I, J, U etc. introducing the parameter or
parameters as suffixes, and connect them with certain
similar other integral or integrals whose suffixes are lower
than that of the original integral. Then by repcatedly
changing the value of the suffixes, the original integral can
be made to rest on much simpler integrals. This last
integral can be easily evaluated and knowing the value of
this last integral, by the process of repeated substitution, the
value of the original integral can be found out. The formula
in which a certain integral involving some parameters is
connected with some integrals of lower order is called
a Reduction Formula. In most of the cases the reduction
formula is obtained by the process of integration by parts.
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Of course, in some cases the method of differentiation
(See § 819 below ) or other special devices are adopted
(See § 820 ). In the next few pages methods of finding the
reduction formule of certain integrals are discussed.

Case I. Integrals involving oné parameter.

82. Obtain a reduction formula for S x"e?x dx.

Let In=j "™ dr. - (D)
Integrating hy parts,
ax
J‘wﬂ eaa:dm=mn,3&_ - Zj 2" dyp e (9)
naax
or, lnax € - !-l. n=1. .o . (3)

a

Note 1. It may ho observed that the integral on the right-hand
side of (2) is of the same form as the integral in (1) except for the power
of z, which is n—1, and which can bo obtained from (1) replacing n by
n—1on both sides. If n be a positive integer, procecding successively
as above, I will finally depend upon Jo= fe?® dr=e**[a, and is thus
known.

Note 2. In ovaluating (3) from (1), we could integrate z™ first but
in that case I, would have been connocted with In.,, ¢.e., with an
integral whose suffix is greater than that of the original one, which is
not usually desirable. A little practice will onable the students to
choose the right function.

8'8. Obitain reduction formule for

@) S sin"x dx ; S? sin"x dx.

(ii) S cos"x dx ; S:' cos"x dx.
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(i) As in Article 6'10A(1) of the book,
In =I sin"z dz

son-1
sin" "recosx,n—1| . ._
T, T + e j sin"" %z da,

. sin"~'x cos x , n—1
.o In- - " + n In-! o (1)
is the required reduction formula. .

Also by (1), taking limits of integration from 0 to %u,‘
z -
J,.-S° sin"x dx=ll;l—1 Iz (n>1) - (9

Similarly,
n—
(ii) Tn =J’ cos"z dr ="

Ly sin r
w

21, @

] -
and Jp= jo cos™r de =" !

-z (n>1). e (4)

Note. If the integrand be sinh"z or cosh™r, a similar process may
be adoptoed.

84. Obtain reduction formule for
3
0] S tan"x dx ; (ii) So tan"x dx

( n, a positive integer. )

Here, I,.=I tan"z dx =J' tan™ "%z . tan®z dz

—j tan™ "2z . (sec?z— 1) dx

=j tan" "%z gec®x dz— j tan™ %z dz

_tan" 'z

n—-1 "%
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Thus,
tan"-1
A : )

Also, taking limits from 0 to %=,

™ w w
T : tan"-l w]z jt -9
= %, =[ = - - n
In L tan™z dz w=1 do " Jo tan™ 2z dz by (1)
_ﬁ] =T (2)
n—-1 "%

Note 1. If n be a positive integer,

tan"~'g  tan"-°z  tan"" Sz
n — ——— —eo = . e -t e sse
Stan © dx n—1 n—3 + Py

If  be odd, the last term is (—1)¥P~ ftan & de
=(— 1)5("‘1) log sec .
If n be oven, the last term is (— 1)¥®+2) [ an®y g
= (=1 (fan g—2).

Note 2. If the integrand be cotz, tanh"z, coth™x, the vame process
may be adopted.

8°'6. Oblain a reduction formula for S sec"x dx.
In.=J‘ sec™r dm=J sec™ %z sec’z dz.

Integrating by parts,
In=sec" *z.tan x

. —j (n— 2) sec™ ®z.sec z tan z.tan = dx
=gec" %z tan z — (v — 2) I sec” %z (sec’z—1) dz

=gec” *zrtanz —(n—2) [ j sec"z dx — j see" 2z dw]
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Transposing and simplifying,

n-2
.. % x:an X : fln-n. - Q)

Note. If tho integrands are cosec"z, sech”z, cosech”z, then pro-
ceeding as akove we can got the reduction formula for each of them.

8°6. Obtain a reduction formala for Se“ cos"x dx.

Let In=je“ cos"z dz.

Integrating by parts,

™ cos"z
Tp=" 0083

7mn — .
+ €"® cos™ 'x.sin z dx
a a

ot
= cos 'I) + n

@ a

caz 1
[ cos" 'x.sin . — Pt
a a

x {(n —1) cos™ %z (- sin #).sin & + cos" *z.cos z} d.'c]

ca,w &
” :
= cos'x + - g cos™ .’l;.ﬁln T

- fgje“’{(n -1) cos" %z (cos®z— 1)+ cos”a:} de

_ " cos" 'z (a cos z+n sin @)
2
a

- ;L,[ " Ia""’ cos™z dz—(n - I)Je‘“’ cos" %z da:]-

Transposing,

n—

(1 N 3;) In-aﬂ cos" 'z (aacos gtnsing) n (n___l_) Ines

e cog" ~Tx (n cos x+n sin x)+n(n-1)

or, In= n®+a? n?+a -2
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8'7. Obtain a reduction formula for S (x2+a?)" dx.
Let In -'J. (z? +a®)" dx.

Integrating by parts (taking 1 as second factor),

Iy,=z.(2%+a®)" —j a(z® +a®)"" . %22.2 do
=z(z®+a%)" - 2n J (22 +a®)" *z®+a®—a?) dr
=g(x®+a%)" - 21»] (z® +a®)" dx

+ 2na? j' (z® +a%)" ‘da.
Transposing,
(l + 2714) In =m($2 + a.g)" + 27’;(1'2 In_l.
x(x2+a%)" , 2na®
2n+1 2n+1
Note. It may be noted that here . mneed not be an integor.
Put n=% and compare with § 3:4(C).

8'8. Obtain a reduction formula for g (ax2+bx+c)" dx.

o’ I'l =

In—1.

Let I, =J(aa:’ +bz+ )" dz.

If a be positive,

I,,=a."J(z“ + k%) dx where 2=z + b

2
~h2
and k* =4a:5§2-: e (1)
and if a be negative, say= —a’,
Lo=@)" [ - 2" da,
’ + 2
where z=2 - ;ﬁp and k* =4“4Zmb : )



INTEGRATION BY SUCCESSIVE REDUCTION 169

But (1) and (2) are similar to that of § 8'7 above, and
can be evaluated by the same process.

8'9. Obtain a reduction formula for S(—x%,—)-,; [n# 1]

I o
Let In= ,"(a: _‘II_ ,,),, then, In-4 _J(m“ +f ;2),‘_ -
Integrating by parts,

(n—1).2x.2

9’ i “
In-1=(m2"+('i2)n-1“‘J” (w +aﬁ)u dr

T : 2 402 —q2
=(w—s':,:%i)'n‘-3‘x +2n - I)JT(ws -(It-a’)?‘l dr

= ({',;::‘_I_’Z;';)n—.—i +9(n=1) In-1 = 2n - 1) a® L.
Transposing,

2 (n-1)a® I”=(w2 +Zs)n-1 "‘(2""'3) Tyy

I = 1 X + 2n-3 1
1.6, In 2(n-1)az (x+a®)" ' 2m-1)az ™"
. . . dx
8°10. Obtain a reduction formula for @zt bxtop
dx
Let  In= j (az?® + b + )" - @)
If a be positive,
1 dz —me D g 4ac b ",
""',:j(zg s where 2z a:+ Ic (2
and if @ be negative, say = —a’,
dz

1—— — !
In= (c?)” (1 = 25

’ 2
where z=w—§%’ and k* —daoth (3)

4a"®
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Both (2) and (3) can be integrated by the same process as
in § 8'9 above.

Note. Iu Article 5'1., Caso IV of the book, we have remarked that
when the integrand is a rational fraction in which the demominator
contains factors real, quadratic but some repeated, in general a
reduction formula is required. Thus, to integrate such functions,
separato ropeated and non-repeated quadratic factors and for repeated
quadratic factors, use the result of the above Article.

. " dx
8'11. Obtain a reduction formul S—-}_—m'
1 Sormula for JaxE Ao
where n is any positive inteqger.
" dx
Let In= Jam + bz+c
Noting that, =" = Zaxtb=b, ™
%
1 (2ar+d) - bj vt
I,= J' B g b @
" 9a) Jaxi+brto tdo %) Nax?+br+c da.

(2axr +b) -

Now J Ry 4 .dx
') NazP bz o

=8 Jar®+ b+ .07 - 2= 00® Jart 4054 da

& *(an® + bz +c)
Jazr®+br+o

=221 Jaz®+bz+c—2n—1) [al, +blpy +cln_g 1.

=2""1 Jar*+bz+c—2An—1) j dz

n-1 _
L.;”u vaz®+bg+c— ".5_1[ a[,,+bI,,_1+cI,._s]
b
- 2('1 Tuoy

n-—-1 } .
a Vazt+bx+e—(n—-1) I,

m—1 -
( n2“ )b Toy- _(n _al)o Ina
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Transposing and simplifying,

@o-1b, (-1
2an "' an

Iﬂ = In-!n

-1 . L
Jax?+bx+c -

Case II. Reduction formul® involving two para-
‘meters. ’

8'12. Obtain a reduction formula for S x™ (log x)" dx
(n, a positive int‘ober).

Ilcre, since two parameters m, n are involved, wo shall
dofine the integral by the symbol I, «.

Im, 1I/=J. x™ (log :I')" dr

Integrating by parts,

1 I (log =)" - 1 n(log =)' - Loms gy
myn= 1,+1 ogx m+1 og X z AT
m+ 2 7 - l
= — — —— — /3 9
ey (log ) ot 1,[ (log )
m+1
_ n
= mE1 (10!: )" +1 I, n-1.

X (log X)"= —=—Im n-1.

i.e., Im. n +1

Note 1. Here wo have conncctod, Imy n With Iy, na-, and by
‘successive change, tho power of log & can be reduced to zero i.e., after
n operations we shall get a term T, o, 4., f o™ dx, which is easily
integrable. Thus, step by step substitution, I, » can be cvaluated.
It may be noted that when two parameters are involved, this is the
usual practice.

Note 2. Students must be cautious in defining these integrals.
Here as for illustration Inm, n 7 Iny me
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8°13. Obtain reduction formule for
(i) S (a+_l:x):‘ dx. (ii) S x—i(—ad_:ﬁjn'
() Let Im,n j(a, -;b:r)"‘ dz. [n#1]
Integrating by parts,
J—— (a + bx)™ mb j (a+ b:r

"(n—l)w"'l-‘-u—l " d
. (a+bx)™ ., mb
o Im.n"-(n ~Dx 1 o= 1],,, 1, n=1- (1)
i dx
Integrating by parts,
1 nb dx
Im, n=

= D™ (e ¥ b m—1) 2™ Na +ba)
1
(fnb-.__ :l-)z-.‘in—.l((l. + I)ﬂ,')n
. ( + I r)— .
N '_n-l,liijz’:'b(;, 4122},}.)#-1 dr e (2)
- 1 o
(m - 1)z™ (a+ b,,,)"

m— 1 Im, n+

1 Im, nt1-
an 1 m+n—1
e B L ~(m - 1)z™ Ha + )" =1 I

Changing = to #n — 1 on both sides,

1 m-+n-2
Tn.n= a(n-1)x™"1(a+bx)"" St - -1)a In. n-1. -+ (3)
Note. Formula (2) or (8) can be taken as the reduction formula
for (ii). (8) is more rapidly converging. The other ways in which these
integrals can be expressed are left to the students, [Seealso § 2'2. Ez. 9.]
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8°'14. Obtain reduction formule for

@) S x™(1 -x)" dx. (ii) S x™(1 -x)" dx.

(1) Let Im, n =j mm(l - :1‘)“ dr

(1 )"+ J 2™t (1-a)" ™t de

m + 1 m + 1
9',.7.”_-1(1 —a) j m n—1
m+1 + — +1 z (1 x {1 (1 &}} dzx
m-l 1(1 - ,r) n ]
=-—_m +1 t o m+1 [ Lins w=1= Ty

Transposing and simplifying,

1 me“ x)" I
™A= T m+n+1l  m4+n+1 ™"t

1
(i) I Im, o= jo z™(1 - a)" dr, by above, this
B

m+n+1 m+n+lJm'" r

n

Note. In Integral Caleculus J,, 5 is usually denoted as Sy, a, tho
first Eulerian integral. It is also referred to as the Beta-function.
[ Sce § 821 below ]

It is interesting to note that Ju, n=dmm 4., Bm,a=8nm
although I, n % Iny m

Imy =

8'15. Obtain reduction formule for

(i) I..,.,-S sin™x cos"x dx ;

L]
(ii) J...,..=S.1r sin™x cos"x dx ( m, n being positive

integers ).
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In Article 610, Case B of the hook, we have discussed'
it fully and obtained

I = sin™ 'z cos" 'y n—1 I
mn, n m+n m+n my n-2

or, = - sin™ "z cos™ e + 2 1 — T in a similar
I} m+n m + m-2,0
way, and, when m and n are positive integers,
n=1

m+n

m=1

Jm, n-2 m Jrn 2y e

Im, n=

Using § 6'8(iv), we also see that Jm, n={Jn, m.

m
8'16. Obtain a reduction formula for S::‘ ,.: dx. [ns#11

Let Im, nﬂj sin™x cos "z dx. - e (1)

Consider I'p, ¢ —j sin”x cos% dr
_sin? g cos? M2 ¢ - i

p+q ptaq
[ by § 815 above ]

!
1 m q-2-

Changing ¢ to g+ 2,

sin?**r cos®tz |, q+1

I = I
» a+2 p+q+2 P+(j+2 ” Q.

Transposing,

sin®* ¢ cos® 'z  pHq+2

q+1 q+1 I'm q+2. °°° (2)

[g+1#0]

Now, replace p by m and ¢ by —n in (2) and use the:
definition (1).

!
‘ ]ma’



INTEGRATION BY SUCCESSIVE REDUCTION 175

Then, (2) becomes
1_sin"*'x _m-n+2

II""'-an—l cos"'x n-1 Tm, n-2.
. , . . Gx .
8'17. Obtain a reduction formula for S STx cos"x [n5£1]
dx
Lt fm, = j Sin™s cos"z

Consider as before,

],p, q =j sin?v cos% dx

sin”*lz cos™'w  pq+2
q +1 q+ 1 D 4+2

[ as in § 816(2) above 1
Replacing p by — m and g by — 2 and using the def. I, a,

I -1 . 1 +mtn-—2
™o hn—-1 sin™ 'x cos" 'x n-1

Im, n~2

8°18. Obtain a reduction formula for

| =S cos™x cos nx dx,

cannecting with (l) ]m-l, n-1, (’t.l) Tm_g, Ne ( m # +n )

(i) Let

Toiy n =J cos™z cos nz dz

m :
cos™z.sin nx  m - . .
= - - nJ-cos’" Y2.(- sin 2) sin nz de.

n
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Since, sin nz sin 2 = cos (n — 1)z — cos nx cos z,
. cos™z sin ne |, m -
c Imya=-" - + njcos"‘ 1z.4cos (n—1)z

. — cos 1z cos z} dx

m 3
COos @ s1In n&x , M
= - -~ n e & n [ Im-].. ",_1_'1-171’ n ]l

Simplifying,
= CO8TX sin nx , _m
m+n m+n

Im. n lm-1. n=1.

(ii) From (1),
m :
cos™e sin nx | m - . .
Ty o= LT + n j (cos™ *z sin 7).sin nz dz.
Again integrating by parts,
coq T sin g L+ m [ _cos™ ' sin r cos nx

I)Il-y n= n n

+ 711’[ {(m—1) cos™ %z (—sin x). sin

m-—1

+ cos™ 'z.cos x} cos nx da:]

_cos™x sin uxr _ m(cos™ > cos nr sin )
” n®

+ z-’;, J {(m — 1) cos™ 2z (cos?z— 1)
+cos™z} cos nz dz

_cos™ 'z (n sin ux cos #—m cos nz sin x)
n?
”b
j {lm—1+1) cos™z cos nx
—(m—1) cos™ 2z cos na} dz

~c0s™ *z (n sin nx cos x—m cos nz sin 7)

+r—,[ M Imyn=(m=1) Im-a. » ]
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Transposing and dividing,
nsmnxcosx mcosnx sin x
n® -m*

m(m-1)

"W omE It

-cos™ x

Im» n

There are three other integrals of a similar type.

) J— cos™z sin nz dz, (i) j sin™z cos ne dz,

and (iii) j sin™z sin nz dz,

which can be treated in a similar manner, and connected by
a reduction formula either with [f,u_y, n—y or with Iu_g, »
in each caso.

For instance,

(m +n)jcos’"m sin nz dz = — cos™x cos n@+m Ln_1, n-1 ;

n%—m?) jsin”‘m cos nx dx
= (n sin nx sin « + m cos nx cos z) sin™ *zx

~m(m—1) Im-g, n ; etec.
Case III. Special devices.

8'19. Obiain a reduction formula for S-(i! + i%lT)'"

. d=
Let In —j (a+bcos z)"

_sin
Consider P = @b oos 21 e (1)

arp
dx
_cosx{a+bcos 2)' *~(n—1)a+b cos 2)""*(~ b sinz).sinz
{(a +b cos )" 2}2

12
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008 2 (a-+5 o8 2) + (- 1) (1 ~cosa)
(@ +b cos )"

_(n—1)b+a cos - (n—2)b cos®z
(@+b cos z)"

_A+Bla+bcos 7)+Cla+b cos 7)*
(o + b cos x)" (say) @

Then comparing the coefficients,

A+Ba+Ca®=(m—-1)b, Bb+20ab=a, Cb%= —(n— 2)b.
Solving,

2__ 12 -
A== 5 B9 & 0c=-"72(3)

substituting these values of 4, B, C in (2), we get

P __ _ (n—1)a® -2%) 1
dz b (@+b cos z)*

+(2n—_3)a. L _w-2 1
b (a+becosa)™* b (a+bcosz)**

Integrating both sides with respect to 2, and using the
definition of In,

P= _(1_1 _1)(: __b ) I” +(2_nb 3)“ In—l - n.» - 2 In_z.

b
o Jo=-— b i sin X
e (n-1)a?-b?) (a+b cos x)"!
(20 - 3)a (n-2)

tE-1)@r-b) Tn-1 “(m-1XaZ-b%) In-2.

Alternative method.

Let P=('a+bs?5a%c§m and V=a+b cos z.
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cos = Y-~a"
8 b

dP_ d (sin .'t) _CO8T_( 1y sin 2 (- b sin 2)

dz  dz \v*) vy 14
V- -1)b V-a\?
=yt + V”) [1 s a) ]
_ _n-1)* —b2)+a(2,b—3)_(@:g)_‘
b V’b b 'V‘n.—l b Vn--a

Integrating both sides . r.{. x and using the definition

I,,=j ‘{%- the result follows.

Note. When nis # positive integer, by a repoated application of
the above reduction formula, 7, will ultimately depend on I,, which is
easily integrable ( See § +2 ).

8°20. Obtain reluction formule for S x™(a+bx")? dx.

In this integral, usually denoted as binomial differentials,
three parameters are involved and this integral, written as
Iy oy 1 =j 2™ (1 + bz™)? dz can be connected with any
one of the integrals below :
() Tmsny 0y por=J2™" (a+b2")P~" da.
() Ly ny p-1=J2™ (a +bz™)P"* dur.
Gi1) Imy 0y pr2=J2™ (@ +bz™)P* da.
(V) Imens my pr2=f2™ " (a+b2")"** da.
) Im-ny 5, p= 2™ " (a + b2")? dz.

(Vi) Im+m n = f $m+n (a. + ba:”)” dz.
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() Im, ns p=Jf2™ (a +b2")® dz. Integrating by parts,

$m+1
In,nyp= il (a+ bz™)?

= l_-,_—l— Jp(a + bz™P L ubz™ ta™t dr
m+1

g b
:ﬁ +1 (a +0a"" ~ ne Inns m p-1. (1)

m+1

Again, as ahove,

1

T m+
4 latta)

Imy 0y 2=
H ™

n
- ,':f{:_p i-jmb_ (a+bz"—a)a+ bx™)P? dz.

[writing g™t = -ll;a:"" (a+ bz - a) ]

Transposing and simplifying,

™ g+ ba")? an
- N ) ) AP Im, 7y N-1. (2)

Ln, 0, »= wpdm+1 np+m+1

Changing p to p+1 in (2) and transposing, we get a
connection with the integral (iii), viz.,

wﬂl-l-l (a +ba.n)p+1

Imynyp= an (p+ 1)

ap+1)+m+1

an (p+ 1) Im, ny P+1e s (3)

Also changing m to (m—=) and p to p+1 in (1) and
transposing, we geb
mm—n+1 (a +b{t"')p+1

Im; mp= " nb(p+l)

m-ntl

nb (p+ 1) Ip-n, n, 25 Tl (4)



INTEGRATION BY SUCCESSIVE REDUCTION 181

To get a connection with Ln_p, 5, p and Imin, n, p Write

™= ;,:b (mm—n+1 . nbw"'l)

", Im,, w P ;;lb jmm-"-‘-l.(a + ba:")”. nh. :23"-1 d.T.

Integrating by parts and simplifying,

a_m—n+1(a + h,rn)p+1 "
I T el 2
"t P bnp+m+1)

alm-n+1)

T blnptm 4 1) e

6)

Changing m to m + 2 in (5) and transposing,

wm+1 ((L + I).‘l:"')p+ L
I, ny p= a(m + 1)

p+om+n+
_ b(ﬂpa(?:::.i_ 11; +1) Tnimym e - (6)

These six formulie of In, n, » can bhe obtained by another
method.

Write P=z*1(a +bz™)* 1,
where A and x are the smaller indices of z and (a+bz™)
respectively in the two expressions whose integrals are to
be connected.

Find Z: and express it as linear combination of the

two integrands. On integration the result can be obtained.

To illustrate the above statements we shall find a con-
nection of Im, n, p With Inin, 2, p.
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Here evidently A=m, u=p. .. P=z""(a+pz")?+*.

%f =(m+ Lz (a +bz")?** +(p+ 1)z™** bz Y(a + ba")?

=(m+ 1)z™(a + bz")* (a + bz™) + nb(p + 1)z ™(a + bz™)*

=(m +1)az™(a + bz")? + bnp +n +m + L)z "(a + bz™)?.

Integrating with respect to =,
P=(m+1)a In, n, p+0mp+n+m+1) Inpny s »

P Haptatmt)
My Ny P a(?n:"' 1) a(’r":"" ]) MmNy Ny P

which is the same as (6).
Similarly the other five results can be obtained.
For another illustration see sum no. 7, § 822.

8°21. Beta and Gamma Functions.

In many problems in the applications of Integral
Calculus, the use of the Beta and Gamma functions often
facilitates calculations. So we give helow an account of
those functions—their definitions and important properties,
some of which are however mentioned without any proof.*

Definitions :

(A) S: x™-1(1=x)""1dx denoted by B (m, n)
[m >0, 0n>0]

is called the First Hulerian inteyral or Beta ?unction.

*Results (v), (vi) and (viii) are given without any proof here, as the
proofs are based on “doubie integration” which is beyond the scope of
the present book. Nevertheless, the results are extremely important in
applications and are to be carefully remembered.
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(B) S. e~*x""1 dx denoted by I'(m) [#n >0]
is called the Second Eulerian integral or Gamlpa function.

Here m and 7 are positive but they need not be integers.

Properties :
(i) By property (iv) of Art. 6'8, we get

j:a:"“l a-zm? dm=£ 2" 1 -2)™ ! de.
< B(m, n)=B(n, m).
(i) T(1)= K’ e dr=1.
{ See Ex. 1, Illustrative Examples Art. 7°2 ]
s T()=1.

(iii) As in Ex. 9, Illustrative Exzamples Art. 7°2, it

can be shown that even when n is not a positive integer,

= -] (=] 1
0 ® Z 2" de=mn 08 2"t da.

% I'(n+1)=nI(n).
When » is a positive integer,
T'(n+1)=n!
(iv) Writing kz for « in (B), we easily get
S obgntax=00 (1> 0,0 > 0]

T(m) T(n),

(v) B(m, n)= T(m+n)
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(vi) T'(m) T(1 - m)=

e (0<m<1).

(vii) Putting m= & in (vi), we get
T(}) T(})=
e I‘(%)- J .

Alternatively, we can deduce the value of T'(}) in the
following way.

sin é

Putting m=n=1% in (v),

TIN5 9-[o -0t

&
= 2J0 d6 [ on putting z=sin®6]
=m.

Hence the result.

xrl e _x
(vul) B(m, n)= j (1+x)m+n jo (1+x)m+n
[m>0,n>90])

821 (A). Standard Integrals.
e i
2r(2+29"'2) la>= 1]

) j:" sin®6 c0s96 do=

b (] s 2p\da
Left side=jo (sin20)*? (1 — sin®6)** do

-if ST -9 d
[ on putting « = sin® ]
=18(251 71 7) = Right side by (v).
[ Compare § 6'10B )
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p+1
) j sin®@ de-j cosPg do= VL I‘i —_

The proof is similar to (1) [ Compare § 6104 ]
®) j‘: 0=** dx =3 .
-2 z&- 1

=]
Left side = %j 0 dz [ on putting 2* =z ]

=3 T(}) by (B)=% Jn by (vii).
[ Compare Art. 7°8 ]

8°22. [Illustrative Examples.

Ex. 1. Obtain a reduction formula for Sta,n"a- dr and hence or
otherwise find (3) S tansx dx (34) S tan’z dz.

n'l-

From § 84 formula (1), I,,=Stan"@ de= t'”'n [ S

@ .. I,,=Sta.n"’a: dr=}% tan‘z—1I,
Is=3% tan*z—1I, where I,==St.n-n z dc=log sec z.

Is=% tan*z—3% tan?z+log scs .
(i) Iy=% tan’z—1I, ; I,=}% tan’z—1,

I,=ta‘;1 m—-I., where I°=§ dz=2x

_tanz_tan’z_ tan o _
L="5 ~ 3 *7j

[ Campare § 84, Note 1 in these two cases. ]
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Ex. 2, Obtain a reduction formula for Sseo"m dz.

Hence find  (3) Ssec':v dz (i4) S sec’z dz.
. _ ==sr\c"' ztanz n—2
From § 85, I,—Sseczdz poging +n—11"""
G .. I, Sset ¢ de="002 80T, & 1
5 5
I4=s‘_"‘—'_1_=3t“'!' 4 g 1,; I,=S sec’?z dr=tan a.
_sec'z tan g 4 sec’s tan T, 2.4
I,= 5 B ol P —————3 3% tan x.
06

(ii) Also I, = S sec’x dm:seu‘qtﬁtg._q Ty z I, ;

8 1 seortan 2z, 1
ec m4an:r+ I,;I,= 1:2’__ :_r:_'_le;

I,="=
[1=S sec o dr=log (sec z+ tan ).

sec®r tan £ 5 sec’z tan z 3. 5 scc o tan

=" % 6 4 i~ o
1.8.5
+§ i log (sec x+tan ).

-]
Ex. 8. Obtain a reduction formula for S o e *Tcos"z da(a > 0)
and hence find the value of S;ﬂ e™*® cos"z dzx.
From § 8°6, roplacing a by —a,

(=]
In= S e~** cos"w dx

6~ co8"~'x (—a cos z+n sin 2)]° n{n—1)
l=[ n?+a? 0 + n3+a? L-s

a nir-1) In-, [ EL e~%*— 0 fora > 0]
x

is the reqd. reduction formula.
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B 4,20
5244270 41 41

3.2 4 .T

s :
Frrar i limggteg I
708

L - I,=.108,
1344 17" Tt TETT3485

I,= + Iy

_ 4
5y
I,=

I,=

Ex. 4 Obtain a reduction formula for S v,
(z*+a?)?
dr

Hence find the value of s .°
(.'B’ +aa)’t
Let I,.=§ dx .+ Integrating by parts,
(zl_'_aﬁ)‘f

'v.

Ih= - 2z dv

n S "
(vt +a®)? 2 (_Eﬂ_'_a'.')‘t'"l
2 2__ 2
- ;‘_H'Sa:_ +a _;'%
(z2+a%)T “(z?+a®)?
= z 2
=- - WA nly=na® Tojo.
(z%2+a?)*
Changing n to n —2 on both sides,

I, = Ld Wt —=2) Lnoa—(n—2) a® I
(z>+a?) 2
1 T n—3
L=, -1 - f N
" (n—2)a? ( 1ia ,‘) 2 (n——?)a "o

187

This result can be obtained from § 8'7, by substituting — giu place

of n and changing the definition of I,.

1 -3

L= Sa:'+a’)‘ 5a? (m’+a’)& 54" Iss

1 T @
Ij=5—5— —- I,; I,= -—- -
® " 8a?* (z*+ z,% 3“‘ N = a® (=* +a,’)i
1 [

S Inmi g ————5 - AR SR S
50 gaggnt 85a% (gay el 8.56° oy paph
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Ex. 5. With the help of a reduction formula, find the value of

S <imSm
cos®z

From § 8'16, we get the general form of the reduction formula as

sin 'r sin™*lz _m—n+2
I"""_Swsa: == 1 cos™ 'z n-—1 Tmn-a [0 1]
. 1 sin®z 1 _1sin’z_ 38
-Isva=’5‘65;5"5‘"5 Is, w5 I =8 oosiz 315,1:
T 6
I, ,=:;::“§~Imo: Also I, O=Ssin'a; dz

_sin*z cos z_ 4 8in’z cos x_

4 2
5 5 3 T5rgrees®

[ From § 83(z) ]

Isin®z_ 1 sin®r_ 1 sin’z

o Tor 0= 5 058 "15°cos%z Tt 5 " cos @
1 s 4 sin’zcosz 4 2,
+5sma-cosm+5 —3 +5 3¢-osa;

Ex. 6. From the reduction formula for S cos™z cos nx dx oblain

S cos®z cos 5z de.

From § 8'18 (i), L., ..==S cos™z cos nx dz

Lcomz sinna, m g
m+n P

Here, m=3, n=5;

cos®z sin 6z 8

I,,5=§eos’mcos5mda= 8 +-8— Igy 4
_cos’z sin 4z 2 _cos ¢ sin 8z
I, I A T B

sin 2z

oy a= e 2 2252

T 08’z sin bz 400873 ’z sin 4z 4082 sin S +s_111__2q:.
T 8 16 82 64
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Ex. 7. With the help of the different reduction formule for
S z™ (a+bz")? dz, find the value of
3
O (oarsarean @ (B

(i) Hore, m=38, n=2, p=4, and since p=4 is positive,

.". (i) can be connccted with § 820 (1) or (2).

Using (1),
I . ‘=a_.4_(a-:_bz’_)'_2:2._4 Iy, o s
PR CE Ty LS PR
Ti o ’=ms (a-gb_::;’)_'_g_.gﬂ To» o s
Lo o= G0

1e

xr
Iy 2 o=§ ztt de= 12

STy gy = T T T T
0% (a+b2?) b at?,
10 5 12
Using § 8'20(2) the result can bo obtained in a different form.
(ii) For this, the suitablo formulm are § 820 (3) or (4).
Using (3), replacing p by —4,
R

1 Tt 1 .
“6a (a,_—libz"‘)’+3a Lo s
- @1 2A=2+34+1
Lo a0 s 2a(—2) (a+bz’)‘+ 2a(-2) Lss 2 4
54
= La(a+bz?)?’

T =1 = L1 oz
cEn 94T 6 (a+bo?) T 122® (a+ba?)?
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Ex. 8. Find the reduction formula for S @x %mﬁ_fi’-)ﬁ ns-1),

x® dx

and hence obtain SO Ei=dz+5)

x
Lot o n= | gt s

. " ? dz "
Consider Ip-q, n= (a+2ba+cz)™ Integrating by parts,
T. - LA O iy Y(2cx+25) do
R i —1)(a+ 20z +cx?)* T —1 ) (a+ 20z + cx?)
L am + " { S o™ dx
(m—1)(a+2bx+ce?)  m—1 (@ +20m+cx?)™*

,"-l dm .
+2b S ((1.+£!ba:+ (,:l;“)"*“}'

Changing n to (n —1) on both sides,

s = T 7L 100 Ly a2 Taey, £
w2 0T (o — 1) (@ 20+ cx?)" Tt —1 o menen

Dividing and transposing,

m’ll— L
Ly = “9¢(n — 1)(a+ 2z + cx?)*

1 b
2::’"_1) Im-m n-1" ° I,,,_" e s (1)

™% g - =%+ 20+ cx?)

(2+2bx+cr?)*-t (a+2bz + cz?)" dw

Also, Ip-uy -y =S
=0 Ip-q, w+2b Tty nt¢ Ty n.

Substituting and simplifying,

-t 9b(m —n)

I 0=~ an = = T)a ¥ Boa T )1 T olan—m—1) 121 »

alm=1)

c(gn_m 1) In-2s n. b (2)'
Either of (1) or (2), may be regarded as a reduction formula.
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Henco, using (2), (a=5, b= ~2, c=1, here),

? 2 —4.(-1 .
I"‘=[-4.(x’—m4w+5)’] +=4r, 0
i S SR —4( 2) 5
Lo [-seams ot TP 10t ] L

I R T -4( 3)
Lur s [ 6.z —4a:+5)] +=49 1,

To o= grmiae =§2_d_w.__
2 4=), (;’———4m+5)* oiw=2y 1)
2 dz )
=SO (23+1)%" [ Putting z=2—=z ]
433 5

hi ~1 3 *C 3 =
=.000+ ig ton 2 [ Using § 8'9 successively ]=A (say).

Then, I,, .= 325&+27\

2 124x4, 21
Tos==%""35 *t5*

3896 , 46
I,. .='—'§—5-‘+5 A

8896  46x 433 §6 -1
— g5 + 8.5 8 tan~'2

=_3 23 1
4+8 tan~'2.

mw
Ex. 9. If 'u..=§0§- z" sin x de (n > 0), prove that
UnFn(n = 1) Un-g=n(Fm)"*".

Integrating by parts,
m L4
u,.=[—a:".cos z]:+n S: z"~! cos z dx
T ¥
N s - — N-2 o3
=n{[a: 1 sin z]o (n—1) SO z"~? sin dm}

=n(dn)""t —n(n—1) wa-s.
oo untn(n—1) una=n(dz)""%.

191
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Ex. 10, If S,= ”' sin g:; REF V,-S”' (”s‘:‘n’f) dz, n being
an integer, show that
Su+1 =8,= }'ﬂ‘. Vot —Va= Sn+|_.
Obtain the value of Va.

T sin (2n+1) z—sin @n-1) z

Here, Snyy=Sn= S 0 oiti 2 dz

Sl‘ 2.cos 2nr.8in @
0 sin

dz =2S cos 2nx dx

—a. [:-.m ﬁmr] =0 for all integral values of 1.
2n 0
Sty =8n=8poyeereerees =8,.
N S=S§'smzd Sgdﬁ:r.
oW Si= Yy sinz " Jo 2
Spey=Se=3m.

] sm“(n+1)a: -sin?nx de

Also, Vg =V —S sin?s

=S'§ sin (I +1)z.sinz o

0 sin?a

s .
_\ Zsin (n+1)z
0 sin ©

Va— Vn-; =Su=%7f' Vn-l - Vn~,‘=&ﬂ',"', Vv_- - Vl=iﬂ'-

dx= S’va

adding, Va=—V,=(n—1) ; .

o
Sincc, .“71= So’ dac=§1r, . Vn=&)lﬂ’.

Ex. 11. Show that
() PE)=38 urr;

() LRI =-Tg 7

(44d) S;ﬂ sin*0 cosd da-ﬁ" 5in®0 cos*0 db = oify.



INTEGRATION BY SUCCESSIVE REDUCTION 198

() ") =Tr@+1)=4r(p) (" Pln+1)=nDin) Are. §21(iii) ]
={f}+1)=§4r@})=44P@E+1) =230
=215 Jr, [ By Art. 821(vii) ]

(ii) Left side=r(F)r{1— §)=sﬁ1__{1r [ By Art 821(vi) ] = 331?‘.

(iif) By Art. 821(A)(1),

1 PE)INE _%.3.3 o e L3N _
I(6) .nz

By Art. 6'8(iv), Second Integra.l=FusL Integral.

First Integra.l—

Ex. 12. Show that

Pln+3) = _I(2n+1) »Jw

2+ r{n+1)°

r(n+3)=r (2”':1) = P(Q"‘;1+1)

=2m—1p (2" = 1) [ By Art. 821(2ii) ]

2 2
_9m—1_(2n~—-3
= r( . +1)
=211.—~1.211,_-_—_3P(211,—3)
2 2 2
_2u—1 2n=8 2n—5 5_3_1[,(1)
2 2 2 2 2 2 2

[ By repeated application of the result
of the above Article.

_ (20 —1)(2n = 8)(2n — 5) --- 5.3.1, . (D

2"
Now, multiply numerator and denominator of (1) by

2n(2n —2)(2n—4) --- 4.2

2n(2n —1)(2n—2)(2n—3) -----+ 5.4.3.2.1
Cln+8)=""9n 0 n.2(n = 1).2(n—2)----2.2.2.1 o
r(2n+1) Ir
T2 n(n—1)(n —2) -eeeen 21"

r(2n+1) Jr,
’2’"nrln+'1)

13
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Note 1. The above result can be written in the form
L@ T(20)=22""T ()P (n+3).
It is an important result often used in ¥igher Mathomatics.

Note 2. The right side of (1) can be writton as (3)I'(}) where the
notation (@) denotes a(z+1)(a+2)---(a+n—1).

I'(n+3)=(3).0@).
Ex. 13. Show that
B(m, 1) Blm+mn, )=DB(n, 1) Bln+1, w).

<o _Dm)D(n) P(m+n)D(Q) _r@OC(n)C(n)
Lieft S‘de"ﬁ,‘anii) ‘T(l+m+ n))*l‘ i+ :Z-i— n)

L. . . =l"(l)l‘(m) l‘('ll«).
Similarly, right side- D(+m+n)

IHence the result.

Ex. 14. Evaluale
S‘t) gTHR=1 (g B HE=T g
and jind s valne when a=g =%,
Puat z={y, .". dz=tdy; whenz=0, y=0; r=¢ y=1.

1 s — s - .
I= Dtal-/?+27\ 1”a+k l(l_y)ﬂ-ﬂ. Ill‘_!/

= (a+B+2k=1 D(a+ R D(B+F),
a4+ B+ 2k)

When a=8=%,

I= tik .P(.k +...%).£(lc.+_.%)
r(2k+1)

=4 g?l;—:&?_,_"{ﬁ?&{%} [ By Ex 12 and Note (2) above ]

[ By Ex. 12 and the Note (2) of Art. 822 ]

= t’k . _(i)k.'ﬂ.-. .
2% |
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EXAMPLES VIII

1. Obtain a reduction formula for [z" **dz, (n# — 1)
and hence find [z*e™% dz.

qar
9. Show that [2°6*® do =%, (a°2* — 3a2z® + 6ax - 6).
a

3. Find the reduction formula for
(i) feot"z dx. (i1) feosec™zr dz.
4. If I,,= [sinh™0 d6, then show that
nI,=sinh™ 0 cosh 60— (n— 1)Jn-s.
5. Obtain the reduction formula for
(i) [tanh™s d6. (1) [sech™d d6.

6. Show that il J, = [e*® sin"bx dz, then

a sin lm—nb o8 VT 4y . w-1,. , nwn—1)b*
Lu= a* +n2)* ¢ sin""%h +a +n2b? Tu-s

7. It I.=[x" cos br dz and J,=[z" sin ba dz, then

show that
(i) bIn=2" sin br — ndn-1.

(ii) bJu=—2" cos bz +nly. ..

(i1i) b2 =2""(bx sin bz +n cos bx) — nin — 1) ;.

(iv) b2Jn=2""1(n sin bz — bz cos bz)— wln — 1)Ju-ga.
8. Find the values of the integrals :

@) J (2% - 62+ 7)° da. i) J(Qz”f?l_)_*'

9. Show that

z(a® +2*%)¥  na®
I'l—2 ’

n
= 2 2)3 =- - - -
j(“ e e ="kl
find also I,.
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10. If In=f(1 +2%)"* dz, (n > 1), deduce that

%ﬁgi}_z:’ 1) In-:. + dn (:z— 1) In—s

In"
- % az(l +x2)n-%:;‘§ 6“(1 +ms)n——1-

11. Show that if un=[2" /a% —2* dz, then

3
_2" Mat-2%)% a-1

= o - 2
Un n+2 +n+2a'u"—"
12. Find the reduction formula for
" dr
® JJQa,:r x® (i) jm Jw -1

18. If I.=[f2" Ja—x dr, prove that
(20 + 3)fn=2anIn_y — 2c™a — x)’s.

a
3 3 T
Hence, evaluate jo 2® Jar—z? de.

™ dr
14. 1If 'ltn—'j Jaz® +brto show that

(n -+ l)a'lln.l.]_ + '}(271 + l)bun + NCUn.-1 = 9}“ \/}I;{Da—’i' b‘ﬂ +c.

15. If In=[(sin  +cos x)" dz, then
nln= —(sin = + cos )* %.cos 2z + An— 1)1 _,.

16. Show that
dex 9% —3

0 In= J (1+m=)" =gn=an-v
( ) j ]-3.6.7_ k13 .
o (1+ac“)ls 2.4.6.8 2
™ L

]
cos™c dr and Jy =J° sin"z dz,

T
17. Show that if I. =J’°

() In=To. W) In=""1 Iny (n > 2).
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18. With a suitable substitution, using the previous
example, ﬁnd the values of

ﬂv
(1) ° Jl —z? d"t- (11) j (1 +wa)n
( n being a positive integer. )

1
19. Prove that un=jow” tan~ 'z dz, then

1
(n+ 1)16",4'(1’&— l)un_g = g - " .

+1
20. If n>2 and Iu=J ) (1 -22)" cos mz dz,

then mIn=2n(2n — 1) -y — 4nln — 1) In-..
wr

7
21, If U, =J° 6 sin™9 d6 and n > 1, prove that

-1 1
" Un-2 tor

n

Ung

22. (i) Obtain a reduction formula for j i+ a:’)gai/l +g?

s had dr _
and (ii) ﬁndj0 (L+ 22" J1+a° [ Put x=tan 0

23. If ¢(n)= J:a‘“’a:“' L log z dz, show that
é(n +2)— (2 + L)p(n + 1)+ n’¢(n) = 0.

s

z
24, If I,.=Jo tan™@ (0, prove that

”(In+1 + In—l) =1

25. Show bhatj 2% *(log z)" da:-( al) n!
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. 1
26. Show that if B, n=Io 2™ Y1 -2)" 'dz, then

(m D! (n— 1!
ﬁm;n=ﬁn,m ('m+/b—1)'

{ m and n being integers, each > 1 ).
27. If m, n are positive integers, then

b b —
Ity n =j (x- a)m(b - 9’)" dx = 7::5')71, 1)1 Iy, n1.

_m l n [ b a mAn+1
Hence, prove In, n= (m _l(_ n—-l-—;)“!__ﬂ

28. Find the values of

T
@) J sinz cos®z dz. (i) I sin®2 cos’r (.

(iii) -"qo L (iv) j __g_da:_ 7t

sin®z cos®r
29. If I, n=[cos™z sin™xr dz, show that
(m+n)m+n—2)In, n
={n-1) sin®z - (m—1) cos®s} cos™ 'z sin™ 'z
+(m~1)n-Dln_a, n-g.
30. Obtain a reduction formula for

I, o=Jfcos™z sin nz dx, and deduce the value of
in 5 .
Jo cos’x sin 3z dx.

81, If Im, n=[sin™z cos nx dz, show that

_ " COS X cOo8 nm +n sm zsinne . o1
Iny n= e

m(m 1)

2 Im-
n? —m3 im-2 n
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T

T
32. If In, "=Jo sin™r cos nx dr and

s

3
Ty =J sin”z sin nx dz, show that

(m + n)lm, o =sin 3nx— mdm_q, n-1 (m > 1)

38. If f(m, n)= f: cos™z cos nx dr, show that

flm, 'n,)- =" - (m-—l n—1)= ::"(lm'_])f(m 2, 1)

m _
'm'-nf(m 1, n+1),

and hence show that f(m, m)= 2,,’,'.,.,-

dx

34. Obtain a reduction formula for I (a+b sin 2)*

35. Find the values of

gl d: N i
O [ sy @ [ou o g le<)

86. Using the integral [z"(a + b2?)? dz, find the values of

Zz

[ Use § 820(5) ] [ Use § 820(4) )

(iii) L o Jl = [ Use §.820(6) ]

87. Find the reduction formula for [z™ \/9ax —2? dz.

o m+2 (g 41) |
Hence, show thatjo " [2az — ©° de=n2—vo > (15; :’_‘2) !)m r
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oa
88. If Im-jo z™e " cos ¢ do and

oo
Jm=L z™e™® sin z dz,

then prove that (m being an integer > 1)
(i) Im= %m(Im—l"' Jm-;). (ll) J'm= %m(l'm_1+ Jm..l).
(iii) Im - mIm_]_ + %m(m - l)Ipn_z = O.

&n
89. Show that .‘-o sin 2nx cot = dz = %n.

40. (i) If wn= [cos n6 cosec 0 d6, then show that
~2cos (n—1)8,

U — Un—sg e
@) It P =j sin (2n— l)mdw 0 =j§in2na:d
” sin z » wn sin?z “"

show that %(Pp.; — Pn)=sin 2nz
and @Qnt1— @n=Ppy1.
41. Prove that if

T 1 -—
Jn-‘-J L2008 N dz, where n is a positive integer

0 1—cosz
or zero, then Jn+g +Jn=2Jn+_|_.
T
% gin? no nm
Hence, prove that Jo inda de= 9

S
42. (i) Prove that j s_1¥1_7_50
0 sin 0

n is an even or odd positive integer.

d6=0, or, = according as

(ii) By means of a reduction formula or otherwise,
prove that

J"’ sin® 70

0 sin®f

d6 = nzn, n being a positive integer.
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43. Show that if » is a positive integer, then

=9n

j 2" cos (n— 1)z — cos ne i
0 l1-cosz

and deduce that j (sm $nz)® dr = 2na.

sin 3z

s

7
44, If Ip,n =L cos”x sin nx dz, show that

1 23 am
Iy m= 2m+1 I-o +7 3 S ,n_b]
45. Show that jo e " gin"x dx
nln—1)n—2)---3.2 1

T @ et (n— 2% (e +3%)a¥ +1
if » is odd ;

nn—1)n-2)--21 1
et +nHai + (n- 2 (@*+2%) a
if n is even.

T

7
46. 1If I,= jo (@ cos 0+ sin 6)" d0, then
wln=ab(a" *+ 5" %)+ (- 1)a® +1®) In-..
47. If I.= [(a cos®z + %k sin x cos o + b sin®*z)™™ de,

prove that
4(n+1Xab = h2) Tnye — A2+ 1)@ + b) Luy, +4nl,

h(cos @ —sin’x) +(b—a) sin z cos
" “(a cos®z + 2 sin z cos z + sin L e

[ Apply the alternative method of § 819}
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48. Show that

@) Ij: (1+2)?(1 - 2)? Az = 27+ 11%’,(5—_1’-_) (1;%-;)1-) .

[p>-1¢>-1]
[Put1+z=2y]
. [ Tim+1)(n+1)
- _ =(h — St % o Bl ALl LUV
(i) L (@b~ 2 da = (- ayrinss H E DI L
[m>-1,n>-1]
[ Put c—a=(b-a)y]

49. Show that

oo
L e~=? m‘!’dx=?51‘(a;1)- [a>-11
[ Put z%=y.]

50. Show that

e -zt g2 g jm ~x g n
joe &x” daxr X 00 (I"'B~/2

[ Putz'=2]
b1. Show that
Blm, n) Bn+n, {)=Bn, 1) Bn+1, m)
= B(l, m) B(l + m, n).
52. Show that
I(3) T(3)--- I(§) = fn’.

[ Combine 1st and last factors, 2nd and last but one, ele. and apply
Sformwla (vi), § 821.]

53. Show that

J'l-——}-lm- ~%= 73‘ [ Put x®=2]
°(1-2°)
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54. Show that the sum of the series

1 1L, mlm+1) 1
w1 T Parat 91 Tnes
mm+Dm+2) 1
+ 31 nt+d bo

_Ll+1)r01 —m)
Pn—m+9)

[ R.S.=DI(n+1, 1— m)=So (1 —a)"™ de ctc.]

* where n > ~1and m < 1.

55. Show that
i Sing'"“ 10 (':OSQ"' |0 0= 1(m) 1‘(11)
0 (@ sin®0 +b cos2)*" ¢ ‘@™ T +n)
[ 4pply Art. 821 (VIII)]

ANSWELS

I,=- ”; (z'a*+4za* +12r%a? + 24za+24].

cot"'x I (if) _cotx cosec” " *
-

. o _ n—2
3.0) L= n—1 ” n—1 no1Tn-
9

scch”~*@ tanh
n—1

— 3
8. (i) -39 [@ f‘;*"’ 20 @t =G+ 1) + 1900 2 gy

t'mh + I,.-
n—

5.() In= T, (i) L=

_201612
11975

20.16.12.8 , , 20.16.12.8.4
_ ~\2 Ve10.12.0 ¢ » - .
6z+7)*+ ;79755 (@ ~0a+T)="1) g5 g ]

o x ., b5 __5L.__
(i) S +1) TagEr 12 T ieE? +1)"'16 tan~z.

2z+1 2r+1 -1 2241
(iii) 6(x’+w+1)"+3(a: +a:+1)+3 s tant T g

(iv) EEAIEAT 5zt 2} sinh (1),
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9. Jx (a."+a:’)'¥+3a"z(a"+w’)%+3a' log (z+ Na®+z%).
12, (i) nl,= —z" * \2gz—2°+(2n —1) al,-,.

(i) I,= 'a/“"*l + —2 I.. . 18 e’

1) $u-1 256
o n—1n—3 2 . .
18, (’I) " h;-ﬁ ..... 3 if n is odd.
n—1ln-3 = 1 = if n is even
n n-—2 2 2 o
iy 2n—32n—5 1 r .
(ii) PO .....2-21 ifn>1

and 2 v if pe=1.

. 1 x o, 2n-2
22.() I Ton—1 (T2 Rz 2n—1 In-
(if) 2n—22n—4 2,
2n—12n—3 3

o T .y S . cos'z , 4 cos’r, 8 sinx
28. (i) 4096 (i) 45 (i) — 3sin‘zs  3sing’ .3

(iv) 2[ 3 t;nng' r+2 tm.n’-'I x4 cobg‘_ z ).

_ —CcosTgcosnr , m 1,
30. I, n= m+n mAn Im-n n-1 3
84 (n—1)(a?=b?) L= -2 2% 1 @1-3)a Tue,— (0 —2) Tumye

T (a¥b sin )"t

35. (i) ; (2+ cos®a) cosecia.

¢ Ccos T 2
~- 3 t:m"{

53 tan dx+e
(i) | 1. o an fote).
1—¢? 1+esinz (l_ee)f

N1l—e?

(1+a: [ ap.a ]
36. (i) 91118 9924 ~ 362+ 8

(i) 31+22°)F @2 -1). (iii) 2 V8.

z™ (2ax— a:’)’} +(2m+ 1l)a

m+2 m+2 In-1e

87. In= -



CHAPTER IX
AREAS OF PLANE CURVES

[ Quadrature™ )

9°1. Areas in Cartesian Co-ordinates.

Suppose we want to determine the area A, bounded by
the curve y =f(z), the z-axis, and two fixed ordinates z=a
and 2=>5. The function f(z), is supposed to be single-valued,
finite and continuous in the interval (a, b).

) L N N’ M X

Consider the variable arca QLNP=A say, bounded by
the curve y =f(z), the z-axis, the fixed ordinate Q7. where
OL = a, and a variable ordinate PN where ON=g. Clearly,

*The process of finding the area, bounded by any defined contour
line is called Quadrature, the term meaning ‘the investigation of the
size of a square which shall have the same area as that of the region
under consideration’.
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A has a definite value for each value of z and is thus
a function of 2. When z is increased by an amount 4z
(=NN'), A assumes an increment A4 =the area PNN'P'.
Now, if f(z,) and f(x,) be the greatest and the least ordi-
nates in the interval Az,

such that, st < o, < v+ 4z, 2 < 2, L x+ 4z,

clearly the area A4 lies betwecen the inseribed and circum-
seribed rectangles JIN' and I'N’,

i.e., flay) dx < 44 < flx,) Ax.

A4

Aax

Now, as Ar approaches zero, hy the continuity of the
funetion f(z) at «, f(r,) and f(r.) both approach f(r), and

also j{‘: tends to gé Hence, as the relation (i) is always

true, we get in the limit
a4 _
d:c —f(ﬂ‘).

by definition, 4= [ f(z) de+ C=F(z)+C where C
is an arbitrary constant, and F(x) an indefinite integral of
f(z). Now, when z=a, PN coincides with QL, and the
area becomes zero. Also, when z =25, the area 4 becomes
the required area 4.

0=IF(a)+ C and 4, =F(®)+C.

b
Ay=F()- F(a)=S. 1(x) dx.



AREAS OF PLANE CURVES 207
The definite integral
b b
J S(zx) de, iee., j y dz
Q a
therefore represents the avea bounded by the curve y=f(z),
the z-axis, and the two fired ordinales x=a and ©="h.

Note. An alternative method of proof of the above result, depend-
ing on the definition of a definite integral as a summation, has been
given in Art. 6°3.

Cor. 1. In the samo way, it can be shown that the area bounded
by any curve, bwo giren abscisse (Yy=c, y=d), and the y-azris is

Sd x dy.
o

Cor. 2. If the axes Le obligue,  being the angle between them,
the corresponding formuln for the areas wonuld be

d
sin w Sb y dx and sin v S x dy respectively.
a e

Illustrative Examples.
Ex. 1. Find the arca of the quadrant of the cllipse :,+I%=1
betiween the major and minor axes.

Y
B

0

o
[ 4 SE—




208 INTEGRAL CALCULUS
Clearly the area being bounded by the curve, the z-axis and the

ordinates =0 and z=a, the required area = S; y dz

- ap e [..z" ys= ]
SO a. Nadt—z? ds, | . gty %1 for the curve

™
S:a cos & . a cos 6 d0 ( putting x=aq sin )

Qi

_an(§ =al:{ s_i_g_@}ﬁ
280 (1+cos 26) d6 9 197+ 3 fo

Cor. 1. The area of the whole ellipse is clearly four timos the
above, i.e., =mab.

Cor. 2. Putting L=a and proceeding cxacily as beforc, the area
of a quadrant of the cirele, 2?+92=42, is }7a?, and the area of the
whole circle=raZ®

Ex. 2. Determine the area bounded by the parahola y*=4ax and
any double ordinate of if, say r=1x,.

Y
P
f
o TN X
i
i
a—

The ares OPN is bounded by the ourve y?=4az, the z-axis, and
the two ordinates =0 and z=z,.
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area 0PN=§:‘ v dz=S:‘ Viaz dz

[ The positive value of y is taken since we are considering the
positive side of the y-axis ]

- i [w];

= ~/4-a—-§m;*=§wxy.
( vghero y,=PN= \J4az, ).
The parabola being symmetrical about the z-axis, the required
area POQ,
=2.%z,y,=32.y,
=% the arca of the rectanglo contained by PQ and ON,
#.e., =% the aren of tho circumscribed rectangle.

Cor. The area bounded by the parabola and its latus rectum= §a’.

Ex. 3. Find the whole arca of the cycloid z=a(0+sin 6),
y=a (1—cos 0), bounded by its base.

Y

B8 < A

N P

[¢]

The area of half the oycloid, viz., area 4QC, is evidently bounded
by the curve, the y-axis and the absciss® y=0 and y=2a. Hence,
this area is given by

2
S‘a’mdy

[ y=a(l —cos 8)

w .
=§0 a (0+sin 6).a sin 0 d0 =a(0-+sin 0)

14
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=a’[- 6 cos 0+8in 8+3(0 —3 sin 20)]:=-!ra.".

Hence, the whole area of the cycloid is 3ra?.

Note. It should be noted here that if 4AM be drawn perpendicular
from 4 on OX, the expression S:M 9/ dx represents the arca 0 4M, and
not the area OAC.

Ex. 4. Tind the arvea of the loop of the curve

zy?+(z+a)? (x+2a)=0.

Y

Here let us first of all trace the curve. The equation can be put

2 [y
in the form y?= _(m+a)?c(_:c-l1£q). We notico that y=0 at the points

B and A whero 2=—a and = —~2a, and y—> 4 when z->0. For
positive values of x, as also for negative values of 2 less than ~-2a,
y? is negative and so y is imaginary. There is thus no part of the
curve beyond O to the right, or beyond 4 (z= —2a) to the left. From
A to B, for each value of @, y has two equal and opposite finite values
and & loop is thus formed within this range, symmetrical about the
z-axis. From B to O, eac'. value of z gives two equal and opposite
values of y whioch gradually increase in magnitude to oo as z appro-
aches 0. The curve therefore is as shown in the figure.
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The required area of the loop now
=2.area APB

0 (", goeg (" [/ GFalwtia)
=2, = _\zra)\z+sa)
S—2a yde=2 S-m/ e e
and substituting z for £+ 2a, this reduces to
% gy -2
280(“ 1) '\/2a—zdz

3 sin 34 . 0 o
250 a cos ocos %0 2a sin , cos ,, d@

[ puiting 2=2a sin® g]

T
aQa“S:cos 0 (1—cos 0) do=2a" (1— 1)

=3a? (4—7).

9°2. Area between two given curves and two given
ordinates.

[e]

Let the area required be bounded by two given curves
y=f1(z) and y=fa(x) and two given ordinates z=a and
z=>5, indicated by @1@2P2P,Q, in the above figure, where
OM=a and ON=b.
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Clearly,
area ©:Q:P.P1Q, =area P; MNP, —area Q. MNQ,

- [ 1@ de- ' o) ao
=S: {falx) = f3(@)} dz

b
=J (y1—y2) dz
@

where 9, and 7. denote the ordinates of the two curves
P, P, and @1Q. corresponding to the same ahscissa z.

Illustrative Examples.

Ex. 1. Find the area above the x-axis, included between the para-
bola y*=ax and the circle z*+9* =2az.

‘ The abscissee of the common points of the curves y?=az and
2?+9y?=2ax are given by «*+axr=2az, i.e., =0 and z=aq.
We are thus to find out the area between the curves and the ordi-
nates =0 and z=qa above the z-axis (i.e., for positive values only of
the ordinates).
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The required area is therefore
S: (¥, —y,) dz [ where 9,?=2az—x* and y,%=ax ]
={* (vaaz—o* - Vaa) az.
Now, putting =2a sin?%@,

o
S: J2az=z* du= S:fza sin 8 cos 8.4 sin 6 cos 6 d8
T sin 4077
=q? —e =a?l 09— GIE_ ™ a
aso (1—cos 46) do a.[0 4 ]0 PRaS
a 2 a2
Also, SO Vaz dz= \/a["-.iﬁ]o'_' zo*
Hence, the required area is
T a2 4_ 2(»‘_2).
4% T3 T3 \47 3

Ex. 2. Find by integration, the area of the ellipse
az® +2hay +by* = 1. ' [ C.P.1926]

Y

O

Y i
The equation can be put in the form
by® + Qhay + (az® — 1) =0.
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If y,, ¥y, bo the values of y corresponding to any values of z,
we have

hi—th=7 2 et “blaz? 1)-—~ b—(ab—h%)z?

ab—h? being positive here, since the conic is an ellipse.
The extreme values of z, where the ordinates touch the cllipse, are
given by

), —42=0, i.e, z=* &ifgh"'
The required area can be treated as boundod by two curves, MP,L,

LP,M respectively, both satisfying the given equation, but one having
a singlo value y, for g corresponding to any value of x, and the other
also having a single value ¥, for the same value of z.

Hence, the area required

R b
+Jdb’-h= 9 +,\/Eb_-h= )
==J' (,—~9.) de= bS NJo—(ab—12)z? dx

b b
- ab—h? - ab—h3
and putting \/ab—1* £= /b sin 6, this becomes

g

4 k) -
Jab 1 S cos?6 40 Jab e

Note. The arca of tho above ellipse can also be obtainod as
follows :

Assuming the cquation of the ellipse referrod to its major and

2 2
minor axes as axes of co ordinates to be :,+”, =1, by the theory of

invariants as given in Conic Sections, we know that 51; Bl, =ab—-12

Now (from Ex. 1, Cor.. Art. 9'1) the area of the ellipse is

=
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— 3
Ex. 3. Find the area between the curve y"=(‘; _;:) and the

asymptote.

xl

YI

To trace the curve, wo notice that y is imaginary for values of
x greater than a or less than —a. At x=a, y=0, and for a to —a,
for each value of wx, y has two equal and opposite values, tending
to +eco as x approaches —a. At z=a, the z-axis touches both the
branches. The figure is therefore as shown above, symmetrical about

the z-axis.!
The’ required area between the curve and its asymptote is therefore

28 y dz= QS '\/(‘;:2.

and substituting z for a+ 2 this reduces to

20 _ % —32
250 (2a s)J---;—- dsz

=2§h 26 cos?d <= 0 4a sin 6 cos 8 dé

[ where 2=2a sin?6 ]

~162° S" cos*0 do=16a" -1-'§ T s
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9'3. Areas in Polar co-ordinates.

(o)

o]
X

Let r=£(6) be a curve APB, where f(0) is supposed to be
a finite, continuous and single-valued fumction in the interval
a < 0<B. The area bounded by the curve, and the radis
vectors 6 =a and 6 =g is given by the definite integral

-;—Si r2 de, ie., %Si {£1(6)}2 do.

Let 4 denote the area P04, bounded by the curve, the
given radius vector O, i.e., 6 =a, and the variable radius
vector OP at vectorial angle 8, a < 6 < 8. Then for each
value of 6, 4 has a definite value and so 4 is a function of 6.
If @ be the neighbouring point r+ 4r, 6 + 40 on the curve,
we have

A4 = the infinitesimal change in 4 due to a change 46 in 0

=the elementary area POQ

and this clearly lies between the circular sectorial areas
OPN and OQM, where PN and QM are arcs of circles
with centre O.
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Thus, #2460 < 44 <} (r+47)? 46,
%.e., Ao < 2—": < 3 {f(o+ 40},

Now, proceeding to the limit, and remembering that
£(6) being continuous, £(6 + 46) = £(8) as 40 — 0, we get

%= 2AON, de. bt

Thus, A=1% [r® do+ C=F(6) + C say.

Now, taking P coincident with 4 and B respectively and
denoting the required area AOB by 4,, we get

0=F(a)+C and 4,=F(g)+C,

B
whence 4, =F(p)— Fla)=1}% J r2 de.

Note 1. The curve APB is here assumed as coneave towards O. |
A similar proof with corresponding modifications holds even if the
curve be convex, or partly concave and partly convex or wavy, in fact
of any form.

Note 2. As in the case of area in Cartesian co-ordinates, the above
result can also be deduced directly from the definition of a definite
integral as a summation. [ Sec Appendiz ]

Cor. The area bounded by the two curves v, =f, (6) and ro=f, (0)
and wo given radii vectors §=a and 0=4 is

8
; S . (ro2—7».2) do.
Illustrative Examples.

Ex. 1. PFind:the area bounded by the cardioide r=a (1~ cos 6).

The curve is symmetrical about tho.i;niﬁgai_i{nc. since replacing
9 by —0, r does not alter. Beginning from 6=0 and gradually
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increasing 6 to m, the corresponding values of r are noticed, and the
curve is easily traced as below.

P

Now, the required area is evidently, from the above article,
2.3 5:; r? df=a’ S: (1—cos 6)* dd=q2.37=3mra®.

Note. It should bo noted that the area bounded by the cardioide
whose cquation is r=a (1+cos ) is also §wa®.

Ex. 2. Find the area of a loop of the curve r=a cos 20.

B
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In tracing the curve, we notice that as 0 increases from O to ,
» diminishes from a to 0, the portion AP,0 being thus traced. As
0 increases from 3w to 3, r is negative'throughout, and the correspond-
ing portion of the curve which is traced is OP,B'P,0. Then as @
increases from §7 to §r, » remains positive and the portion OP ,A'P,0
-of the curve is traced. As 6 increases from 4 to 7w, r is again necgative
and we get the portion OP;BP,0 of the curve. Finally, when 6
incroases from v to 2w, r is positive, and the portion OP, AP,0 of
the curve is described. The curve thus consists of four equal loops as
shown in the figure.

It i8 now clear from the figure that area of one loop

=92.area AP,0

— 1-_ im 3 i"r L} - 2
=9 250 r d0=aﬂso cos? 20 d0=3ra”.

Cor. 1lence, the entire area of the curve 4.c., the sum of the aroas
of the 4 loops=gwra’.

Note. All curves of the type r=a sin nd, or r=a cos né may he
similarly traced, by dividing cach quadrant into » equal parts, and
increasing 0 successively through cach division. If » be found positive,
the traced portion of the curve will be in the same division; if # be
negalive, the traced part will be in the diametrically opposite division.
Any way, when the curve is completely traced, it will be found to
consist of n equal loops if n be odd, and 2n cqual loops if n be even.

Ex. 3. (i) Find the area of the loop of the foliuui of Descartes
x°+y* = Baxy.
(is) Find also the area included between the foliwm and iis
asymplote and show that it is equal to the area of the loop.
(i) Transforming to corresponding polar co-ordinates by putting
x=r cos 8, y=r sin @, the polar equation to the curve becomes

53,005 0 sin _—
cos*0+sin’0

As @ increases from 0 to #m » at firs{ increases from 0 to -%72:
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reaching the maximum at 6 =3, and then diminishes to 0 again, thus
forming a loop in the first quadrant.

E

X/ N\ O
B
F

The required area of the loop is

_1(%r . 94 (¥  sin?0 cos?d
250 rhag=", 50 (sin®*@+cos*0)® ae

a2 ¢* gt )
=g 0 (i-i-?"’)a [ putting t=tan 6 ]

2 0.2
9.,; /] S! t._.ﬁdit.:‘=3a‘ It [... 1.—3+1]
% e>oc )0 (1+¢7) 2 e»c0 1+e

=3a”.
(ii) The equation of the asymptote of the folium is
z+y+a=0. e (9)
Its polar equation is

- —a .
" =gin 0%cos 0 @)

Now, r=> 2, if (sin 0+cos ) = 0 i.e., if tan 6 >~1
i.e., if 0> g,

.. the direction of the asymptoto is 8 = 3.
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The asymptote intersects the two axes at 4 and B, where
OAd=a and OB=a, i.e., 0A=0B.
Honce, the area of AOAB=3a®. e (4)
Area between the folium and its asymptote = triangular arca

OAB+ the limiting value of twice the arca between the curve and
the asymptote in the second quadrant (from symmotry)

=4a?+limiting value of twice the curvilinear arca OKPQ A0
=3a?+2¢ (say). - (B)

Draw a radius vector OP@Q making an angle @ with the x-axis,
such that 7 < 0 <x. Suppose it cuts the curve and the asymptote at
P and @ respectively.

Lot us denote the curvilincar area OKPQAO by S,

tho triangular arna 0Q40 by S,,

and the curvilinear arca QK0 by S,.

S=8,-8..
e=Lt S=Lt (8,—-8.).
8->3%m 0>

Now, applying the formula for area in polar co-ordinates i.c., $fr* d@
wnd using equations (1) and (3), we got

S= 1[ T atdl _§” 9a* sin*4 cos®d da]
~ 2l )o (sin 6+cos 8)? )o (sin®0+cos’0)*

=3}a® (I, —I,) say.

X S d _( scc*0db
OWr Y (sin 04cos 0)? ) (1+tan 6)*

[ on multiplying numerator and denominator by scc?4 ]

: f.f [ putting ¢ =14tan 4 ]
i__ 1
¢ 1+tan @

1 L 1
1= '[fm; 6]0 “i{¥tan o L
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sin®@ cos?d d6 Stan’o sec?d a0
(8in®0+cos6)?  }(1+tan®6)?

(on multiplying numerator and denominator by sec®6)

Again,

=S§€.’ putting 1+tan®*6=¢
11 1 1

I=u.-.1.[ ]“= 3._._..3.
27 % 3 Ll+tan®6]e 1+tan®e

1 1 3
S"z [z+l+t.a.n0 l+ta.n“0]

1 tan*0 —tan 6 —2
“[“ 1+tan®0 ]

a? [2+ (tan 04 1)(1rm 06— g) ]

_1 ., - tan -2 ]
=g [2+1-—ta.n 8+tan’s

Now, o=Lt S=2a*
0—)3:

required arca=3a?+20=3a*

=area of the loop.

a sin? 0

Ex. 4. Find the area between the cissoid r="_ "~ and its

asymptote.

The curve may be traced either from its polar oquation, or by
converting it to Cartesian form, and the figure will be as shown
below. The asymptote is easily found to be the line x=a, or in polar
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co-ordinates » cos 6 =a. Now, let OPQ be any radius vector at an angle
0 to the z-axis, intersecting the curve and its asymptote at P and Q
respectively.

Aren 04Qro= S z(r." —7,%) 4o [ where ::::gg]
=3 Jo (oooa"Soa)
_“2_’8 ¢ (1-+sin%e) o
_ 2’{’0_5?14-20

Now, tho required area betwecen the curve and the asymptote is
clearly (there being symmetry about the z-axis, and since the direction
of the asymptote is given by 6 =3r),

0->i1r [2 ( - 20)]=a’ (3.3m)= %ru“.
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Ex. 5. Find the area common to the Cardioide r=a (1+cos 8) and
the circle r=3%a, and also the arca of the remainder of the Cardioide.

At the common point I of the two curves, we have
$=1+cosf. .". cos @=3%, or, §=4%m.

The reqd. area is casily seen to be
2 {area OCP+ area PQO}
=gl 1{¥ s 14 1 S" 2 o5 0)3 }

2{2 S o (Ba)*do+ 5 |7 a2 (1+cos 0)° a0

=22 4r+a? {3(r— }r)+2 (sin 7 —siu i)+ (sin 27— sin Sn)}

=(Z1r—gé‘/3) a’,

Again, the area of the remaindor of the Cardioide, %.e., APCR

=2.area APC=2-1 S*o” (a7 =ry%) 46

=S?’r {a? (1+cos 6)*—2a*} d0
=g Siow (2 cos 0+§ cos 20-1) do @

3.1 438 8 1
=g l~ - -
"'{22"'42 43"}

w238 d}

Note. The whole arca of the Cardioide is evidently the sum of
these two, i.e., =4ra®. [ See Ex. I above. ]
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9°4. The Sign of an area.
b
In the expressionj y dax for an area, we tacitly assume
a
that the ordinate y is positive throughout the range (a, b),
and that x increases from a to b, i.e., b > a. In this case
the area calculated by the above formula will bhe positive.
If however 7 be negative, or if b < a while ¥ is positive,
.e., in moving along the curve from z=a to x=5b, we are
moving parallel to the negative direction of the 2-axis, the
calculated area will he negative.

Y
P
+
C B
Q
F1G. (i)

If therefore we proceed to calculate the total area
where, in the range (a, b), v is positive for some portion and
negative for the rest, as in the above figure (i), by using the

b
formulaj ¢y dz, the calculated result will give us the
a

difference of the magnitudes of the two areas ACP and
CQB, which may be positive or negative or even zero if the
magnitudes of the two areas are equal.

Hence, if our object be to get the sum-total of the
magnitudes of the two areas, we should calculate the part

15
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b
separately by formule of the type chdw,J y dz, the
a (]

results being found to be associated with their proper signs.
We shall now discard the signs and consider the sum of the
magnitudes.

-

Fia. (ii)

In each individual case therefore we should first of all
have a clear idea of the figure and the area to be calculated,
and then we should proceed. For instance, notice that in
fig. (ii) area PACR is +, area CRSD -, and area SDBQ +,
and that for the range DC of the z-axis, y is three-valued
and in calculating the area PACR we are to use one value

of y for the portion in the formula j:y dz, for calculating
the area CRSD we are to use a second value of ¥ in the
formula j’:z y dz, the upper limit d being less than ¢ for this
part, and lastly for the area SDB@ we are tio use the third
value of y for this part 1n the formula J: ydx. If we take

the algebraic sum of the three areas, with their proper
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signs, we get the area bounded by the curve, the z-axis and
the ordinates AP and BQ.
8
Similarly, in the formula.—;j 7% 60 in polar co-ordinates
a
if B < a, i.e., if 8 diminishes in moving along the curve from
0=a to 6=p, the calculated area will be negative. Then

area OPR is +, area ORS is —, area 0SQ +, the area
bounded by PRS{ and the radii vectors OP, OQ, being
their algebraic sum. Also for the range SOR, for each
value of 8, r has three values, and we must use the right
value in each case for that part when moving along PR or
along RS or along S@ in the expression r2d6.

9'5. Area of closed curves.

FI1G. (i) F1a. (ii) Fi1a, (iii)
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In & closed curve given by Cartesian equation, clearly for
each value of z there will be two values of ¥, say ¥, and ¥,
(See IMig. 1). The extreme values of ¥, say a and b, are

b .
obtained by putting ¥, =¢5. Now, j (y1 - vy4) dz will give
a

the positive value of the required area provided & > a and
Y1 > Yy. This amounts as it were, to the defermination
of the area between two curves having the same equation
as the given one, but y being single-valued in each, the
proper value being chosen for each part. The method has
been illustrated in 1ix. 2, Art, 9°2.

In polar curves, if the origin be within the curve,

o
( See Fig. 2), ; Jo r® d0 gives the desired area.

If the origin be outside, corresponding to each value of 6
there are two values of », say 7, and 74 (See Fig. 3). The
extreme values of 8, namely « and B, are obtained by putting
ri=ry. Now,if r; > 7, and f > @, the positive value of

. . . 1 8 2 2
the area will be given by the expression 9. (ry2—7ry2) de.

8
In fact the area OAPB is given by ; L 712 d6 and

a
is positive, while ;IB rs2 d0 gives the area OBQA, with
negative sign, the algebraic sum of the two giving the
desired area.

In the case of closed curves there is another method of
calculating the area. Let &, y be the cartesian co-ordinates
of a point on the curve whose polar co-ordinates are , 6.

Then £=7r cos 8, y=7sin 6.
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If now ¢ be a single variable parameter in terms of
which 2, ¥ and therefore r, 6 of any point on the curve can
be expressed, we have,

dm_dr cos 6 — 0 de
dt =y oS0 rsing 4
d1/ dr dae
dt dt sin 647 cosﬂdt
d’l/ ,”d 2 (70.
T dt- dt

Hence, the area which is expressed by the integral % [r® do,
can as well be expressed by the line inteyral

1 S dy __dx

TR T

along the curve, the limits of ¢ {for the closed curve being

such that the point (z, ¥) returns to its initial position.

The rule of signs for the area is that the above expression

is positive when the area lies to the left of a point describ-
ing the curve in the direction in which ¢ increases.

%) at

9°6. Approximate evaluation of a definite integral:
Simpson’s rule.

In many cases, a definite integral cannot be obtained
either because the quantity to be integrated ecannot be ex-
pressed as a mathematical function, or because the indefinite
integral of the function itself cannot be determined directly.
In such cases formul® of approximation are used. One
such important formula is Simpson’s rule. By this rule
the definite integral of any functiom (or the ares bounded by
a curve, the z-axis and two extreme ordinates) is expreésed
in terms of the individual values of any number of ordinates
within the interval, by assuming that the function within
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each of the small ranges into which the whole interval
may be divided can be represented to a sufficient degree of
approximation by a parabolic function.

Simpson's Rule: An approximate value of the definite
integral )

b
S y dx where y=f(z)
a
=3h[(ys+yme1)+2(ys+ys+ - +y2m-1)
+4(yo+ya+ - +yam)l

where h=b—2:-z—q’ and %1, Y2, Ys,..- are the values of ¥ when

z=a,a+h, a+2h,......
In words, the above rule can be written as

4h [sum of the extreme ordinates + 2.sum of the
remaining odd ordinates +4.sum of the even ordinates].

Let PQ be the curve y=f(xz) and PL, QM he the
ordinates z£=a, z=>b. Divide the interval LM into
9n equal intervals each of length & by the points Ny, Nj...

Y

so that h==b;n@ and It P3N,, P3Ng... be the ordinates
ab Ng, Ns,... . Then PL=1/1p P2N2=1/lp P3N8=y8"'
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Through PP,Pg draw a parabola having its axis parallel
to y-axis, and let its equation referred to parallel axes
through N, (a+ 1, 0) be
y=a+bz+cx’. - (1)
Then the area bounded by the parabolic are PPyPs,,
the ordinates of P, Py and the z-axis (such to be called
hereafter shortly as area under the parabola)

=It,, (a+bo+ce®) de=2h (@+ich?). - (9)

P(=1, y1), Pg (0, ya), Pg (k, ys) are points on the
parabola (1),

yi=a-bh+ch® ya=a, ys=a+bh+ch®
from which we get a=vg, c="" ’323-*—'-””-

from (2), area under the parabola =3% (y, + 4y +vs).
Now, area of the 1lst strip (ordinates ¥4, ¥a, ¥s) under
the curve w=f(z) is approximately = area under the
parabola
=3h (’.llx. +4y, +’!Is)-
Similarly, area of the 2nd strip (ordinates ¥s, ¥4, Ys)
under the curve is approximately =3k (ys + 4y, +ys);
area of the 3rd strip (ordinates ¥s, ¥s, ¥7) under the
curve is approximately =4k (y5 + 4ye +¥7) ;
and area of the nth strip under the curve is approximately
=3h Won-1 +4Yan +Vani ).

v
summing all these, area under the curve i.e., j y dx
a

is approximately ‘
=3h [(111 + 1/2»+1) + 2(?/3 +ygtoe +1lzn—1)
+4(yq Fy, e +3/sn)]-
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Note. Ii should b> noted that the closer the ordinatcs, the more
approximate is the value.

Simpson’s rule is sometimes called ‘Parabolic rule'.

Ex. Given ¢®=1, ¢'=2'72, ¢?=7°39, ¢*=20'09, e*=>54'60; verify
Simpson’s rule by finding an approximale value of S: é* dz, taking
4 equal intervals, and compare it with its exact value.

Here, a=0, b=4, n=2, h=1, y=f(z)=¢".

by Simpson’s rule we get the approximate value

3h [((y,+9:)+ 2y, + 4y, +9.)]
=3%h [(e®+e*)+ 2 + 4(c! + )]

=3n [1454'60+2 X 7°39 + 4(272+20°09) ]
=53'87.

4
Ezact value= [e" ]0 =¢4%—-1=54'60—1=5360.

error = 53'87 —53°60 =27 approx.

EXAMPLES IX

1. Find the area of a hyperhola xy=c® hounded by
the z-axis, and the ordinates £ =a, £=0.

2. Find the area of the segment of the parahola
y=(z— 1) (4 — ) cut off by the z-axis.

8. Find the area bounded by the z-axis and one arc
of the sine curve y =sin z.

4. In the logarithmic curve ¥ =ae®, show that the area
hetween the z-axis and any two ordinates is proportional
to the difference between the ordinates.

b. Find by integration the area of the triangle bounded
by the line ¥ = 3z, the z-axis and the ordinates £=2. Verify
your result by finding th. area as half the product of the
base and the altitude.
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6. Show that the area bounded by the parabola
N~z + Jy= Aa, and the co-ordinate axes, is 4a>.

7. Show that the area bounded by the semi-cubical
parabola ¥% =az®, and a double ordinate, is & of the area of
the rectangle formed by this ordinate and the abscissa.

8. Show that the area of
3.

(i) the astroid a:§+1/ =a° is §na’®

. x y # .
(ii) the hypo-eyeloid ( ~) +( ) =11is #aad ;
2\
(iii) the evolute (aw)§+(b1/)g—(a, —b”)‘g is &a O : )%,
9. Find the area enclosed by the curves : (@ > 0)
() 2(1+¢%)=1-¢%; y(1+¢t*)=2t.
(i) =8 cos t; =2 sin ¢.
(iii) =a cos t (1—cos t); y=a sin ¢ (1— cos ¢t).
(iv) z=a (2 cos ¢+ cos 2t); y=a (sin ¢ +sin 2t).
10. Find the area of the segment cut off from ¥®=4xr
by the line % = 2z.
11. Find the area bounded by the curve ¥* =2z° and the
line ¥y =z.
12. Find the area of the portion of the circle 2% +y* =1,
which lies inside the parabola y*=1-z.
13. (i) Show that the area bounded by the parabolas
y® =4az and z° =4ay, is Y%a’. [C.P. 1928 ]

(ii) Find the area bounded by the curves
y:—4z-4=0,and y>+4x—4=0.
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14. Prove that the curves y® =4z and z? = 4y divide the
square bounded by z=0, =4, y=0, y=4 into three equal
areas.

15. The curves % =4z® and y® =2z meet at the origin O
and at the point P, forming a loop. Show that the straight
line OP divides the loop into two parts of equal area.

16. (i) Find the ares included between the ellipses
2%+ 2% =qa% and 22® +y%=a’.

(ii) Show that the area common to the two ellipses

2 2 2 2
Zg"l';_:"g:l, and :2+2’,_2'=1,((!'>b)
b

. -1 .
is  2ab tan az . 1)2

17. TFind the area of the following curves: (a > 0)
(i) a®y®=az® —z*. [P. P.1935]
(i) (v—2)*=a®-2®.

[ See Ex. 2, Art. 92 ]
(iii) (2% +v3)%* =a® (x® - 9?).
(iv) (z® +9%)* =a’2® + %"
[ Transform (iii) and (iv) to Polar ]
(v) 2=a cos 6 +bsin 0, y=a' cos 6+b' sin 6.
(vi) z=a sin 2¢, y=a sin t.
18. Find the area of the loop of each of the following
curves: (a>0)
() y®=2(z-1)°.
(i) ay® =2 - 2).
(iii) ¥%=2%(x +a). [C. P.1935]
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. 1-t - t*
(V) g=] o v=t-7 0 (1< < 1)
W) z=a(1-¢), y=at(1-t3), (-1<t < 1)
19. Find the area of the loop or one of the two loops
{where such exist) of the following curves: (a>0)
(@) 2(z® +v*) =alz® - 4®).
(1) y*(a® +2%)=2%@" - 2%).
(iii) ¥%(c —2)=2%*(a +x).
(iv) ¥* =2*(4-2%).
(v) 2® =y*(2-y).
20. Find the whole area included between each of the
following curves and its asymptote : (a > 0)
(@) z*y® =a®(y® - 2?).
(ii) y2(a—x)=2>.
Gii) ¥%(@—z)=2%(a +2).
(iv) 2%y% + a®0® =a2y>.
(v) zy® =4a*(%a - 2).

21. TFind the area of the following curves : (a > 0)
(i) r=a sin 6.
(i) 7®=a® sin 26 ; 7 =a® cos 29.
(iii) 7%(a® sin®6+b% cos®6)=a’d?.
(iv) »=a sin 36.
(v) r=a (sin 26 + cos 26).
(vi) 2 =a? cos®6 + b? sin’6.

(vii) r=8+2 cos 6.
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22. Show that
(i) the area included between the hyperbolic spiral
r0=a and any two radii vectores, is proportional to the
difference between the lengths of those radii vectores.
(ii) the area included between the logarithmic spiral
r=e" and any two radii vectores, is proportional to the
difference between the squares of those radii vectores.

28. Tind the area of a loop of the curves: (a > 0)

G) z* +y* =2a’zy. [C.P.1932]
[ Transform to Polar }

(ii) r*=a* cos 26. [C. P. 1932387

(iii) #* =a* cos 46. [ C. P. 1924}

24. Find the area of the ellipse
9z* +4y% - 182z — 16y —11=0.

25. If for the curve a(z® +9%)=alx® - 9%), (a > 0) 4 he
the area between the curve and its asymptote and I be the
area of its loop, show that 4 + L =442,

268. Show that for the curve

v a+z)=2%3a—-2),(a>0)
the area of its loop and the area between the curve and its
asymptote are both equal to (3 \/3)a’.

27. Show that the area included between one of the
branches of the curve z?y%=a%*@z%+9%)(a>0) and its
asymptote is equal to the total area of the curve (z®+y?%)*
=a®*(z®-y%), (a>0).

*28. If p=f(r) be the equation of a curve, show that its

S 1
ares 2J’J:£—1'5" ar

taken between the proper limits.
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29. If p=£(y) be the equation of a curve, show that its
_1 dzz))
area= J- P (p+ dy® dy
taken bhetween the proper limits.

30. (i) Show that the sectorial arca of the equi-angular
spiral p =7 sin a included hetween the two radii vectores

r, and g, is 3(rp? — %) tan @
(i) Show that the area of the lemniscate a®p=+r®
is a®,
[ For half a loop r varies from 0 to a ']

31. Find an approximate value of
j’of a1- 2:1:2):1’ dx, taking 2 equal intervals.
Given f(0'1)=0"99334, f(0°2) =0"9725 where
sy =(-ar.

32. TFind the approximate value of

9
L tix. taking 10 equal intervals, and calculate

{1he error.
Given f(L'1)="90909 F(1'6)="62500
A(1°2)="83333 F(1'7)="58824
F(1°3) ="76923 f(1'8)="55556
f(1'4) ="71429 F(1°9) ="52632

f(1'5) ="66667

where f(z)= 1 :
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33. Evaluate
4T
.[0 (2 +5sin z) dz, using 4 equal intervals,
given when 2=0° 0’, 22° 30', 45° 0', 67° 30', 90° ',
J@ +sin ) =1'414, 1544, 1'645, 1'710, 1'732.
34. Obtain an approximate value of

1
j 11{04 taking 4 equal intervals, and hence

obtain an approximate value of & correct to four places of
decimals.

35. A river is 80 {t. wide. The depth d in feet at a
distance z ft. from one bank is given by the following table.
z=0 10 20 30 40 50 60 70 80
d=0 4 7 9 12 15 14 8 3
T'ind approximately the area of the cross-section.

36. Use Simpson’s rule, taking five ordinates, to find
approximately to two places of decimals the value of

Jj Jz—1/2) de.

ANSWERS

1 c*log- 2. 4. 3. 2. 0. (i) = (i) or.

(i) #ra®.  (iv) 6ra®. 10, & 11, 8. 12, dr+i.
18. (ii) A% 16, (i) 2 W2a? sin-? 53- 17. () $a>. (i) ma”
(iii) a®. (iv) 3m(a®+b2). (v) m(ad’—a'd). (vi) 8a°.

18, () &% (i) %a®. (i) fsal. (iv) 2—-gm. ) xa’.
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19. () 22°(1—1x). (1) a®@w—1). > (iii) 2a2(1~17). (iv) 4% (V) 2¢%.
20. (i) 4a”. (ii) 2ma®. (iii) 2a%(1+3n). (iv) 2madb. (v) 4wa?.

21, (i) ima?. (i) a®; a®. (iii) wabd. (iv) 3wa?.
(v) ma®. (vi) ir(a"+ b2).  (vii) 11w

23. (i) }wa?. (i) 32> (i) 2a°>. 24. Gr.  31. 01982,

32. *69315 ; crror="00001. 33. 2'546. 34. 3°1416.

35. 710 sq. ft. 36. 084,



CHAPTER X
LENGTHS OF PLANE CURVES-

[ Rectification 1*

10'1. Lengths determined from Cartesian Equations.

We know from Differential Caloulus that if s be the
length of the arc of a curve measured from a fixed point A
on it to any point P, whose Cartesian co-ordinates are (a, b)
and (r, y) respectively, then

s 2
E.-c—sec'r- /1+tanw=‘ 1+ )'

v denoting the angle made by the tangent at P to the z-axis.

Thus, we can write
N2
s=j\/1 + (d?’-) dz +C,
dex

where :g is expressed in terms ol # from the equation to

the curve, and C is. the integration constant. If the indefi-
o\ 2
nite integral J,\/ 1’+(3;’ dx be denoted by F(z), then

since s=0 when /I’ coincides with A4, 7., when x=a,

we geb
0=F(a) + ¢, whence C = — F(a).

Thus,

8= )~ 1(a)={ " o/1+(3)" ax.

*The process of finding the length of an arc of a curve, i.e., ‘of
finding a straight line whose length is the same as that of a specified
sro’, is called Rectification. For the definition of the length of an arc
of & curve, sec Authors’ Differential Oaloulus, Appendix.

I3
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Hence, between two points having o, and z, as absciss:e,
the length of the curve is given by

wrmou [T ()t [ ()
NV

; ; du, ingly 9,
If it be convenient to get dz and accordingly dy ir

terms of y, instead of x, from the equation to the curve, we
can use the result

i [ ()
dy 1+ (dy)
whence the length AP is given by
Sn 1+ dy dy,
dx . .
where dy is expressed in terms of y.

Also tpe length of the curve between the two points
whose ordinates are ¥, and ¥, respectively will be

BV

If both o and % are expressed in terms of a common
variable parameter ¢, and so s is also a function of ¢, we can

write

ds _ds dz d_y)’da:
¢ do dt =/1+(2 dz) ‘at

-V [ g

16
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Thus as before, the length of the curve between two
points on it for which é=1%; and #={; respectively will be

SRR T

All the above cases can be included in a single result in

the differential form
ds= Jix*Fdy?, - @)

where the right-hand side is expressed in the differential
form in terms of a single variable, from the given equation
to the curve. This, when integrated between proper limits,
gives the desired length of the curve.

Note. In the above formulw (1), (2) and (3), it is assumed that
dv, dz, dz, dy are all continuous in the range of integration.

dez dy dt dt

Ilustrative Examples.

Ex. 1. Find the length of the arc of tle parabola y* = dax measured
from the vertex to one extremily of the latus rectum.

Here, 2y §Z=4a, or, gg=%-—:i%;—¢g—-

The abscissee of the vertex and one extremity of the latus rectum
are 0 and a respectively, Hence, the required length

s=S ~/1+ )’ dx=son+“

Sa c+a
0 Nz{z+a)

[.\/a,-(_zfl-7)+a log ( Nz + 'J(:s+ai]:
a{ N2+log (1-+ N2)}
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Ex. 2. Determine the length of an arc of the cycloid x=a(0+sin 0),
y=a(l—cos 8), measured from the vertex (i.e., the origin).

Here,

N[
do do do
=g a/(1+cos 6)*+sin®6=2a cos 0.
Also at the origin, =0. Hence, the required length, from =0 to
any point 6, is
[
s=§o 2a cos 38 df=4a sin 30.
Cor. 1. Since at the extremity of the cycloid (i.e., at the ousp)
y=2a, we have 0 == there. Thus, the length of a complete cycloid

being double the length from the vertex to the extremity, is
2.4a sin 37v=8a.

Cor. 2. s§2=16a" sin?}0=8a.a(1~ cos 6) =8ay.

Ex. 3. Find the whole length of the loop of the curve

3ay® =x(x—a)?.

X' O A X

YI

We notice here that, for negative values of z, y is imaginary, and
so there is mo part of the curve on the negative side of the z-axis.
Again, at the points where =0 and w=a, we have y=0. Between
these two points, for every value of z there are two equal and opposite
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values of 9, a loop being thereby formed. For each value of x greater
than a, y has two equal and opposite values, and with z increasing,
y continually increases in magnitude. The curve is thus traced as in
the adjoining figure. The cxtremities of the loop are given by =0
and z=a.

Now from the oquation to the curve,

Bay =(a: —a)’+2z(z—a)=(x—a)(8s—a) ;
— d (x—a)*(3z—a)?
R RVE

=/\/1+(3z—a) ~ E’»:l;+a=
12ax 2 NSaz

the half length of the loop is

2 3z+a 1 [ 2 ]a
= — + 2 \/
SO 2~/3a:cdm 2 M3a S3attalaz 0

.1
~3a
The whole length of tho loop therefore, from the symmetry of the

S —
[241,’r = ?3=~§ ~3a.

curve= % N3a.
10°2. Lengths determined from polar equations.

From the formula
e

tan d>='r22’ cos ¢=Z:' sin qS=rd$
in Differential Calculus, where s represents the length of
the arc of a curve from any fixed point A of it to a variable
point P whose polar co-ordinates are r, 6 and ¢ denotes
the angle between the radius vector to the point and the
tangent at the point, we can write

lé‘sg t 14 2- =J l-(é—r
> do cosee = /1 + cob ¢ 1+'r’ 20

ds 2 (d" ®, G
whence 7] A/ r? + 26 (1)
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Again,
ds 2 a6\2 s
;i—=secd>= V1+tan d=Af1+7r ( - (i)

From (i) and (ii), the length of an arc of the curve can
be expressed in either of the forms

o={,o /v (1) a6,
r, s=S: ~/1+r’(%g)_2 dr,

where r,, 0, and 7., 6, are the polar co-ordinates of the
extremities of the required arc. In the first form, » as also
flz; are expressed in terms of 6 from the given polar equa-
tion to the curve. In the second form, gg is expressed in

terms of 7.

Both (i) and (ii) can be combined in a single differential
form, '

ds= Jdr2+r? d62.

Note. It is assumed in the above formule that :115’ ia aro conti-

nuous in the range of integration.

Ex. Find the perimeter of the Cardioide r=a (L - cos 8), and show
that the arc of the upper half of the curve is bisected by 6=3n.

Here, since r=a (1—cos 6), d0=“ sin 0.
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Hence, the length of any arc of the curve measured from the origin
where =0, to any point, is given by

- [} “"""'1';’. 2
s SO*\/"L"(dO) dé
s .. .
=SO Ja*(1—cos 6)?+a? sin?0 do
_(¢ . 0 L 679 _ AY
—Soﬁasmzdﬂ-m[ cos—2-]0—4a,(1 cos2)

Thus, the length of the upper half of the curve, which clearly exiends
from §=0 to 0=m, is 4a (1—cos 4r)=4a.
[ See Fig., Ex. 1, Art. 93]

The whole perimeter is clearly double of this, and thus=_8a.

Again, the length of the curve from 6=010 6=3w is 4a (1L —cos i)
=2a, and so the line 6=3r bisccts the arc of the upper half of the
curve.

10°3. Lengths determined from pedal equations.

From the formulse g—gucos ¢ and p=r sin ¢ in Differen-

tial Calculus, we can write
ds 1 1 1

,
L= - - mm - —.;-—_..;__ = z = a_ 2)
dr cos¢d J1-sin’$ 4/1 _ _1;2_ Nri-p

whence the length of an arc of the curve extending from
r=r, to r =r, will be given by

S"* r dr
sil

N
where p is to be replaced in terms of r from the given

pedal equation to the curve.

Ex. Find the lengih of the arc of the parabola p*=ar fromr=a
to r=2a.
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The required length is given by
a Jri-p* Ja ri-ar
- _ Y
=l Jri=ar+a log { Jri+ »Jr—a,)] :
=anN2+alog (N2+1)=a [ V2+1og (1+ V2)1.

10°4. Length of an Arc of an Evolute.

We know from Differential Calculus that the difference
between the radii of curvature at two points of a given curve
is equal to the length of the corresponding arc of its evolute.

Y

[o] X

Thus, if p, and ps be the radii of curvature at I’ and
of a given curve PQ, p and g being the corresponding points
on the evolute, the length of the arec pg of the evolute
=PL~ P3.

In fact p, q are the centres of curvature and so Pp and
Qq are the radii of curvature at P and @ of the curve PQ,
and if the evolute be regarded as a rigid curve, and a string
be unwound from it, being kept tight, then the points of the
unwinding string describe a system of parallel curves, one
of which is the given curve PQ, of which pqg is the evolute.
PQ is called the involute of pg.
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Ex. Calculate the entire length of the evolute of the ellipse

2
Z Y=L [C. P.1918]

b

a, b, o/, b being the centrcs of curvature of the ellipse at 4, I,
A’', B respectively, the cvolute, as shown in the figure, consists of
four similar portions, the portion aplh corresponding to the part APD
of the given ellipse.
Now, from Differential Calculus, it is known that at any point on
the ellipse, the radius of curvature
a’b?
=" Ps ’
where p is the perpendicular from the centre on the tangent at the
polint.
Thus, the length of the arc apb of the evolute
a'®* _a’b®_a? b?

SPETPAT 4y T T T4

Hence, the entire length of tL . evolute of the ellipse

-5-%)
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10°5. Intrinsic Equation to a Curve.

If s denotes the length of an are of a plane curve
measured from some fixed point 4 on it, up to an arbitrary
point P, and if v he the inclination of the tangent to the
curve at I’ to any fixed line on the plane (e.g., the z-axis),
the relation between s and v is called the Intrinsic Equation

of the curve.

It should be noted that the intrinsic equation of a curve
determines only the form of the curve, and not its position
on the plane.

(A) Intrinsic Equation derived from Cartesian Equation.

Y

OI X
Let the Cartesian equation to the curve he y=Alz).
Then v denoting the angle betwecn the tangent at any

point P and the 2-axis,

tan ¥ =:—il£=f'(w). = (i)
Also, s=arc AP =J‘:4/ 1: (g:)—z dz
°J: V1 +{f () dz = F(z), say (ii)

‘@’ denoting the abscissa 4, and ‘z’ that of P,
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Now, the z-eliminant between (i) and (ii), (which will be
a relation between s and ) will be the fequired intrinsic
equation of the curve.

If the equation to the curve be given in the parametric
Sorm z=f{t), y = (t),

we can write
dy _dy [dz _ 4'(t)

tan Y= dtl dt ) e ()
. ¢ d N2 E 13
mio, o= /()" + ()" a
=], irp Fwr a
=F(t) say, .o (ii)

where ¢, is the value of the parameter ¢ at 4.

The ¢-eliminant between (i) and (ii) will be the required
intrinsic equation o the curve.

(8) Intrinsic Equation derived from Polar Equation.

Let » =£(6) be the ,.olar equation to a curve.

Let ¢ denote the angle between the tangent and the
radius vector at any point P (r, 6), v the angle made by the
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tangent with the initial line, and s the length of the arc AP
where 4 (a, a) is a fized point on the curve.

Then, tan ¢=7 gz=§$—g}) - ()
p=0+4¢, (ii)

w el oelifo
[ vts@n 1o d0- 10 say. i
Now, eliminating ¢ and 6 between (i), (ii) and (iii), we

get a relation hetween s and v, which is the required
intrinsic equation of the curve.

(C) Intrinsic Equation derived from Pedal Equation.
Let p=£(r) be the pedal equation to the curve.

Then, as in Art. 10°3,

r rdL= r B ’I‘_d}_ . .
":j« JrE = p? j Ir S T F @ say. - )

Also, from Differential Calculus, p denoting radius of

curvature, 4 = p=r @l a t . e (i)
Toodv dp f'(r)

Eliminating » between (i) and (ii), we get a relation of
the form

ds _ dy _ 1 . =j.€l§
dy ¥s), or, ds e 0 YT) e

which, when the right side is integrated, will give the
required intrinsic equation.
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Illustrative Examples.
Ex. 1. Obtain the intrinsic equation of the Catenary y=c cosh '

in the form s=c tan y.
Here, tan ¢=dy ~sinh ¥ - (i)
’ dx ¢
Also measuring s from the vertex, where x=0,
="A/1 'd'i/)“
s SO »\/1 + (d:c de
=S=~/1+sinh“ T iy
0 c
'—18  cosh © dx=[c sinh w]t= ¢ siub T
0 c cJdo c

Hence, from (i), s=c tan y.
Ex. 2. Ottain the intrinsic cquation of the cycloid
——
z=a (0+sin 0), y=a (1—cos 0)

taking the vertex as the fixred point and the tangent at that point as the
Jized line. [C.P. 1928,°32 ]

As shown in Ex. 2, Art. 10’1, the length of the arc of the above
cycloid measured from the vertex is given by

s=4a sin | (i)

_dy_dy [dz_  asinf _ [
Also, mnlp—da:—dﬂ d6 a (1+ cos 0)—‘“"!l 2’

Y= % « Hen s, from (i), s=4q sin ¢

which is the required intrinsic equation.
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Ex. 3. Find the intrinsic equation of the Cardioide
r=a (I—cos 6),

the arc being measured from the cusp (i.e., where §=0).
[C.P.1937,49 ]

Here, Yy=0+¢ e (1)
. df_1—cos @ _ o
and tan ¢, i.e., TS o6 -tan2
Pp=30. e (2)

Also by the Ex., Art. 10’2, we have,

s=§3¢r’_;(g;)1‘ dh=14q (1_0053). )

Since, from (1) and (2), y=0+30=30, i.e.,, 6=%y,
from (3), s=41 (1—cos y),
the required intrinsic equation.
Ex. 4. Find the Cartesian equation of the curve for which the
inlrinsic equation is s=ay.

de _dz ds
Hero, dy"ds dp

S dr=acosydy. .. x=asiny+e. e (1)

. dy_dy ds
Agaln, =4 ay

e dy=asinydy. . y=—acosy-d. < (2
From (1) and (2), climinating v, we get
(z~c)2+(y—d)*=a?, the required Cartesian cquation.

=cos y.a.

=sin y.a.

EXAMPLES X

1. Find the lengths of the following :
(i) the perimeter of the circle 2% +y* =a? ;

z
(ii) the arc of the catenary y= ;—(g“+e “) from

the vertex to the point (z,, ¥,) ;
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(iii) the perimeter of the astroid a;§L + y§=a§ ;
[C. P. 1941, 44 ]

(iv) the perimeter of the hypocycloid (: )gL + ( Z) =1;

(v) the perimeter of the evolute (az)?/®+(by)2/®
=(a? - p%)2/3,

(vi) the are of the semi-cubical parabola ay?®=2x® from
the cusp to any point (z, ). [C.P. 1924 ]

2. If s be the length of an arc of 3ay®=2z(x—a)?
measured from the origin to the point (z, y), show that
3s® =4z® + 3y°.

3. Show that the length of the arc of the parabola
y*® =4ax which is intercepted between the points of inter-
section of the parabola and the straight line 3y=8z is
a(log 2+ 1%).

4. Show that the complete perimeter of the curve

1-¢2 2t

T gy YTy B

5. If for a curve
z sin 6 +y cos 8=F"(0),
and x cos O—y sin 6=7"(8),
show that s=r(0)+f"(6) +e¢,
where ¢ is a constant.
6. Find the length of the arcs of the following
curves :

(i) z=¢sin 6 } _ -
y=¢ cos 6 from 6=0 to 6= x.

(ii) z=a (cos 6+ " sin o)} - -
y=a (sin 6— 6 cos 6) from 8=0 to 6=06,.
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(iii) £ =ec sin 20 (1 + cos 260) }
y =0 cos 20 (1 - cos 26)
from the origin to any point.

7. Show that the perimeter of the ellipse z=a cos 6,
y=05 sin 0, is given by

1\%e (132 et _(1.3.5)* .
2""{1 (2) 2.4.6 5 }

8. Compare the perimeters of the two conics

z?  y?_ z? | y?
9+7—-1 and 36+28 1. [C. H 1925]

9. Find the lengths of the loop of each of the following
curves :

G) Wi=(x+TNx+4); [ P. P. 198+ ]
(i) z=1% y=t—4%¢°
10. Find the lengths of the following :
(i) a quadrant of the circle r=2a sin 0 ;
(ii) the arc of the parabola #{1+cos 8)=2 from 6=0
to 8=4n;
(iii) the arc of the equi-angular spiral 7=adl ®°'®

between the radii vectores 74 and ..

11. If s be the length of the curve » =« tanh 40 between
the origin and 6=2x, and 4 the area between the same
points, show that 4=a (s— an). [C. P.1931]

12. Show that the area between the curve
y= %(G: + e'z'),

the z-axis, and the ordinates at two points on the curve,
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is equal to a times the length of the arc terminated by
those points. [ Nagpur, 1936 ]

13. Show that in the astroid a:§+ y§= aﬁ,
%

() s=z®,
(i) p* +4s® =6as,
s being measured {rom the point for which z=0.
14. Show that
(i) in the cycloid z=a (8 +sin 6), y=a (1 - cos 6),
p?+s%=16a%,

the arc hoing measured from the vertex (where 6 =0);

[ C. H. 1933]
(ii) in the catenary y=c¢ cosh? )
y*=cp=c" +s°
the arc being measured from the vertex ; [ C. P. 1930 )]

(iii) in the cardioide »=a (1+ cos 8), s*+ 9p% =16u?,
the are being measured from the vertex { i.e., 8=0).

15. Show that the length of the arc of the hyperbola
2y =a® between the points z=5b and z=c is equal to the
arc of the curve p? (a* +r*)=a"r® between the limits r=»5
and r=c.

16. Show that the length of the arc of the evolute
9ay® =4(z — 2a)® of the parabola ¥*® =4ax, from the cusp
to one of the points where the evolute meets the parabola,
is 22 (3 /3 - 1).
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17. Find the intrinsic equation of each of the following
curves, the fixed point from which the arc is measured
being indicated in each case :

(i) the parabola y® =4ax ------ (vertex),
(ii) the astroid m§+ 1/§=a§ ««++« (one of cusps),
(iii) the semi-cubical parabola ay®=z2 ---+-- (cusp),

(iv) the curve ¥ =a log secg -«-+++ (origin),

(v) the equi-angular spiral 7=ae’ <°*® --- (point a, 0),
(vi) the involute of the circle, viz.,

2_ .9
oo Vri-a
a

1

- cos” ? -+ (point a, 0).

18. Find the intrinsic equation of each of the following
curves :

(i) p=7sin q,
(i) p%=r%-a®
19. Find the intrinsic equation of the curve for which
the length of the arc measured from the origin varies as the
square root of the ordinate. Also obtain the Cartesian

co-ordinates of any point on the curve in terms of any
parameter. [C. P.1931]

20. If s=c tan ¥ is the intrinsic equation of a curve,
show that the Cartesian equation is y =c¢ cosh ': » given
that when =0, z=0 and y=c. [C. P. 1926 ]

17
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ANSWERS
1. (i) 2ma. (i) 3a (;i' —e-%). (iii) 6a.
o 4L 04(5-%)
o S+ 1)
6. (i) W2 —1). (ii) 3a0,°. (iii) #c sin 36,
8 1:2. 9. (i) 4 4/3. (ii) 4 4/3.
10. (i) 3ra. (ii) ~2+1og ( W/2+1). (iii) (ry—r,) sec a.
17. (i) s=a cosce ¥ cot Y+a log (cosec Y+cot ¢).  (ii) s=3a sin?y.
(iii) 27s=8a(sec®y—1). (iv) s=a log tan (3¢ + 7).
(v) +=a scc afe¥V-a)cota_ (vi) s=3ay>.
18, (i) a= (¥ Ot e, (ii) s=3ay®.

19. s=4a sin ¥, x=a(f+sin 0), y=a(l— cos 6).



CHAPTER XI

VOLUMES AND SURFACE-AREAS OF
SOLIDS OF REVOLUTION

11°1. Solids of revolution, the axis of revolution
being the x-axis.

Y

Let a curve LM, whose Cartesian equation is given,
y=f(z) say, be rotated about the z-axis, so as to form a
solid of revolution, and let us consider the portion LL'M'M
of this solid bounded by z=z, and z=x, respectively.
We can imagine this solid to be divided into an infinite
number of infinitely thin circular slices by planes perpendi-
cular to the axis of revolution OX. If PN and P'N’ be
two adjacent ordinates of the curve, where the co-ordinates
of P and P’ are (z, y) and (x+ 4z, y+ Ay) respectively, the
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volume of the corresponding slice, which has thickness
4z, is ultimately equal to ay? Az.*

Hence, the total volume of the solid considered (bounded
by z=, and z=2g;) is given by

X
V=Lt .‘Jnyﬁdm-ns ! yZ dx.
Ac>0 X1

Again, if 4s be the element of length PP’, s being the
arc length measured up to P from any fixed point on the
curve LM, the surface-area of the ring-shaped element
generated by rotating PP’ is ultimately 2n=y.4s.

Hence, the required surface-area is given by

[ 'Y
S=T1t 3(2nyds)=2x S y da.
As->0 Js1

[ 51, s2 being the values of s for the points L, M ]

X2 i dy\ 2
=2xs 'J1+(l) dx.
X1 y dx X
Cor. 1. Whoen the axis of revolution is the y-axis, and we consider
the portion of the solid bounded by y=v, and 5=y, respectively,

= S,’ x? dy.
¥1

=2 (™ 2 /(8
and S=2r Su x ds=2r S“ x'\/“'(d_y) dy.

Cor. 2. Even if the curve revolved be given by its polar equation
(the axis of revolution being the initial line), and the portion of the

*Strictly, the volume of tho slice lies between 7y,? Az and ry,?Ax
where y, and y, are the greatest and the loast values of y within the
range PP, and thus equals my? Az, whore y lies between g, and y, and
is thus the ordinate for so.ae point within the range PP’ (not neces-
sarily of P). Thus, Lt Zy® Az=[y® dz. [ See Art. 6'2, Note 2. ]
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volume considered be bounded by two parallel planes perpendicular
to the initial line, we may change to corresponding Cartesian co-
ordinates, with the initial line as the z-axis, by writing « =7 cos @,
y=7sin 0.

Thus,

T

V== Sl y*de=m So’ r? sin®6.d (r cos 0)
1 6,

P ) I
S=2r S:' y ds=2r L’ r sin 0. \/dr®+r%d6%,
1 1

where r is expressed in terms of 6 from the given equation of the curve,
or, if convenient, we may use » as the independent variable, and express
# in terms ot » from the equation, the limits being the corresponding
values of .

Note. For an alternative method of proof see Appendizx.

Illustrative Examples.

Ex.1. Find the volume and area of the curved surface of
a paraboloid of revolution formed by revolving the parabola y*=4dax
about the x-axis, and bounded by the section x=x,.

Y
Q
’/'\:"""‘ T
i1
Ay Y
i0
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Now_the required volume
2, z,
V=n SO y? de=m SO dax de=2war,*=3m2,9,*
( where 9, is the extreme ordinate, so that y,* =4az, )

=}y, %, =% (the volume of the corresponding cylinder,
with the cxtreme cirvcular section as the base and height
equal to the abscissa).

Also, the required surfacc-area

VN T .
= 1 =9 .
S 21r§0 y l+(da:) dg=2r 0 J4ax 1+.7; dz
x — 2
=4r Ja Sol Jatz de= g T »Ja((a+a'.)%—a’}.
Ex. 2. The part of the parabola y* = tax bounded by the latws rectum

revolves about the tangent at the vertex. Fwmd the rclume and the
area of the curved surface of the reel thus generated.

Y

Here the axis of revolution being the y-axis, and the extreme values
of y being evidently +2a,
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the required volume
Ver S +2

(2a)5 _
=16ar % 5’""

Also, the required surface-area

S=21r§:cds—21rs ~/1+ dzy* dy
I
+2a g ,\/ Lode oy
S-? 1V 1y dy [ : dy"zci]
=4ma? S _;_ tan?@ sec®d do [ putting yy=2a tan 6 ]
=4ma? S i (sec®d —sec®0) d6
-ir
+in

=41ra,’[.]; tan 0 sec?0—3% tan 0 sec 8 —3 log tan (-];1r+§0)] .
=dra* [} W2~} log ot dw]=ma® [3 K2 —log ( W2+1)].

ExX. 3. Find the volume and the surface-area of the solid generated
by revolring the cycloid n=a (8 +sin 8), y=a (1+ cos 0) about its base.

The equations show that the cycloid has its base as the 2-axis ; the
extreme values of  are given by 0= %, 1.e., z= tam.

The required volume
V=r S“" y* de=ma’ S" (1+cos 0)* a6
-am -7
T b1 .
= 6ra® S cos® 40 df=8wa®- Sl-u-=51r‘a,‘
-7
The required surface-area
S=2r S y ds=2r S‘y dx® + dy?
=ar |7 al1-+c0s 6). JGa{i¥e08 6) O ¥ (=a sin & do)*
=2ma’ S ’:” (1+cos 6) o/2(1Fcos 8) d6

=B8ra’ S)w cos® 30 d0=8ma?: g ==€‘34 ma’.
Mk 4
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Ex. 4. Find the volume and surface-area of the solid generated by
revolving the cardioide r=a (1—cos 8) about the initial line.

Here, since tho curve is symmetrical about the initial line, the
solid of revolution might as well be considered to be formed by revolv-
ing the upper half of the curve about tho initial linc. The extremo
points of the curve are given hy 6=0and 6 =.

Tho required volume

V=nx S ylde=m S r* 8in%0.d (r cos’6)
=ra® S (1—cos 6)* sin?d.d{(1—cos 6) cos 6}

=mna® Si (1—cos 6)? sin?@ (—sin 6+2 sin 6 cos 9) d
[ z increases as 0 diminashes from = to 0]
=mra® S i; (1-2)%(1-2%)(1-22) ds [ putting s=cos 8 ]
=3§mas,
The required surface-area

§=ar S yds=2“' S 7 sin § .,Jdr’.-,-,rﬂ da6*
=9r S: a{l-cos 6) . sin 8. 4/(a sin 8 d6)*+a2(1—cos 6)* d6”

=9mra? S: (1—cos 0) sin 6 ,/2(1— cos 6) d0
24 .
=9 \/2ra? SO s°ds [ puttingz=1-cos 0]

=2 \2ma?.3 (2)&=-*’5’-1ra".

.

11°2. Solids of revolution, axis of revolution being
any line in the plane.

If the given curve LM be revolved about any line AB
in its plane, and the portion considered of the solid of
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revolution formed be bounded by the planes perpendicular
to AB through the points 4 and B respectively, then PN
being the perpendicular on 4B from any point P on the
curve, P'N’' the contiguous perpendicular, the volume of
the portion considered is given by

AB
Ve Lt Sn.PN* NN’ =nIo PN®.d (AN).

Also, the surface-area of the portion considered is
given by,
S =Lt £%r PN (elementary arc PP’)=2zfPN.ds.

From the given equation of the curve and of the line
AB, PN, as also AN and ds are expressed in terms of a single
variable, and the corresponding values of the variable for the
points 4 and B are taken as the limits of integration.

Ex. A quadrant of a circle, of radwus a, revolves round its chord.
Find the volume and the surface-area of the solid spindle thus gemerated.
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P being any point on the quadrant APB, where Z AOP=
clearly 4P=2a sin 30, and LPAN=3}/ POB=}(}r~ 6).

B

(o) r A

PN =2qa sin 36 sin (}r—40)=a {cos (§ — }) —cos }=}
AN=2a sin 40 cos (r —38)=a {sin }x4 sin (6 — {=)}.
Klementary arc PP =a d8.

Also for thoe solid tormed, limits of # are 0 and 3w respectively.

Hence, 1'=m ) PN2.d (.LN)
im .
=ma?® 80 {cos (0 — {m) —cos |m}? cos)(0—17) dO
. S;” [cos® (8- 1m) = w12 cos® (0 — bm)+ 3 cos (0— Pr)] 48
=ma? Si" [.’: cos (30 — )+ § cos (0 —3n)
- :’,-2 {eos (20 —3m)+ 1}] an

=7ra“[ 1 in (30 —3r)— sin (20— 3r)

2,J2

® sin (0~ }r)——- o]”

=ro’ (l%-ai')
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i
Also, S=2r SO DPN.a 46

=9ra* Szw {cos (0 —}7)—cos 3} do

AT
0

, 1 T 4~
= 2 .- —_— = 2 .
2ra (2 a 2~/2) ma (.Je)

11'3. Theorem of Pappus or Guldin.

=2ra? [sin (0 —3n)— 3/20]

If a plane area bounded by a closed curve revolves throwugh
any angle about a straight line in its own plane, which does
not intersect the curve, then

(1) The volume of the solid generated is equal to the
product of the revolving area into the length of the arc
described by the centroid of the area.

(I1) The surface-area of the solid generated is egual to
the product of the perimeter of the revolving area into the
length of the arc described by the centroid of that perimeter.

DProof.

(I) Let 64 be any element of the aren whose distance
from the axis of rotation is z. Then 6 being the angle
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through which the area is rotated, the length of the arc
described by 64 is 20, and hence the elementary volume
described by the element 64 is 20 . §4.

The whole volume described by the given area therefore

=X20.64=032.04=0z4 (From Elementary Statics)

[ where 4 is the total area of the curve and z is the distance
of its centroid from the axis of revolution ]

= A28 =area of the closed curve x length of the arc
described by its centroid.

(IT) Let os be the length of any element PP’ of the
perimeter of the given curve, and 2z’ its distance from the
axis of revolution. The elementary surface traced oub by
the element ds is ultimately z'0 . ds.

The total surface-arca of the solid generated is therefore

=37'0.0s =032 .85 =02's (From Elementary Statics)
[ where s is the whole perimeter of the curve, and z’ the
distance of the centroid of this perimeter from the axis |
=35.72'0 = perimeter x length of the arc described by
its centroid.

Note. 'The above resulis hold even if {the axis of rotation touch the

closed curve.

Ex. 1. Find the volume and surface-area of a solid tyre, a being the
radius of ils section, and b that of the core.

The tyre is clearly generatel by revolving a circle of radius a abont
an axis whose distance from the centre of the circle is b.

'he centre of the circlo is the centroid of both the area of the circle
as also of the perimeter of the circle, and the length of the path
described by it is evidently 2wb.

Hence, the required volume=1wa* x 2rb=2r%a*b

and the required surface-area =2wra X 2rb= 4w2ab.
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Ex. 2. Show that the volume of the solid formed by the rotation
about the line 0=0 of the area bounded by the curve r=f(0) and (e
lines 0=0,,0=40, is

[}
3 Sd" r? sing dé.
1

Hence, find the volume of the solid gemeraled by revolvina the
cardioide r=a (1 —cos 6) about the mitial Line.

Dividing the area in question into an infinite number of elemontary
areas (as in the figure, § 9°'3) by radical lines through the origin, let
us consider onc such elementary ares bounded by the radii vectors
inclined at angles @ and 0+d@ to the initial line, their longths being
7 and r+dr say. This clemeniary area is ultimately in the form of a
trinngle whose arca is #r (»+dr) sin dé, 4.e., §7* d6 up to the first order.
Its C. G. is, neglecting infinitesinials, at a distance 3r from the origin
and its perpendicular distance from the initial line is ultimately
4r sin 0. The clementary volumeoe obtained by revolving the elementary
area about the initial line is therefore by Pappus’ theorem, ultimately
cqual to

2w . 4r sin 0. §r* d0="3%wr" sin 0 d6.
Ilence, integrating between tho extreme limits 6 =0, and 0=6,,
the total voluine of the solid of revolution in question is

0
,ws ® % sin 0 d8.
0:

In casc of the cardioide »=a (1—cos 0), the extrome limits for § are
oasily seen to be O and x, and so the volume of the solid of revolution

generated by it is
i S: a® (1—cos 6)* sin @ d, which on putting 1—cos § =2

easily reduces to

2 4
Fma® SO 2 dz= gm" 2‘-1 = gm“.
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EXAMPLES XI

1. Find the volumes of the solids generated by revolv-
ing about the z-axis, the areas hounded by the following
curves and lines :

() y=sinz; 2=0; z==.
(i) y=br—2*; 2=0; x=5.
(iii) ¥* =9z ; v=3z.
(iv) Nz + Jy=da; 2=0; y=0.
2. Show that the volume of a right circular cone of

height & and base of radius a is 3na®/.

3. The circle z° +y®* =a? revolves round the z-axis :
show that the surface and the volume of the whole sphere
generated arc respectively 4na® and $na’. [C. P. 1941}

4. DProve that the surface and the volume of the ellip-

2 2
soid formed by the revolution of the ellipse Z‘f‘é + gz =1

(i) round its major axis are respectively
2nab{1-e®+e¢ " sin~ e} and #aab®,

and (ii) round its minor axis are respectively

2 [72_ /\/_1;*:-_3} é o
Qn{a +, log 1-2 and 3 it b.

5. Show that the curved surface and volume of the
catenoid formed by the revolution, about the z-axis, of

E] _z
the area bounded by the catenary y= (2" (3a+e a)o the

y-axis, the z-axis, and an ordinate, are respoctively
z (sy +az) an 3na (sy + az),

s being the length of the arc between (0, a) and (z, ¥).
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6. The arc of the astroid #=a cos®6, ¥ =a sin®6, from
6=0 to 6=3%xn revolves about the z-axis; show that the
volume and the surface-area of the solid generated are
respectively t’zna® and §ra’.

7. A cycloid revolves round the tangent at the verbex ;
show that the volume and the surface-area of the solid
generated are n°a® and %2na® respectivelv, a heing the radius
of the generating circle.

8. The portion between the two consecutive cusps of
the cycloid z =a(@ +sin 8), ¥ =a(1 + cos 6) is revolved about
the z-axis ; show that the area of the surface so formed, is
to the area of the cycloid, as 64 : 9. [ Nagpur, 1934 ]

9. Show that the surface of the spherieal zone contained
between two parallel planes = 2aa X the distance between the
two planes, where a is the radius of the sphere.

10. Show that the volume of the solid generated by
the revolution of the upper-half of the loop of the curve
y®=2%(2-2) about OX is #x.

11. Show that the volume of the solid produced by the
revolution of the loop of the curve y*(a+ ) =xz*(a — ) about
the x-axis is 2na” (log 2 — %). [P.P.1935 ]

12. Show that the surface-area and the volume of the
solid generated by the revolution about the z-axis of the
loop of the curve z=t% y=¢t—%t® are respectively 3z
and 2.

13. The smaller of the two arcs into which the parabola
y? =8az divides the circle z®+y®=9a% is rotated about
the z-axis. Show that the volume of the solid generated

is &fna’.
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14. If the curve r=a+b cos 8 (a > b), revolves about
the initial line, show that the volume generated is
$na (a® +0%).
15. The following curves revolve round their asymptotes ;
find the volume generated in each case :
@) #* (20— z)=25.
@) ¥ (@® +2*)=0a". [ P.P.1933]
(iii) (a-2)y® =a’z.
16. An arc of a parabola is bounded at both ends by
the latus rectum of length 4a. Find the volume generated

when the arc is rotated about the latus rectum.
[ Nagpur, 19351

17. Show that the volume of the solid formed by
revolving the ellipse 2=a cos 0, =0 sin 08, ahout the line
z =2, is 4n*a’b.

18. Show that if the area lying within tho cardioide
r=94 (1+cos 8) and outside the parahola #(1+ cos 6)=2a
revolve about the initial line, the volume generated is 18za®.

19. Show that the volume of the solid generated by
revolution about OY of the area hounded by 07, the curve
y* =2° and the line ¥ =8 is 2§44,

20. The arc of a parabola from the vertex to one
extremity of the latus rectum is revolved about the corres-
ponding chord. Prove that the volume of thgespi

formed is g.fﬁ/_—"j aa”.

ANSWERS

1. (i) §=°. (ii) £33, (iii) . (iv) ysma®.
15, (i) 27%a°. (ii) dr%a®. (iii) 3ra®. 16. }3wa’.



CHAPTER XII
CENTROIDS AND MOMENTS OF INERTIA

12°1. Centroid.

It has been proved in elementary statics that if a system
of particles having masses m,, 7, Msg,....-. have their
distances parallel to any co-ordinate axis given by x;, x4,
Tg,..., then the corresponding co-ordinate of their centre of
mass will be given by

5=m,:r1+mga's +o_SImzx,
mq +mg+ oo Xm

Xmy

|«
-

Similarly, 7= ' ete.

Now, if instead of a system of stray particles, we get
a continuous hody, we may consider it to be formed of
an infinite number of infinitely small elements of masses,
and in this case it may be shown, as in the other cases viz.,
determination of lengths, areas, etec., the summation X
will he replaced by the integral sign.

Thus, if 6m be an element of mass of the body at a point
whose co-ordinates are , ¥ (or in three dimensions, z, y, 2)
the position of the centre of mass of the body will be

given by

=_Jzdm
= dm

the limits of integration being such as to include the whole
body.
18 3
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In practice, the elementary mass ém is proportional to
the element! of length 8s, or element of area, or element
ol volume of the corresponding element, according as we
proceed to find the centroid of an are, or area or solid, and
the limits of integration will then be the limits of the
corresponding element.

12°1(1). Illustrative Examples.

Ex. 1. Find the centroid of an wire in the form of a circular arc.

A

Let AB bo a wire in the form of cirenlar arc of radius ‘a’, which
subtends an angle 2a at its cgntre O.

Take O as origin, and OX, which bisects the arc 4B, as the
z-axis.

Then by symmetry, the centroid @ lies somewhere on OX.

Now, 6 denoting the vectorial angle of the point P on the arc, the
element PP’ there has a length a df, and the abscissa of P is a cos 0.
Also, to cover the whole arc, 8 extends between the limits —a to a.
Hence, the abscissa OG of the centroid G is given by

g=lzdn
z 1 an

( p denoting the linear density of tho wire )
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a
s cos 0 do
— -a

ad=f _  _g¥sinae_ sina

a b

1] S dO 2a a
-a

Cor. The distance of the centroid of a semi-circular arc from the

.. 20
centre is
m

Ex. 2. Find the centre of gravity of a unsform lamina bounded
by a parabola and a double ordinate of if.

Y

Lat the lamina be bounded by a parabola y*®=4az and a double
ordinate RMI! given by z==,.

By symmotry, the centroid lies on Ythe axis, and hence y=0.

Divide the lamina into elementary strips by lines parallel to the
y-axis. Consider the strip PQQ'P’, whero the co-ordinates of P are
(e, 4). The length PQ is 2y and tho breadth NN’ is dz. Ience, the
area of the strip is ultimately 2y dx. The limits of z, to cover the area
considered, arc clearly O to z,.

Hence, for the required centre of gravity,
)
Swdm SO z.2ydz.o

z=g— =12
Sdm 80 2ydz .o

( where ¢ is the surface-density of the lamina)
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z, . I z 3
So ©-2 Jdaz ds. o So o gt

S?z,\/ﬁdm.c _S:l otaz 32t

5{51.

Thus, the cenire of gravity divides tho length OM in the ratio of
8:2

Ex. 3. Find the centre of gravity of a uniform lamina in the form

mﬂ yﬂ
of a quadrant of the ellipse g tpe=l [ P. P.1935]
Y
B P
i
H
(o] N

Liet AOB he the quadrant considered. Divide it into elomontary
strips by lines parallel to the y-axis. The area of the elementary
strip corresponding to the point P, whose co-ordinates are z, g, is
ultimately y 8z, and the centroid of this element is at the middle point
of the strip (which is supposed infinitely thin) and thus has its

co-ordinates z, ’2’ The limits of = for the quadrant considered are

evidently 0 and a.

Hence, the C.G. of the area considered will be given by (z', ¢’
denoting the co-ordinates of the centroid of the element dm which is

taken here as the strip),

- a

, @ dmlsowo!ld"“” [ o being the surface-

g . STfl P density of the lamina ]
o .
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Voo dit—a .o [ Zatima]
ab 45 - 3 ’ *pa
SO aJa’—z’dz.«r

Sz z NJat—2? dz S:’" sin @ cos?d do

=aqa
N i S*"' 2
so\/a. z? de ocosBdG
[ putting z=a sin 9 ]

1

3 4
i 87

1-
2

2y

2
Sydm Sog-ydm.a ‘al)-,-(a’—:c’)da:
Sdm Soy(l:c.u' S“h ,Ja —-r? dz

* 3
IS cos0d0=1b 5 _4b
) ii 2 2°1 v Br

o cos?0 do 39

Cor. The centroid of half the ellipse bounded by the minor axis is

on tho major axis at a d1stan<,o 3 “? from the centre.

Also the centroid of & semi-circular area of radius ‘a’ is on the

radius bisccting it, at a distance :_4; from"the centre.

Ex. 4. Iwnd the cenire of gravity of a solid hemisphere.

Clearly, the hemisphere may be supposed to be generated by revolv-
ing & circular quadrant APB about onoe bounding radius O4, which
we may choose as the z-axis. By symmetry, the contre of gravity
of the homisphore will be on OX. Now, divide the homisphere into
infinitely thin circular slices by planes perpendicular to the axis of
revolution OX. An element of such slice, corresponding to the point P,



278 INTEGRAL CALCULUS

has its volume ultimately equal to wy? 3z (x, ¥ being the cartesian
co-ordinates of P), and the z-co-ordinatos of its centre is x.

Hence, if ¢ be the density of tho solid hemisphere and a its radius,
the position of the C. G. is given by

e P LI I
SO Ty (la:.p=S0 2(a?—2") du

oyt =a”]
S: wy? dz .p Yg’ (a?—%?) de

oo et

2 4_3,
3,,_a* 87
aa 3

12'2. Moment of Inertia.

If a system of particles have masses 7y, ma, g,... and
if 74, 72, 7g,... be their distances from a given line, then
2mr? is defined as the moment of inertia of the system of
particles about the given line.

If M be the total mass of the system m,, ma, ete.,
it is usual to express the moment of inertia of the system
about any line in the form M%k®, where % represents a length
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and is called the radius of gyration of the system about the
given line.

If instead of a system of particles, it is a body in the
form of a thin wire, or a lamina or a solid, of which we
want to find the moment of inertia about a given line, we
may consider the body to be made up of an infinite number
of infinitely small elements of masses, and then the summa-
tion Imr? reduces to the integral [ r? dm, where the limits
are such as to cover the whole body.

12°2(1). Illustrative Examples.

Ex. 1. Find the moment of wneitia of @ thin uniform straight rod
of mass M and length 2a about its perpendicular bisector.

Y

@
o
'u
>

An infinitesimal clement of length dx at P whose distance from
the middlo point of the rod is z, has its mass %Bz. Hence, the
moment of inertia of the rod about the perpendicular bisector OY is
given by

ta M =g.2.“_s= a’
’S-..“"zad" 9 3 =M
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Ex. 2. Find the moment of inertia of a thin uniform lamina in the
Jorm of a rectangle about an axis of symmetry through its centre.

Y
D A
(o) Suunininisioivihygivih pfuiaiuiuintvoiy |

) x
C B

Let 2a and 2b be the lengths of tho adjacent sides AD and AB of
the rectangular lamina ABCD, and OX, OY the axos of symmetry
through its centre O, which are parallel to them.

M being the mass of the lamina, the surface-density is clearly
4:;2 Now, divide the lamina into thin strips parallel to OX, and
consider any strip PQ at a distance y from OX, whosc breadth is 3y.
The mass of the strip is then evidently :;2 * 2q 8. Hvery portion of it

being ultimately at the same distance y from OX, the moment of
inertia of the whole lamina about the z-axis is given by

+b

M
2,
-5 ¥ 4a0 2a dy

I,=S
=M*

Similarly, the moment of inertia of the lamina about OY is given by

2
I,= MEQ..
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Ex. 3. Pind the moment of inertia of a thin unaform clhphc
lamina about its axes.

Let ,— 1 be the equation to the ellipse. Tts area is known

b
to be wmad, and if M be its mass, the surface-density is 1;2[1,- Dividing

the lamina into thin strips by lines parallel to the z-aris, n
elementary strip at a distance y fiom the =z-axis has its length

2z=2% 397 from the equation of the clliptic boundary. Thus,
3y being the breadth of the strip, its mass is rl:z[b'gtl: o2 —y* dy.

Hence, the moment of inertin of the lamina ahout the z-axis is
given by

_ +b a, }p[
L—S_b ra,b 3 Jl; ~y? dy

2
=2 (" in0 cos® do [ putting y=b sin 0]

oMb T L D
w8 ’M4

Similarly, the moment of juertia of the lamina abont the y-axis is
given by

a
I,=Mﬁ- -

Cor. Tho moment of inertia of a thin uniform ecircular disc of

2
mass 3}, and radius a, about any diameter is M%— . [P.P.1932]
Ex. 4. Find the moment of inertia of a thin uniform circular plate
about an awis through its centre perpendicular to its plane. ~

Let M be the mass and a the radius of the circular lamina, so that

o M
its surface-density is ra
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Divide the lamina into infinitely thin concentric rings by circles
concentric with the boundary. Any elementary ring between circles

z

of radii » and »+58r has its area ultimately equal to 2xr 8r and so its
mass is 1'—_15,-21;- 5r. As cvery parl of the ring is ultimately at the

same distance r from the axis in question which is perpendicular to its
planc through the centre, the moment of inertia of the ring about the

M-,-ﬂm- ar.rs.

axis is ultimately i

Hence, the required moment of inertia of the disc about the axis
is given by

= S ; "]:; 2y drar?

=2M (e 45 2Ma'_,a0®
" at §0' dr="a g =My

Ex. 5. Find the moment of inertia of a sphere about a diameter.
e [P.P.193¢]

If M be the mass aud a the radius of the sphere, the volume of the

sphere is known to be $ma®, and hence its density is ,ﬁ,-
3

Take the diameter about which the moment of inertia is required
to be the z-axis. Divide the sphere into infinitely thin circular slices
by planes perpendicular to tvhis axis. An elementary slice between the
planes z and z+6&z has its volume ultimately equal to = (a?—x?) &z,
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since its radius is A{a?~—2?). [ Sec Fig. Er. 4, Art. 12°'1] 1lence, the
moment of incrtia of this slice about the z-axis, which is perpendi-
cular to its plane through its contre, is ultimately

M 2oy 500
prm r(a* —2*) dx g [ Sec Ex. 4 above ]
Tience, the roquired moment of inertia of the whole sphere abont
the diameter is given by

_(ta B a_ oy g 0°—2
I—-S_aam.,'rr(a z?) dx 9

3 M(+
=_; i‘{ a(a'—?a"x"-i-a:“)d.r
-a
L Y - 1,20’ 2an)=2 2
—Sa,(a.ﬂa 20 3+5 5Ma.

EXAMPLES XII

1. Show that the C. (. of thin hemispherical shell
is at the middle point of the radius perpendicular to its
bounding plane.

2. Show that the C. (i. of (i) a solid right circular cone
is on the axis at a distance from the base equal to % of the
height of the cone ; (ii) a thin hollow cone without hase is
on the axis at a distance from the hase equal to % of the
height of the cone.

3. Find the centroid of the whole arc of the cardioide
r=a(l + cos 6).

4. Find the centroid of the area hounded by the cycloid
z=a(0 +sin 6), ¥ =a(l - cos 6) and its base.

5. Fiﬁd the centroid of the sector of a circle.
[ P. P.1931]
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6. TFind the centroid of the arc of the parabola y_2 =4ax
included between the vertex and one extremity of the latus
rectum.

7. Find the positions of the centroids of the [ollowing
areas : )

(i) A loop of the curve y%(a +z) = z%*(a — x).

(ii) Area bounded by the curve ¥Z%(2a-x)=2*, and
its asymptote.

(iii) Area bounded by y®=4az and ¥ =92z.

(iv) One loop of r=a cos 26.

8. Find the moment of inertia of a solid right circular
cylinder of radius a about its axis. [P. P. 1933 ]

9. Obtain the moment of inertia of a solid right
circular cone of height % and semi-vertical angle a about
its axis.

10. Prove that the moment of inertia about an axis
through the centre perpendicular to the plane of a thin
circular ring whose outer and inner radii are a and b is
3 M (a® +b%), where M denotes the mass of the ring.

11. Find the moment of inertia of a rcctangular
parallelopiped, the lengths of whose edges are respectively
9a, 2b, 2¢, ahout an axis through its centre parallel to the
edge 2a.

12. Show that the moment of inertia of a thin hollow
gpherical shell of radius 2 and mass M, about a diameter is

2a®
¥=g
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13. Show that the moment of inertia of a parabolic
area of latus rectum 4a, cut off by an ordinate of a distance
I from the vertex, is $Mh® ahout the tangent at the vertex,
and #Mah ahout the axis, M being the mass of the area.

14. Show that if a thin lamina has its moments of
inertia about two perpendicular axes in its plane respect-
ively equal to I, and I,, then the moment of inertia about
a normal to the plane through their point of intersection
is T4+ I,.

15. Prove the theorem of parallel azres in case of a
lamina, namely, that the moment of inertia of a thin lamina
about any given line in its plane is equal to that about
a parallel line through its C. Gi., together with the moment
of inertia of the whole mass concentrated at the C. G.

about the given line.
ANSWERS
3. z=4%a, y=0. 4. =0, y=3a.

5. On the radius bisecting the scctor, at a distance %a —;« from

the centre, 2a boing the angle of the sector at the centre, and a the

radius.
6 z=2. 3a2—1log (A2 +1), 242-1
© BT 17 J2+log (N2H1) 3 " J2+log (N2+1)
7. (i) z—g 3:_ 8, »y=0. (ii) z=§;’ y=0.
(iii z=2a, y=a. (iv) z"l-i%;m : y=0.
a®, 8 Ah? tan? bl
8. M2 9. 10 Mh? tan?a. 11. M - 3




CHAPTER XIII
ON SOME WELL-KNOWN CURVES

13'1. We give below diagrams, equations, and a few
characteristics of some well-known curves which have been
used in the preceding pages in obtaining their properties.
The student is supposed to be {amiliar with conic sections
and graphs of circular functions, so they are not given

here.

132. Cyecloid.

The cicloid is the curve traced out by a point on the
circumference of a circle which rolls (without sliding) on

a straight line.

A
)
[)
H
1
[}
]
)

M [}
H

oL ™M D o X

Fig. (1)

z=a(0—sin 9). y=a(l—cos 0).

Let I be the point on the circle MP, called the generat-
-ing circle, which traces out the cycloid. Let the line OMX
on which the cirele rolls be taken as z-axis and the point O
on OF, with which P was in contact when the circle began
rolling‘;.be taken as the origin.

Let a be the radius of the generating circle, and C its
-centre, P the point (z, ¥) on it, and let / PCM =6, Then
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6 is the angle through which the circle turns as the
point P traces out the locus.
OM =3arc PM=q6.
Let PL be drawn perpendicular to OX,
2=0L=0M-LM=a9—-PN=0a0—a sin 0
=a(0 - sin 0).
y=PL=NM=CM-CN=a—a cos 0
=a(1 - cos 6).

Thus, the parametric equations of the cycloid with the
starting point as the origin and the line on which the circle
rolls, called the base, as the r-azis, are

x=a(6 - sin 6), y =a(1 - cos 6). )

The point 4 at the greatest distance from the base OX

is called the verter. Thus, for the vertex, ¥ i.e., a(l - cos 0)

is maximum. Hence, cos 0= —1 4., 0=n.
AD=a(l-cos n)=2a. « vertex is (ax, 2a).
For Oand O, y=0. .. cosf=1. .. 6=0and 2

As the circle rolls on, arches like OAQ' are generated
over and over again, and any single arch is called a eyeloid.

Fig. (ii)
z=g(0+sin 6). y=a(l—cos 8).

Since the vertex is the point (ax, 2a) the equation of
the cycloid with the vertex as the origin and the tangent
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at the vertex as the z-axis can be obtained from the previous
equation by transferring the origin to (an, 2a) and turning
the axes through = ¢.e., by writing
an+a’ cos n—y sina and 2 +2' sin a+y' cos x
for = and ¥ respectively.
Hence, a(0—sin 6)=an— o',
or,e o'= a:(u —8)+a sin 6=a(6’ +sin 6'),
where 6'=n -0,
and a(l—cos 8)=2a -9/,
or, Y =%—a+acos0=a+ucosO
=a—a cos (x— 6)=a(l —cos 0').
Hence, (dropping dashes) the equation of the cycloid
1with the vertex as the origin and the tangent at the verter

as the x-axis 13
x=a(6+sin 8), y=a(1 - cos 6). e (i)

In this equation, 8 =0 for the verter, 6 == for O, and
6= —xfor O'.

The characteristic properties are :
., (i) For the cycloid z=a(6 - sin 6), ¥y =a(l - cos 6), radius
‘of curvature =twice the length of the normal.

(ii) Tﬂe'evolute of the eycloid is an equal cyecloid.

(i3i) For the oycloid £=a(0+sin 6), ¥ =a(l — cos 6), y=1%0
and s% =8ay, s being Measured from the vertex.

(iv) The length of the ahove cycloid included between
the two cusps is 8a.

(v) Intrinsic equation is s=4a sin v. ,

Note. The above equaiion (ii) can also be obtained from the
Pig. (i) geomatrically as follows :
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If (z', 3') be the co-ordinates of P referred to the vertex as the
origin and the tangent at the vertex as the z-axis,
2'=LD=0D~OL=ar—z=a(r—08)+a sin 0,
y'=AD—PL=2—y=2a—a(l—cos 8)=a(l+ cos 0).
Hence, writing 6’ (or 6) for -9, ctc.

13°3. Catenary.

The catenary is the curve in which a uniform heavy
string will hang under the action of gravity when suspended
from two points. 1t is also called the chainette.

Its equation, as shown in hooks on Statiecs, is
x x
X [ -
= - - C Gl
y =c¢ cosh e "3 (e +e )

Y

C is called the vertex ; OC=c. OX is called the directriz.

The characteristic properlies are :
(i) The perpendicular from the foot of the ordinate upon

the tangent at any point is of constant length.

(i) Radius of curvature at any point=length of the
normal at the point (the centre of curvature and the z-axis
being on the opposite sides of the curve).

(ii1)) ¥2 =c¢* +s2, s being measured from the vertex C.

(iv) s=c tan v, y=c sec ¥.

(v) z=c log (sec v+ tan v).

19
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13°4. Tractrix.

Its equation is

— S22
= 2_ 24 a a-———--“.;t@_l
z ‘\/a Y 210ga+ Jaz_yn
Y
A
P
o' T X

or, z=alcos t+log tan %), y=a sin ¢.
Here, OA=a.
The characteristic properties are :

(i) The portion of the tangent intercepted between the
curve and the z-axis, is constant.

(ii) The radius of curvature varies inversely as the
normal (the centre of curvature and the z-axis being on the
opposite sides of the curve).

(iii) The evolute of the tractrix is the catenary

y=a cosh (z/a).
13'6. Astroid.

Its equation is x§+ yg—ag,
or, x=a ¢os®6, y =a sin®6.
Here, OA=0B=0A4'=0B"=a.
The whole figure lies completely within a circle of radius
a and centre O. The points 4, A’, B, B are called cusps.

It is a special type of a four-cusped hypo-cycloid.
[Bee § 13°6 ]



ON SOME WELL-ENOWN CURVES 291

The characteristic property of this curve is that the
tangent at any point to the curve intercepted hetween.
the axes is of constant length.

The perimeter of the astroid z” + v =47 is 6a.

13°6. Four-cusped Hypo-cycloid.

Y b 4 y\°_
Its equation is (a) +(b) 1,

or, x=a cos®&, y=b sin®4.

Al\o A X

Here, 04=04'=a; OB=0B'=p,
The perimeter of the hypo-cycloid ABA'B’ is 4

a®+ab+b®
a+b

The astroid is a speciallcase of this when a =5.
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13'7. Evolutes of Parabola and Ellipse.

(i) The evolute of the parabola y* =4az is
27ay2 = 4(x — 2a)3.

This curve is called a semi-cubical parabola.

Y|

Transferring the origin to (2a, 0), its equation assumes
the form y®="Fkz® where k=4/97a, which is the standard
equation of the semi-cubical parabola with its vertex at the
origin.

Hence, the vertex C of the evolute is (2a, 0).

(ii) The equation of the evolute of the ellipse
z2/a®+9?/b%=11is

(ax)§ + (by)§ =(a? - b’)g,
which can be written in the form
% T
x y\°_
( a ) + ( B ) =1,

where a=(a® - b%)/a, g=(a® — b*%)/b.
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2 _ 72)\2
The area of the evolute is %n(a' abb ”.

Y

2 2
The length of the evolute is 4((—"5- - ba )

Hence, it is a four-cusped hypo-ceycloid.

13'8. Folium of Descartes.

Its equation is x®+y2 = 3axy.

It is symmetrical ahout the line ¥ =1.
Y

N\

The axes of co-ordinates are tangents at the origin, and

there is a loop in the first quadrant.
It has an asymptote z+y+a=0 and its radii of curva-

ture at origin are each = 3a.
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The area included between the curve and its asymptote
=the area of the loop of the curve
3 *ag .

13'9. Logarithmic and Exponential Curves.

= P

O/ X —

Y

[e] X

(i) y=log =. ii) y=¢".

()  is always positive; y=0 when z=1, and as z
becomes smaller and smaller, ¥, becing necgative, becomes
numerically larger and larger. For = > 0, the curve ts
condinuous.

(ii) = may be positive or negative but ¥ is always positive
and ¥ becomes smaller and smaller, as z, being ncgative,
becomes numerically larger and larger. T'he curve is conti-
nuous for all values of x.

13'10. Probability Curve.

¥ The equation of the
probability  curve is

y=e""".
The x-axis is an

asymptote.
X' (0] X

The area between the
Y curve and the asymptote is

=2 j:e-=’ dz 2.3 Ja= Ja.
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13'11. Cissoid of Diocles.
Its carbesian equation is Y
y? (20— 2)=2°.

04 =2a ; x=2a is an asymp-
tote. X O A X

Its polar equation is

%a sin?0 )
cos 6 ¥

13'12. Strophoid.

The equation of the curve is

z2_,2.0t%7T
v a—x
04=0B=a.

OCBPO is a loop.

x =g is an asymptote.

a=-T . . . .
The curve y®=2° atas is similar, just the reverse of
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strophoid, the loop being on the right side of the
origin and the asymptote on the left
side.

13'13. Witch of Agnesi.
The equation of the curve is

2y® =44 Qa—2).
Here, 04 =2a.

This curve was first discussed
by the Italian lady mathematician
Maria Gactaua Agnesi, Professor of
Mathematics at Bologna.

13'14. Logarithmic (or Equiangular) spiral.

Its equation is r=ae? “*te( or, r=ge™ ),
where cot a or m is constant.

Characteristic Properties :

(i) The tangent at any point makes a constant angle
with the radius vector, (¢ = a).

(ii) Its pedal, inverse, polar reciprocal and evolute are
all equiangular spirals.

(iii) The radius of curvature subtends a right angle at
the pole.

Note. Because of the property (i), the spiral is called equiangular.
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18°15. Spiral of Archimedes.

Seed

Its equation is r=aé.

Its characteristic property is that its polar subnormal
is constant.

13°16. Cardioide.
Its equation is (i) r =a(1+ cos 6), or, (ii) r=a(1 - cos 6).
In (i), 6 =0 for 4, and 0==x for O.
In (ii), 6 =z for A, and 6=0 for O.
Y

<

[e]
>
x
>
(o)

(i) r=a (1+cos 6). (ii) r=a (1—cos 6).

In both cases, the curve is symmetrical about the initial
line, which divides the whole curve into two equal halves,
and for the upper half, 8 varies from O to z, and 04 =2a.
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The curve (ii) is really the same as (i) turned through
180°.

The curve passes through the origin, its tangent there
being the inifial line, and the tangent at 4 is perpendicular
to the initial line.

The evolute of the cardioide is a cardioide.

The perimeter of the cardioide is 8a.

Note. Because of its shape like human heart, it is called a car-
dioide. The cardioide r=a(l+cos 6) is the pedal of the circle r=2a cos 8
with respect to a point on the circumference of the circle, and inverse
of tho parabola r =a/(1+ cos 8).

13'17. Limacon.
The equation of the curve is
r=a+b cos 6.

When a > b, we have the outer curve, and when ¢ < b, we
have the inner curve
with the loop.

When a = b, the curve
reduces to a cardioide.
[ Seo fig. in § 13°16 )

lY/‘—\
X /0 X
Limacon is the pedal
of a circle with respect
to a point outside the
Y’

circumference of the
circle.

13°18. Lemniscate.

Its equation is rZ2=4? cos 26,

or, (z® +y%)?=0a2(2*-y9).
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It consists of two equal loops, each symmetrical ahout
the initial line, which divides each loop into two equal halves,
04=04"'=a.

r*=qa* cos 20

The tangents at the origin are 7= +z.

For the upper half of the right-hand loop, 6 varies from
0 to 1n.

4 characteristic property of it is that the product of
the distances of any point on it from (+a/ £/2, 0) is constant.

The area of the lemniscate is a®.

The lemniscate is the pedal of the rectangular hyperbola
7% cos 20=a%. The curve represented by »°=a” sin 20 is

A

r?=q? sin 20
also sometimes called lemniscate or rose lemmniscate, to distin-
guish it from the first lemniscate, which is sometimes called
Lemniscate of Bernoulli after the name of the mathematician
J. Bernoulli who first studied its properties.
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The curve consists of two equal loops, situated in the
first and third quadrants, and symmetrical about the line
y=z. It is the first curve turned through 45°

The tangents at the origin are the axes of 2 and ¥.

The area of the curve is a®.

13'19. Rose-Petals (r=a sin n6, r=a cos né).

The curve represented by r=a sin 36, or, r=a cos 30 is
called a three-leaved rose, each consisting of three equal

cle) Al1) L\
5 _— \AQ)
X Q X
B(2) B(2)
r=a sin 360 r=a cos 36
Y
D(4)
A()

X

B(2)

r=q sin 20

r=aqa cos 20



ON SOME WELL-RENOWN CURVES 801

loops. The order in which the loops are described is indica-
ted in the figures by numbers. In each case, 04=0B=0C
=g, and L AOB=/BOC= /C04=120°.

The curve represented by r=a sin 20, or, r=a cos 20 is
called a four-leaved rose, each consisting of four equal loops.
In each case, OA=0B=0C=0D=q and LAOB= /BOC
=/ COD= /DOA=90".

The class of curves represented by r=ga sin u0, or,
r=a cos n0 where n is a positive integer is called rose-petal,
there being n or 2n equal loops according as n is odd or even,
all being arranged symmetrically about the origin and
lying entirely within a circle whose centre is the pole and
radius a.

13'20. Sine Spiral (r"=a" sin n6 or r"=a" cos né).

The class of curves represented by (i) 7" =a" sin 20, or,
(ii) #* =a" cos n0 is called sine spiral and embraces soveral
important and well-known curves as particular cases.

Thus, for the values n=—1,1, =2, +2, —% and %, the
sine spiral is respectively a straight line, a circle, a rectan-
gular hyperbola, a lemniscate, a parabola and a cardioide.

For (i) ¢ =00 ; for (ii) ¢=3n+ ub.

The pedal equation in hoth the cases is

p=r"tgn

—_——



DIFFERENTIAL EQUATIONS
CHAPTER XIV
INTRODUCTION AND DEFINITIONS

14'1. Definitions and classification.

A differential equation is an equation involving differen-
tials (or differential coefficients) with or without the variables
from which these differentials (or differential coefficients)
are derived.

The following are examples of differential equations :

$:=81 (1)
(Z:I:)2=aa:“+bm+c @
Z;,::o (&)
(g;g)“:wng (©)
e
- :_;_‘_:_;ﬂ (6)
:;1:+:;1:=0 U]

Differential equations are divided into two classes viz.,
Ordinary and Partial.

An ordinary differential equation is one in which all
the differentials (or derivatives) involved have reference to
a single independent variable.
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A partial differential equation is one which contains
partial differentials (or derivatives) and as such involves
two or more independent variables.

Thus in the above set, equations (1), (2), (8), (4) and (5}
are ordinary differential equations and equations (6) and (7)
are partial differential equations.

In order to facilitate discussions, differential equations
are classified according to order and degree.

The order of a differential equation is the order of the
highest derivative (or differential) in the equation. Thus,
equations (1) and (2) are of the first order, (3) and (5) are of
the second order and (4) is of the third order.

The degree of an algebraic differential equation is the
degree of the derivative (or differential) of the highest order
in the equation, after the equation is freed from radicals
and fractions in its derivatives. Thus, the equations (2) and
(4) are of the second degree.

Note. Strictly speaking, the term ‘degres’ is used with roference

to those differential equations only which can be written as poly-
nomials in tho derivatives.

‘We shall consider in this treatise only ordinary differen-
tial equations of different orders and degrees.

14'2. Formation of ordinary Differential Equations.
Let  flz, 4, ¢1)=0 - (1)
be an equation containing «, ¥ and one arbitrary constant ¢;.
Differentiating (1), we get

of Lof dy _ e (92
ot oy da= " @
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Equation (2) will in general contain ¢;. If ¢5 be eli-
minated between (1) and (2), we shall get a relation involv-

ing 2, ¥, and Zz' which will evidently be a differential

equation of the first order.
Similarly, if we have arfequation
S, v, c1,¢2)=0 - (3

containing twe arbitrary constants ¢, and cg, then by
differentiating this twice, we shall get two equations.
Neow, between these two equations and the given equation,
in all three equations, if the two arbitrary constants ¢y
and ¢y be climinated, we shall evidently get a differential
equation of the second order.

In general, if we have an equation

flr, v, ¢4, Capen. Ca)=0 ot «e (4)

containing = arbitrary constants ¢, cg,... cn, then by
differentiating this # times, we shall get % equations. Now,
hetween these n equations and the given equation, in all
(n+1) equations, if the n arbitrary cobstants ¢4, ¢a,... €5 be
eliminated, we shall evidently get a differential equation
of the nth order*, for there being n differentiations, the
resulting equation must contain a derivative of the =uth
order.

Note. From the process of forming a differential equation from a
given primitive, it is clear that since the equation obtained by varying
the arbitrary constantsin the primitive represents a certain system

or family of curvos, the differential equation (in which the constants
do not appear) expresses some property common to all those curves.

* A relation co;zto-ining n arbitrary constants may in certain oases
give rise to a differential equation of order less than x.
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We may thus say that a differential equation represents a family of
xcurves all satisfying some common property. This can be considered as
the geometrical interpretation of the differential equation.

14°3. Solution of a Differential Equation.

Any relation connecting the variables of an equation and
not involving their derivatives, which satisfies the given
differential equation 4.e., from which the given differential
equation can be derived, is calleda solution of the differen-
tial equation. Thus,

9 =¢® +C, where C is any arbitrary constant,

and y= Az + B, where 4 and B are arbitrary constants,
are respectively solutions of the differential equations (1)
and (3) of Art. 14°1.

From the above, it is clear that a differential equation
may have an unlimited number of solutions, for each of the
different relations obtained by giving particular values to
the arbitrary constant or constants in the solution of the
equations satisfies the equation, and hence, is a solution to
the equation ; thus, y=z— JTI, y=22-3, y= —Jz etc.
are all solutions of the differential equation (3) of Art. 14°1.

The arbitrary constants 4, B, C appearing in the solution
are called arbitrary constants of integration.

The solution of a differential equation in which the
number of independent arbitrary constants is equal to the
order of the equation, is called the general or compleis
solution (or complete primitive) of the equation.

The solution obtained by giving particular values to
the arbitrary constants of the general solution, is called
a particular solution of the equation,

20
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Thus, ¥y =4z + B is the general solution, and y =2z — J/11,
Yy=2r-38, y=-—3gz are all particular solutions of the

equation (3) of Art, 141,

There is another kind of solution called the singular
solution, which will be discussed in a subsequent chapter.
[ See Art. 16'4 ]

By a proper manipulation of the arbitrary constants in
the general solution of a differential equation, the general
solution is very often written in different forms ; it should
be noted however that each of these forms determines the
same relation between the variables. This will be subse-
quently illustrated in the worked out examples.

‘When an equation is to be solved, it is generally implied
that the complete solution is required.

It sometimes happens that the process of solving a
differential equation leads to integrals which cannot he
evaluated in terms of known elementary functions. In such
a case, the equation is considered as having been solved
when it has been reduced to an expression involving integrals
and it is said that the solution of the equatiom has been
reduced to quadrature.

Note 1. The arbitrary constants in the solution of a differential
equation are said to be independent, when it is impossible to deduce
from the solution an equivalent relation containing fewer arbitrary

constants. Thus, the two arbitrary constants 4, B in the equation
y=A4e**? are not independent, since the equation can be written as

y=Ae® .e*=Ce".
Note 2. In the elementary treatise we shall not concorn our-

selves with the question whether a differential equation has a solu-
tion or what are the conditions under which it will have a solution
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of a particular character ; in fact we shall assume without proof the
following fundamental theorem of differential equations viz.,

An ordinary differential equation of order n has a solution involv-
ing n independent arbitrary constants, and this solution is unique.

14°3(1). Illustrative Examples.
Ex. 1. Find the differential equation of all straight lines passing

through the origin.
Let y=mz - . (1)

be the equation of any straight line passing through the origin.
Differentiating (1), gg""" @

Eliminating m between (1) and (2), wo gel

Y=z sz the required differential equation.

Ex. 2. PFind the differential equation from the relation
Tz=a cos t-+b sin i,
a and b being arbitrary conslants.

Differentiating the given relation twice with respect to ¢, wo got

z,=—asint+bcost, and

2= —a cot {—~b sin ¢ = — (a cos {-+D sin )= —g.

2

s 2o+ 2=0, de., g—t-.f:+m=0 is the required differential equation.
Ex. 8. Eliminate a and b from y=a tan-'z+0.
Differentiating the givon relation with respect to «,

=i (1+z%)y,=a.
Differentiating, (1+2%) y,+2xy,=0.
This is the required eliminant.

EXAMPLES X1V

1. Show that the differential equation of a system of
concentric circles is z dr+y dy=0. Interpret the result
geometrically.

2. Prove that the differential equation of all circles
touching the z-axis at the origin is (z® —y*) dy - 2¢y dz=0.
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3. (i) Show that the differential equation of all parabolas
(a) having their axes parallel to y-axis is ¥ =0.
(6) with foci at the origin and axes along the z-axis
is yy 2 +22y,-y=0.
(ii) Show that the differential equation of the family of
circles z® +9* + 22+ 2fy+¢c=01is (1+y1*)ys —3y195* =0.

(iii) Show that the differential equation of the family of
cardioides » =a(l + cos 6) is (1 + cos 6) dr +r sin 6 d9=0.

4. Show that the differential equation of the system
of rectangular hyperbolas zy=c? is £ dy+y dz=0, and
interpret the result geometrically ; deduce that the tangent
intercepted between the axes is bisected at the point of
contact.

5. Verily that ¥ +z+1=0 is a solution of the differen-
tial equation (y — z) dy — (y® ~ 22%) dz =0.

6. Show that V= f + B is a solution of the differen-

tial equation
a*v + 2dvV_
ar* "y dr

7. DFind the differential equation from the relation

0.

(i) y=A sinz+B cos 2+ sin .
(ii) y=Ae®+ Be™".
(iii) y =4 cos ¢+ B sin 2 +C cosh £+ D cosh z,
where 4, B, C, D are arbitrary constants.
8. Eliminate a and b from each of the relations
(i) y=a logz+b. (ii) zy =ae® +ba~".
(iil) ax?+by®=1. [C.P.1945] (iv) r=a+bcos 6.
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9. (i) Show that the differential equation, whose generaly
golution is y=c,2+¢y? is y=wxy, - $2%y,.

(ii) Show that
y=co8 Z, y=sinz, y=c, COSZ, Yy=Cg 8in &
are all solutions of the differential equation
ya +y=0.
[ In (i) and (i3) ¢\, cq are arbitrary constants ]

10. (i) Show that the differential equations, whose gene-
ral solutions are

() y=A sin z+ B cos z,
(ii) y = 4 sinh 2 + B cosh z,

where 4 and B are arbitrary constants, are respectively

dat d?
d;v¥+y=0 and (Eg— =0,
ANSWERS

1, The radius vector and the tangent at any point are mutually
perpendicular.

4. Tho radius vector and the tangent at any point are equally
inclined to the z-axis,

7. (i) y+ys=2cosa. (ii) y,—y=0. (iii) y,—y=0.
8. (i) zy,+y,=0. (ii) zy,+29,=2y.
(i) =lyy,+9.")=yy.. (iv) ro=r, cot 6.



CHAPTER XV

EQUATIONS OF THE FIRST ORDER AND
THE FIRST DEGREE

16°1. A differential equation of the first order and first

degree can be put in the form
Mdz+N dy=0,

where both M and N are funcfions of z and g, or constants
not involving the derivatives, The general solution of an
equation of this type contains only one arbitrary constant.
In this chapter we shall consider only certain special types
of equations of the first degree.

15°2. Separation of the Variables.
If the equation M dz+ N dy=0 can be put in the form
f.(x) dx+12(y) dy =0,

then it can be immediately solved by integrating each term
separately. Thus, the solufion of the above equation is

[ F:(@) dz + [ fao(y) dy=C.

The process of reducing the equation M dz+ N dy=0 to
the form fi(x) de+f,(y) dy=0 is called the Separation of
the Variables.

Note. Sometimes transformation to the polar co-ordinates facili-

tates separation of variables. In this connection it is convenient to
remember the following differentials.

If z=rcos d, y=rsin 0,
(i) z dz+y dy=rdr. (ii) da?+dy®=dr’+r*de*.

(iii) « dy—y de=r2 d9o.
[ For illustration see Ex. 8(ii) and (i4i) of Examples XV(4) ]
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Ex. 1. Solve (1+y?) dz+(1+22) dy=0.
Dividing by (1+x2)(1+y?), we get
i+ Ty
integrating, tan-'z+tan"'y=C. (1)
Note. Writing the arbitrary constant C in tho form tan~'a, the
above solution can be written as tan~'z+tan~'y=tan"'a,

-1 &ty

= “a,’ = - wee
1<zy tan-'a,” or, z+y=a (1—2y). (2)

or, tan

Both forms of solution, (1) and (2), are perfectly general; and any
one of these can bo considered as the complete solution of the given
equation. [ See Art. 14'8 ]

Ex. 2. Solve z(y*+1) do+y(z?+1) dy=0.
Dividing both sides by (z*+1)(y®+1), we havo

dz+ "+ld” =0.

’ +1
integrating, we have
% log (z?+1)+% log (y?+1)=C.
Writing & log 4 in the place of C, the alove solution can be written
in the form
(x?+1)(y*+1)=4.
Note. 1In order to express the solution in a neat form, we have
taken §log 4 (4 being a constant) in the place of the arbitrary
constant C.

Ex.8. Solve (z+y)? 2'=a”.  [C.P.1936]
. . dy_d
Put z+y=v, i.e, y=v—2. .". dz=d-:—1.

.*. the equation reduces to
’ 2 2
v? (gg—1)=a’. or, $=1+ o a—:;»"--

2 2
Sode=g o3 dv=(1 —;.,—':;?) dv.
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dv

.*. integrating, S dz=s dv—a? S ot

1 v z+y °
or, +C=v~a2% - 17 = —_ -1 % H,
, z+C=v—a atan a z+y—a tan a

y=a tan~? {D_‘;"_!I_,_ C, is the roqd. solution.

Ex. 4. Find the foci of the curve which satisfies the differential
equation (1+y?) doe—xy dy=0 and passes through the point (1, O).

Separating tho variables of the equation, we have
dw_ydy _,
c 1+y?
.*. intograting, log z—% log (1+y?%)=1log C,
- ~-—£~ - = . = 342
or, log JiFy log C. .. z=C\1¥ye.

This is the equation of any curve satisfying the (given differcntial
equation., If the curve passes through (1, 0), we have 1=C,

.*. the equation of the required curvo is z?—y*=1.
It is a rectangular hyperbola, and its foci are evidently (£ A/2, 0).

Ex. b. Show that all curves for which the length of the normal is
equal to the radius vector are either circles or reclangular hyperbolas.

Since the length of the normal=y \/i+y,? and the radius vector
= Nai+ gt

S YLy, ) =27+y? or, y?y, =z’ or, ¥y, = t=.

dy
dz
.*. integrating, z?+y*=a? a® being the arbitrary constant of
integration.
Thus, the curves are'either circles or rectangular hyperbolas.

=:|:§- v wdetydy=0.

Ex. 6. Show that by substituting ax+by+c=z, in the equation
gg-f(az+b1/+c) the variables can be separated.

- = . dy_ds,
S az+bytc=s, e “+bdz A
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dy_ 1 (”_’f_ a).
de b \dz
Hence the given cquation transforms into

s (32-a) =100,

e __dsz
e GFbf(2)

Thus, the variables are separated.

=dzx.

EXAMPLES XV(A)

813

Solve the following differential equations (Bx. 1-10) :—

1.G) Wz totl i) 22 Way=1.

dx y:+y+1 dx

(i 1) (h/ Zgz i; 0.

2. () yda:+(1+a: ) tan™z dy =0.
Gi) & Vdr+e'™" dy=0.

3. (i) z /1-y% dz+y J1—2*% dy=0.
(ii) 22 (y—-1) dz+y* (xz—1) dy=0.

2
d:l/+1/ +y+1=0.

4. dr zi+z+l

5.6 W [ATVm0. i) G- :&Iz’g

(iii) d1I+ J(a' —])('y —1)=0
xy

8. (i) sec®z tan y dz + sec®y tan z dy=0.
(ii) z cos®y dz —y cos®z dy=0.

) log (sec z +tan z) de = log (sec y + tan y)

co8 cos ¥

7. (z®-yz?) dy+(@?+ay®) dz=0.
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8. () y de—z dy ==y da.
(ii) 2*(z dz+vy dy)+ 2y (@ dy —y da) = 0.
oes + —p2—q9y2
(iii) :yl'?fl'; = 4/ log -y xsm.'_ yay )
9.() W1=g=w, ) 9= vi=a.
10.0) sin™ (W) =z 40, ) 1og (%) =az+b.
. dz
11. Find the particular solution of
cos ¥ dz +(1+ 2 ) sin y dy =0,
when =0, y=2%a.
12. TFtnd the equation of the curve for which
(i) the cartesian subtangent is constant,
(ii) the cartesian subnormal is constant, [ C. P. 1924 ]
(iii) the polar subtangent is constant, [P.P.1933]
(iv) the polar subnormal is constant. [ P. P. 1931]

13. Show that the curve for which the normal at every
point passes through a fixed point is a circle.

14. Show that the curve for which the radius of curva-
ture ab every point is constant is a circle.

15. Show that the curve for which the tangent at every
point makes s constant angle with the radius vector is
an equi-angular spiral.

16. Show that the curve in which the angle between the
tanxgent and the radius vector at every point is one-half of
the vectorial angle, is a cardioide. [C. P.1931]

17. Show that the e ¢ve in which the angle between the
tangent and the radius vector at every point is one-third
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of the inclination of the tangent to the initial line, is
a cardioide.

18. Show that the curve in which the portion of the
tangent included between the co-ordinate axes is hisected by
the point of contact is a rectangular hyperbola.

ANSWERS
1. (i) % (*-9®)+3 @* —9*)+2—y=C. (ii) y=1+Ce'I".
(iii) zy=clz—1)(y~1). 2. (i) y tan~'z=C.
(ii) e**+e?=C. 3. (i) W1-2z2+ N1-9y?=C.

(i) (z+1)*+(y+1)*+2 log (x—1)(y—1)=C.
4. 22y+z+y+Cle+y+1)=1. 5. (i) sin"'z+sin~'y=C.

(ii) 1+y*=C(1+=x2). (iif) M(z?—1)—scc'z+ J(y*-1)=C.
6. (i) tan x tan y=C.

(ii) x tan & —log sec x=1y tan y—log sec y+C.

(iii) (log (sec «+ tan #)]? —[log (sec y+ tan y)]* =C.

7. log : - “’;” =C. 8.() ye'=0z. (i) @*+y?)w+2)* =Cz"
(iii) z?+y2=sin%a, where a=tan-'(y/z)+C.

9. (i) o= o=+ Ceo~". (i) Wy—z+log (Ny~w—1)=dz+C.
10. (i) tan (z+y)—sec (z+y)=C+a. (ii) ae~¥+be®*=C.
11. (¢*+2) sec y=3 A/2. 12, (i) y=Ce*i".

(ii) y?=2ax+C. (iii) #(C-6)=a. (iv) r=a0+C.

16°3. Homogeneous Equations.

If M and N of the equation M dx + N dy =0 are hoth of
the same degree in # and ¥, and are homogeneous, the
equation is said to be homogeneous. Such an equation can
be put in the form

& -fz)
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Every homogeneous equation of the above type car
be easily solved by putting ¥ = vz where v is a function of ,

and consequently :_it_ =p+z Z:’ wherehy it reduces to the

form v+ a: =f('v) i.c., _.'z: = f_(:v(%!-’-; in which the variables
are sepa.ra.ted.

Ex. Solve (x?+y?) dz—2zy dy=0. [ C.P. 1921, '37
The equation can be written as

dy_z’+9°,

dz 2xy

dy

Putting y=wz, so that da =v+z Z_v, we have,

2 2 2
”+m@v=m +olz? 140t

dx Qux? 20
md‘v=1+1_7’_ =1—v_’_
dr 20 2

do__
z 1 oyt 2 Av=0.

integrating, log x+log (1—v?)=log C.
S z(l-v?)=C
Re-substituting y/z for v and simplifying, we get the solution
z?—y*=Cxz.
156°4. A special Form.
The equation of the form
dy _a,x+b,yte, (a1 ;4 bx) - 1)
dx azx+b9y+03 ag b2
can. be easily solved by putting z=gz'+h, and y=9'+F,
where h and k are constants, so that dz=dz’ and dy=dy’,
and choosing A, k in such a way that
axhtbikto =0 ) - ()
and agh +bgk+cy=0.
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For, now the equation reduces to the form
dy’' al:r +b13/
Az’ Gua'+bey'
which is homogeneous in ' and %' and hence solvable by
the method of the previous article.
Note. The above method obviously fails, if a,/a,=1,/h, ; for in
this case 1 and &k cannot be determined from cquation (2).

Let the equation be

dy_a,x+b,y+e, (a-__.b-) 3)
dx agx+bsy+c: \a, b,
Let a_by 1,
a, by m

where m is a non-zcro constant.

Assuming this to be the case, lct the common value of these
ratios bo denoted by 1/m, so that a,=a,m and by=bm.

The cquation (3) becomes

du az+byte, |
“mlaz+0,y)+ea

Now, puttmg a,z+b,y=v, the variablcs can he casily separated and
henco the equation can be solved. [ Sce Kz. 2, helow. ]

. ag=aym, by=bym,

Note. If in the equation (1), a,=—0b,, then the equation can

be solved more easily by grouping the torms suitably.
[ See Examples XV(C), Ex. 1 (iv) ]

. du 6z —2y— -1, .
Ex. 1. Solve dz =9z +3y— - [C.P.1934]
Putting z=a'+h, y=y +k, so that de=ds’, dy=dy’, we have,

dy 6z’ — 2u+6h-—2k 7
da’~ 2%+ 8y +2h+ 8k — -6

Putting 6k —2k~"7=0, and 22+8%k—6=0,
and solving these two equations, we have h=§, k=1.

. du 6z’ -2y
.*. the equation becomes dz =3 + 3y
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Since the equation is now homogeneous, putting 4’ =vz’ and henco,
g:,—v+ z’%’n and simplifying, the equation reduces to

dg’ _ 1 _ 6v+4
=78 30 40—6 dv, which on integration gives,

—log Az’ =3% log (3v%+4v—6).
‘o (dg)"r =(8v+ 4v— 6)*.

Now, restoring the values of z' and v, where 2'=z—£ and
o= V2200, get the solution in the form
z 2x—-3
3y® +4xy—6x2—12y+14z=C.

dy_6z—-2y-T7,

Ex. 2. Solvada} Sr—y+4

Since here a,/a,=b,/b,, .". putting 3z—y=uv, we get

dy_dv

8- =iz uwnd hence the given equation gives

dz

dv =5 20-7_0+19,

do vid w44

v+d 15
dz= 119 d”_( +19) dv.

z+C=v-15 log (v+19).
On restoring the value of v, we get the solution in the form
2z —y—15 log (8x—y+19)=C.

Ex. 3. Show thatin an equation of the form
yi.(xy) dx+x1,(xy) dy=0
the variables can be separated by tle substitution zy=v.

Since, 2y=v, y= : and d(ey)=dv i.e., y dz+z dy=dv

and dy--mdl’»-i»‘-i—z ie, zdy=dv— - da:

oo D fil) derfu(o) dde~ | da=0.
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. falv)dv | dz
*t v{f.(v)—fs(v)} T

Thus, the variables are separated.
[ See Ex. 14, 15, 16 of Examples XV(B) ]

We can as well form an equation in » and y, by taking zy=v,
v

- _ydv—vdy
z= v and de= e

[ For illustration see dlternative proof of Ex. 5 of Art..15°5. )

=0.

EXAMPLES XV(B)

Solve :—

1.G) a:+ygy=2y_ (i) 4 "”/ ::
20wl O -
3. (2 +y"’) dy=zy dz. [ C. P.1925,'30]
olny Wl

5. (i) (8 smh(‘!//a:) + 5y cosh(y/x)) dz — 5z cosh(y/z) dy=0.
(1) (1 + 3e®M) dz + 3¢ (1 - z/y) dy =0.

6. (z2—22y) dy+(x? - 3zy+ 2y®) dz=0.

7. y¥de+(z® +ay) dy=0.

i) v 3z +2y
(ii) dx 2z-3y

9. (6z—5y+4)dy+(y—2c—1)dz=0.

10. (z -3y +4) dy+(Ty— 52) dz=0.

11. (2z-2y+5)dy—(z-y+38)dz=0.

12. (z+y+1)de—(2z+2y+1) dy=0.

18. y(2zy+1) dz+xz(1+ 2%y +2°y*) dy=0.

8.6) &= +tan”
z x
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14. 2%y® do + 32%y dy+ 2y dz=0.
15. (L+ay cos zv) dz +2? cos zy dy=0.

16. Show that (dz+8y+1)dz+(3z+2y+1) dy=0 re-
presents hyperbolas having as asymptotes
x+y=0, 2v+y+1=0.

ANSWERS
1. (i) y=a+ Ce*lv-2), (ii) 2z—y=Cxy.
2. (i) y®e*=Cx2. (ii) y°=Ce=*1v>,

3. y=Ce= I’ 4. (i) y*°+2xy—2?=C. (i) zy=Cel,
5. (i) *=C sinh(y/r).  (ii) z+8ye~l¥=C. 6. y=alog (Caz~1).

7. zy?=Clx+2y). 8. (i) z=0C sin:-
(ii) 3 log (»?+y?)=4 ta.n" / +c.

9. (5y~2z—3)'=C(4y—4z—38). 10. (3y—5z+10)>=Cly—z+1).
11. 2%y—z+C=log (x—y+92). 12. 6y—3zr=1log (32+38y+2)+C.
13. 2z%y? log y—4xy—1=Cxz%y*. 14, a(xy—2)*=Clry—1)°.

15, getin® =g,

15'5. Exact Equations.

The differential equation M dz+ N dy =0, where both M
and N are functions of 2 and ¥, is said to be eract when
there is a function % of z, 9, such that M dz + N dy = du, i.e.,
when M dz+ N dy hecomes a perfect differential.

Now, we know {rom Differential Caleulus that Mdx + Ndy
should be a perfect differential if %%[ =¢;i\7 Hence, the
condition that M dz+ N dy=0 should be an exact differential

‘M 6N
equation, is &y ex
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Note. It is beyond the scope of the present treatise to enter into
the details of the theory of singular solutions.

Ex. 1. Solve y=px+p—p2. [ C. P. 1936]
Differentiating both sides with respect to «,

- dp_ dp _ dp,
? p+mda:+dm 2pdz

dz (z+1—2p)=0.

cither, gz=0, i.e, p=C - (1)
or, ¢+1-2p=0, i.e., p=§ (z+1). - (9
Eliminating p betwecn (1) and the given cquation, we get
y=Cx+ C—C? as the complote solution
and eliminating p betweon (2) and the given equation, we get
y=}(+r+3(z+1)-3 (x+1)°=%(z+1)?,

i.e., 4y=(x+1)*, as the singular solution.

Note. It can easily be verified that the family of straight lines
reprosented by the complete solution touches the parabola represented
by the singular solution.

Ex. 2. Solve y=(1+p)x+ap

Differentiating with respect to z, we have
- -2ay) .
p=(1+p)+ (x4 2ay) s

dz = —
d-b+m— 2ap.

This is a linear cquation in z and p. [ See 4r¢. 156 ]
multiplying both sides by e/ i, ¢?, wo get
dz
p 4T - P
e dp+e”.a: 2ap . e
o, & (xe?)= —2ap . c’.
» dp

22
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. integrating, xe? = —2afpePdp+C= —2ae” (p—1)+C,
or, z=2a(1—p)+ Ce~?.
. y=2a—ap?+(1+p) Ce~? from the given equation.
The p-eliminant of these two constitutes the solution.
EXAMPLES XVI

Solve the following and find the singular solutions of
Ex. 5 to 8 only :—

1. () p*+p-6=0. (i) p? + 2zp—32® =0.
2. (i) p?-p (e +e %) +1=0.

(i) p?y-p @y +1)+2=0. (iii) p(p® +zy)=p*(x+v).
3.(G) p?—(a+b)p +ab=0. (ii) plp +z)=y(x+y).
4. () zyp® - (@* - y*)p - zy=0.

(ii) p* - p(z® + 2y +9°) + 2’y +2y° =0.

(iii) p°® - (2® +2y +y*) p + (2°n +2°y® +2y°) p- 2°y®

=(.
5. (i) y=pr+a/p. (i) y=pz+ Jaip®+54.
(iii) ¥ =pz+p™
6. G) y=pr+ap (0 -p) (i) py=p2(z-0)+a.

7. (—a)p*+(x-9y)p-y=0.
8. (w+lp—ap®+2=0.
9. (i) p’z—p?y-1=0. (i) y=yp?+2pzx. [C. P. 1948}

10. sin ¥ cos pz —cos ¥ sin px —p=0.

11. (i) z=4p +4p°. (ii) p?-2zp+1=0.
12. (i) - p® - p=0. (ii) y=p cos p—sin p.
13. (1) y=p°z +p. Gi) y=(p+pM)z+p*.
14. () z+yp=ap®. (i) v=2pz +p®.

15. p®-pw+3)+2=0,
16. y=4dp®+ Bp®.
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ANSWERS

1. (i) (y+3z—c)(y—2z—c)=0. (ii) (2y+3z?—c)(2y—22—¢)=0.

2. (i) (y—e*—c)y+e*—c)=0. (ii) 2y—=z2—c)(Qzx—y*—c)=0.
(iii) (y—c)2y—=x* —c)y—ce)=0 3. (i) (y—axr—c)ly—bz—c)=0.
(ii) (y—ce*y+x—cs~*~1)=0. 4. (i) (wy—c)x?—y®—c)=0.
(il) Qy —x?—c)(y—ce*)y+x—1—ce ")=0.
(iii) (z*>— 8y +c)(c%m’+ ey)xy+cy+1)=0.

5. (i) y=cx+ Z; y? =4dar. (ii) y=cz+ (a2c*+b7); d: +::-=1.
(iii) y=cz+c"; n"y" ' +z2"(n—1)""*=0.

8. (i) w=cxr+ac(l—c); (x+a)®=4ay.
(i) cy=c?* @ —b)+a ; y2=4alz—1).

7. (@—a)c*+(z—y)c—y=0; (z+y)*=4ay.

8. (y+1)c—c?x+2=0; (y+1)?+8x=0.

9. (i) c*x—c*y—1=0. (ii) y2=2cx+c2. 10. y=cx+sin"'e

11, (i) z=4p+4p* } (ii) z=3(p+p-*), }
y=2p*+3p*-+e y=3%p*—dlog p+ec
12. (i) z=2 tan~p—p~'+c } (ii) a=c+cos p }
y=log (p*+p). y=p cos p—sin p
18. (i) y=p?z+p (ii) y=(p+p2) c+p-*
_Jog n—pe } 1-+ceP
(»-1)* =

14. (i) z+yp=ap?
a(1+pY ¥ =ple+a log {p+(1+pH.
(ii) (Bxy+2x®+c)* —4(x?+y)*=0.
15. y(1— p’)* +(1—- _p’)* =¢, with the given relation.
18. y=Ap*+ Bp*
z=34p*+2Bp+ec.



CHAPTER XVII

LINEAR EQUATIONS WITH CONSTANT
COEFFICIENTS

17°1. Equations of the Second Order.

‘We shall first consider linear differential equations with
constant coefficients of the second order, since they occur
very {requently in many branches of applied mathematics.
The typical form of such equation is

2
4rp, Woipya-x, — )

or, symbolically, (D?2+P,D+P2)y =X,

where P,, P, are constants and X is a {unction of = only
or a constant. Two forms of this equation usually present
themselves, namely when the right-hand member is zero,
and when the right-hand member is a function of x. We
shall first consider the first form and then the second.

17°2. Equations with right-hand member zero.
Tet the equation be

2
g{+P1g’+ng 0. - (@)

As a trial solution™ of (2), let us take ¥ =e¢™*. Then
if we put y =¢™® in the left side of (2), it must satisfy the
equation ; 7.e.; we must have,

(m*+Pm+P,)e™=0,
or, since ¢™* # 0, m*+ Pym+ P, =0. - (8)

*This trml solutlon is suggested by the solutwn of the first order
linear equation y, + Py=0, which is of the same form.
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The equation (3) is called the Auziliary equation of (2).
Let my, ma be the two roots of the equation (3).

maz m .z

Then, y=e¢ and y=e¢ are obviously solutions
of (2). Also, it can be easily verified by direct substitution
that y=C16™", y=C¢™" and y=C1e™ "+ Cge™*® satisfy
the equation (2), and as such, are solutions of (2).

‘We shall now consider the nature of the general solution
of the equation (2) according as the roots of the auxiliary
equation (3) are (i) real and distinct, (ii) real and equal
and (iil) imaginary.

(i) Auxiliary equation having real and distinet roots.

If m, and mg are real and distinct, then y=C,e™*+
C;e™*® is the general solution, since it satisfies the equation,
and contains two independent arbitrary constants equal in
number to the order of the equation.

(i) Auxiliary equation having two equal roots.

If the auxiliary equation has two equal roots, the method
of the preceding paragraph does not lead to the general
solution. TFor, if m, =mge =« say, then tho solution of the
preceding paragraph assumes the form

y=(C1+ Cz) ¢*® = Ce*®, when €, +C3=C
which is not the general solution, since it involves only
one independent constant and the equation is of the second
order.

A method will now be devised for finding the general
solution in the case under discussion. Since the auxiliary
solution (3) has two equal roots each being equal to a, it

follows that the differential equation (2) assumes the form
a*y_o dy, =
dz? 2a dw+a y=0.



942 INTEGRAL CALCULUS

Let y =6*®v, where v is a function of z, be a trial solution
of this equation. Substituting this value of ¥ in the left
side of the above equation, we have

a*v _ d®

c*® dz* =0, e, dﬂ;’,-’=0. since ** # 0.

Now, integrating this twice, we get v=C, + Ca2.
Hence, the solution of (2) in this case is
y=(Cy + Csz) e®*.

This is the general solution of (2), since it satisfies (2),
and confains two independent arbitrary constants.

(ili) Auxiliary equation having a pair of complex roots.

If my=a+1p and m, =a—1if, then the general solution
of (2) is

y=C 6@ % 4 O, faip=.

The above solution, by adjusting the arbitrary constants
can be put in a more convenient form not involving imagin-
ary expressions ; thus we have

y=¢"" [C16"" + Cq67F7]
=¢2% [0, (cos pz + ¢ sin Bx) + C; (cos Bz — i sin pz))
=02® [(C4 + C2) cos pr+1(Cy — Cs) sin pa]
=¢2* [A cos B2+ B sin pz],
where A=C,+C; and B=i(Cy—C:) are the arhitrary
constants which may be given any real values we like.

Again, by adjusting the arbitrary constants 4 and B
suitably, 7.e., by putting C cos & for 4 and — C sin ¢ for B,
the general solution can also be written in the form

y =Ce®® cos (B + &),

where C and = are the two arbitrary constants.
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Ex. 1. Solve le;’,’+ 33;’ +9y=0,
Let y=¢™* be a solution of the above equation ;
then ™ (m®+8m+2)=0, .. m*+3m+2=0, sinco e™ 5 0.
s (m+1)(m+2)=0, Som=-—1, or, —2,
the gencral solution is y=C,e %+ C,e~?*

Ex. 2. Solve ——-—2¢g:+a y=0.

Let 4 =¢™* be a solution of the above equation ;

then e™ (m?®-2am+a®)=0, or, m?—2am+a=0, since e™* 0,
s (m—a)?=0.

Since the auxiliary equation has repeated roots here,

the general solution is y=(C, + C,x) e*.

Ex. 3. Solve (D*+2D+5)y=0.

dy
dr

Lot y=¢™" be a solation of the ognation ;
then ¢™ (in?+2m+5)=0. om® 4+ 2m+5=0 since ¢™ # 0,
Coom=—=142%;
. the general solution is y= (et~ 354 C e 1~ 2"
which, as shown in Art. 17°2(iii) can be put in the form
y=c~" (4 cos 2x+ B sin 2z).

The equation is. a I+2 +5y=0.

EXAMPLES XVII(A)
Solve :—

1. 3 Yy 5d”+4y=0

a’y _ody, 1o
2. SA-To+12=0.
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a*y _ .dy =
8. ;-a—35 +2=0. [C.P.1930 ]
4. g +(a+b)d”+aby=o [C. P.1937]
5. (i) 2%. —’—3§”+y=o () “¥raBiy =0,
[C. P.1940 }
6. y,—4y, +4y=0. [C. P.1939 ]
7.(1) (D*+D)y=0. (ii) (D2 +6D+25)y=0.
8. (D*-2mD+m2+n?)y=0.
9. (i) (D®-4D+13)y=0. (1) (D2-w?y=0.
10. (i) dt2+43:+133=0. @) (D+8)% =0.
11. Solve in the particular cases :—
) Z;’+g}' 2y=0; when 2=0, y=3 and (g,u

(n) +y—0 when =0, y=4 ; when =%z, y=0.

d’z _ odx _ da
(iii) = dt" 3 +2m 0 : when {=0, 2= 2a.nddt

(1v)d,+nm 0 ; when = Od =0 and z=a.

' dt

12. TFind the curve for which the curvature is zero at
every point.

2
13. Show that if lg‘,o-+go=0, and if 6=q and flzto

when £ =0, then 8 =a cos {t /(g/)}.

=0'
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14. Show that the solution of

is z=e"¥¢ (4 cos ut + B sin ut) if k* < 4y,

and n® =gp— L2,

ANSWELS
1. y=c,e™"+cqoe”?”. 2 y=c,e* "+, 3. y=c.e"4 c 0",
4. y=c,e "+t 5. (i) y=c.e Feaeti (ii) y=(4+ Bx)e-'.
6. y=e% (44 Br). 7. (i) y=Ad+De".

(i) y=e*% (4 cos 4z + B rin 4z).

8. y=e™ (4 cos nx+ B sin nx).

9, (i) y=e?" (4 cos 3x+ B sin 3z). (ii) y= ™+ Be~™".
10. (i) s=e"2* (A cot 3¢+ B sin 3¢). (ii) y=e"" (44 Bz).
11. (i) y=2¢*+e" 2= (ii) y=1 cos z. (iii) @==4et - 22"

(iv) z=a cos nt. 12. A straight line.

17°3. Right-hand member a function of x.

Wo shall now consider the solufiion of the general form

2
%£§+P1%+P,y-x. (1)

If 7 =d¢(z) be the gencral solution ol

d%y

dwa'*'Pldy+P2U=0 - (2)

dz

and ¥ =v (z) be any particular solution of (1), then

y=¢ (x) +v () is the general solution of (1).

This result can be established by direet substitution.
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Thus, substituting ¥ =¢ (z) + v (z) in the left side of (1),
we have

ds
{84+p, Z¢+p,¢} { $+p.50+ Pyl
The first group of terms is zero, since ¥ =¢ (z) is a solu-
tion of (2), and the second group of terms is equal to X,
since ¥ =v () is a solution of (1).

Hence, ¥ =¢ () + v (z) is a solution of (1), and it is the
general solution, since the number of independent arbitrary
constants in it is two, ¢ (z) being the general solution of (2).

Thus, we see that the process of solving equation (1)
is naturally divided into two parts; the first is to find the
general solution of (2), say ¢ (C1, Csq, ), and the next is to
find any particular solution of (1), say v (x) not containing
any arbitrary constant. Then

y=¢(C,, Cq, x) + v (x)

will be the general solution of (1).

The expression ¢ (C,, Ca, ) is called tho Complementary
Sfunction and v (z), i.c., any particular solution of (1) is called
the Particular Inlegral of the equation (1).

17°4. Symbolical Operators.

We have already shown in art. 17°2 how to obtain the
Complementary function; now we shall consider how to
obtain the Particular integral. In order to discuss methods
of finding a particular integral, it would be convenient
to introduce certain symbolical operators and their pro-
perties.
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With the usual notation of Differential Calculus
a, a?
iz d ——3' ete. will be denoted by the symbols D, D%, ete.

Also - (or, DY), D” (or, D2), ete. will be used to denote
the inverse operators, 7.e., the operators which integrate

a function with respect to z, once, twice, etc. Let us write
the equation

d’l/

P +p1d +Pyy=X, - (1)

in its symbolic form
(D*+P,D+Paly=2X, = (2
or, more bricfly as f(D)y=X. - (3)

The expression f(lﬁ) X will be used to denote a function
of & not involving arbitrary constants, such that the result
of operating upon it with f(D) is X, and as such f(—g)) and

(D) denote two inverse operators.

Thus, the function jz(})) X is clearly a Particular Inlegral
of the equation f(D)y =X,

As a particular case when f(D)=D, ll)X will denote

a function of z, obtained by integrating X once with respect
to z, which does not confain any arbitrary constant of

integration ; similarly _-z%ﬁx will denote a function of z,

obtained by integrating X twice with respect to z, and not
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containing any arbitrary constant of integration. For
example,
1 _4_1 5, 1 1. _
5= 55" past=gpeti pl=ai pul=go
Important Results on Symbolical Operation.
If F (D) be any rational integral function of D,

i.e., if F(D)=D"+a,D" '+ -++an-, D+aq, then
(i) F (D) ¢**=F (a) e*=.

(ii) F(D)e**V=¢**F(D+a) V, V being a function of .

(i) 707 { o ot N p(—a2 { S faotl)

By actual differontiation, we can easily verify the above results.

17°5. Methods of finding Particular Integrals.
‘We shall discuss here the methods of ohtaining parti-
cular integrals, ¢.e., the methods of evaluating f&)) X, when

X bas special forms.™
{a) X=xM, . being a positive snteger.

Expand v i.e., {f (D} in ascending powers of I and

1
f(D)
operate on ™ with the result. It is clear that in the ex-
pansion, no terms beyond the one containing D™ need be

retained, since D™ 1z = ().

Note. The justification of the above method lies in the fact that
the function of ¢ which we s! 41l get by operating on a™ by the series

* For proof see Authors' Differential Caloulus.
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of powors of D obtained by expanding { f(D)-'}, when operated upon
by f(D), will give z™. For examplo,

1‘)71_,_—1 2t =(1+D?*) g4 =(1-D"+D' —-..)p* =g+ — 1927 +24.

Now, (D?+1)(x* —122°+24)== 1232 — 24 + 24 — 1227 + 4 =2,

() X=e V, where V is a function of &, or a constant.

If V, is a function ol o, we have from Art. 17" 4(ii),
f(D)e™V,=e"f(D+a) V,=e*V, say,

1

+ S =1 N - ,
sothat, f(D+a)V, =V, ie, V. P .

Again, noticing that f(D+a)t’ where &’ is a constant
is evidently a constant =k say, and proceeding cxuactly as
above we can show that

— k=ked%

1
e k=e * o+a

1(D) f(D-I-a)
(¢) X=e®%. w:hicre a is any constant.
1f 70, SO f b= fla) ==
S fla)
[ From drt. 17°4(:) ]
oo i-(%)-e “a)e“. provided fla) # 0.
If f(a)=0, then (D - a) is a factor of f(D).
either, (D) =(D — a) $(D), where ¢(a) # 0 --- (i)

or else, =(D-a). e+ (id)
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() oo =i osam = 18 oL 6
(D) D- 4>( ) (D—a) ¢(a) ¢a) D-a
D SO

(d) X==sin (ax+b) or cos (ax+b).

If f(D) contains only even powers of D, let us denote it
by ¢(D?). Then if ¢(—a®) #,0, we get by Art. 17°4(ii3),

g\8in (az +8) _ ¢(~a?) sin (azx+b) _
#DY " y(—a) o(-a*)

lin (ax+b), if ¢(—a?)0.

=gin (az + b).
- sin’(ax +b) = ———s
*t oDy ¢('
Similarly, ¢(5,) cos (ax+b)— 1 ) cos (ax+b), if ¢(—a?)#0.

If (—a?)=0, or if f(D) contains both the first and the
second powers of D, the method of procedure that is to be
adopted in such cases is illustrated in Ex. 5 and Ex. 6
of § 17'6 below.

{¢) X=x"™ gin (ax-+b) or x™ cos (ax+b).

(f) X=xV, where V is any function of

1 1 . 1 -
Y= {*~amy '® Jiy V-

In evaluating particular integrals of this type it is
convenient to replace sin (az +5) and cos (az+b) by their
exponential values and then proceed as in case (b).

Note. It should be noted that when X is the sum or difference
of two or more funchons of ¢, say X=X,+X,+X,, then the parti-
cular integral sf(D) X, X, : X} f(D)X‘ f(D)X"' if(D) 50

* For proof, see the Appendix
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17°5 (1). Alternative method of finding -!(lD') X.

When the auxiliary equation has real and distinct roots,
corresponding to each such root m, there will be a partial

fraction of the form D‘-i-'rh’ where 4 is a known constant
and hence

L . .
AD) X can be written in the form

111 Aa G N
D=-m,y X+D—m, A+

each term of which can bo evaluated by the method shown
below.

- 1 = 1, mx —mx = p/h & l ~ T
Now, D—mX D=m® ¢ X=e D X.
T)——Ll?l X=eM* S t.‘)-m' Xdx. e (1)

This method is illustrated in Ex. 8 of drt. 17°6.

17'6. Illustrative Examples.
Ex. 1. Solve (D*+4)y=a". [C. P.1935)
Here, the auxiliary equation m? +4=0 has roots m= +2i

. the complementary function= 4 cos 2x+ B sin 2z.

Particular Integral = D-’—l-i-:t 3= 1 -'I-l‘}_D“‘-) z?
=i(1+3D?)"1 &?
=i(1 —éD’ + r‘gD‘ "'"-) z? -é(m’_ é).

the required general solution is
y=4 cos 2z+ B sin 2z+3(z? —3).
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Ex. 2. Solve (D—3)* y=2¢*~.
Here, the auxiliary equation (n—3)?=0 has roots 3, 3.
C. F.= (4 + Bur) e®~.

AZ
3),=2e".

.*. the general solution is y=(4+ Bz) e*™+ 2¢**.

=1 x. 20
P. I‘—(D—s)’ 2! =@

Ex. 8. Solve (D—2)? y=6¢2~.
Here, the auxiliary equation (n—2)*=0 has roots 2, 2.
C.F.=(4+ Dzx) c*.

P.1= (D12)“ 6077 =602 1 1=602%4a? = 3a* o™,

.*. the goneral solution is y=(4+ Bz) ¢?”+ 32 ¢**.

2
Ex. 4. Solve & U+y=cosou. [ C.P.1937]

The equation can be written as (D*+1) y=cos 2z.
The auxiliary equation m?+1=0 has roots #+1.
C. F.=4 cos z+ B sin z.

_ 1 . C0s82z _ 1
P. I.—D,_,_lcos 2x—_2,+1— 3 €08 2z.

the general solution is y=4 cos x4 73 sin z—} cos 2.

Ex. 5. Solre (D*4-1) y=cos z.

As in Ex. 4, C. F.=A4 cos 2+ B sin z.

But the meathod of obtaining particular integral employed in Ex, 4
fails here.  'Wo may however substitute the cxponential value of cos z
and proceced. Alternatively we may procced as follows :

1 1 .
Let Y—I)’+1 cos z and Z—D?-'Fl sin z,

. ¥Y+iZ= (cos ©+4 sin m)=D~;—1;i P

1
Di+1
_{z__,l_, ,=lz-..1. .
¢ Drip+11=¢ Gip+pe!
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agrs 1( Q)-x__,,1 1
" gip \1+g;) 1=y, pl

iz T _
= =9 2 (cos z+i sin x).

.". equating the real part, ¥ =3}z sin z.
.". the general solution is y=4 co8 z+ B sin z+ &z sin z.

&y _d .
Ex. 8. Solve ds’,’-—z dz+5y=103‘ma:.

The equation cun be written as (D? — 2D+ 5) y=10 sin .
‘The auxiliary equation m? —2m+5=0 has roots 11 2i.
.. C.F.=¢% (4 cos 2x+ B sin 2z).

1 (D*+5)+2D
D3?—-2D+5 (D‘+5)’ 4D*

_ D?*+2D+5
T(—1%+5)%+4

=4 (—sin z+2 cos x+5 sin x) =2 sin x+cos x.

P I= 10 8in z=; 10 sin

10 sin ¢ = 2 (D’+2D+5) sin 2

.*. the general solution is y=¢* (4 cos 2z + B sin 2x)+2 sin z-+cos x.

Ex. 7. Solve (D*—4D+4) y=x* e~
The auxiliary equation m? —4m-+4=0 has roots 2, 2.
.. O.F.=(Az+ D) e*>.

= - 1.-,, 3,2T 1 8,3z
P.L=5._4p544%¢ (D-g)* &€

==e"z-

Dﬁ
.*. the general solution is y =(4z +.B) e** -+ g%5e?*z°.
Ex. 8. Evaluate —s—=7=3 ¢
x. 8. Lvatuate Baysp+2

Given expression= b+ 1')1(1) +2)° e (1)

=[B].‘. P _._.].'.,.] 3“
+1 D+2

28
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1 z 1 ]

et — -

D+1 D+3°¢

=¢-% \ ¢ ¢*" dz—e~?* S ¢*® ¢ da e (2)

™y

Let’ I.=S ¢ ¢ dz and I,=S 0¥ ot dg.
Put e*=z. .. & dr=ds.

I,=S & de=e"'=e""

I,=§ z¢” dz=ze'-s & da=ze*—e"=¢" (z—1)=¢"" (6*~1).
from (2), the given expression
=e=% ¢ —g~2*.0*" (¢*—1)

-3r e*

=e e

17°7. Two special types of Second order equations..
d%y
(A) dx? f(x)-

Integrating both sides with respect to r, we have

3;: =[ f(z) dz + A= ¢(z) + A say.

Integrating again,
y={ ¢(x) de + Az + B=vy(z)+ Az + B say.

Note. As a generalisation of the above methol, we can solve the

n n
equation u-f(x) and in particular 4y =0, by successive integration.
dxn dxn

(B) %% = 1(y).
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Multiplying both sides by 2dy/dz, we geb

dy d’y
2- da: dz? 2f(’!/)

or,  L{IA gy 9

Now, integrating both sides with respect to x, we have

dy\? 7
W =3[ 10§ dor0,=a st ayron

Let 2f f(y) dy=4().

N (R

dy
~Nly)+ O,
r= +y(y, C,) +C; (say).

dz= =+ * whence integrating

177 (1). Illustrative Examples.

Ex. 1. Solve - ——=cosm:

Integrating both sides with respect to x, we have

ay_1 sin nx+ 4.
de n

Integrating again, y= —J, cos nz+ Az + B,

which is the general solution.

Ex. 2. Solvea 2 ;;'

Multiplying both sides by 2 Z;’: wo get

2
9 dyd’y_ 2 a ﬁu d (du)’=2“l dy

dz dz? az " dz\dx ¥ ax
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Now integrating both sides with respect to «, we have
(Z:) =2a S — dy+C,

_2a 1 C,y*—
= y = +Cl. 1 a’= "’;. a.
dy, , NC,y*—a S - S ygiﬂ
3. + P or, \ de=+ JCgi—a

S =g NOy-a+Ca

z—c,=ig NG.y* —ar
S 0, (2-C.)*=C1y* —a.
This is the general solution.
Note. An alternative method of procedure for solution of the

2
equations of the above type, i.e., of the type 351"{ =f(y) is indicatled below.

dy . d’y_dp_dpdy_ dp,

Put dz~ P Todx? dx dydm=pdy

dpa

—=gy-2
dy e or, pdp=ay-®dy,

integrating, &p*= —3ay~*+ 02‘-

. dy\? a
22, G, (dz) = Cl—y,'
Now, the rest is the same as before.
a’y, dy
y 2 & 4 3, —
Ex. 3. Solve dw"+zdm+"' y=0.

Put z=e* so that z=logz ;

then %’:=e‘=z.
. és!.,d,u.dz =W _d ( dy )dn ( d*y d_._,)
= do ds~ %~ and § %4z % 4ot 4z) &

.6, a;'d y+m—!- —-
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the given equation reduces to

%’:+n y=0.

Multiplying by 2 d’; and integrating with respect to 2,

2
(d" +n?y®=constant=n%a? (say).

ds
d#= +n Ja. -9
or, + J‘-;zy_ 'I3=n dz.

integrating, F cos™! : =nz+e

whence, y=a cos (na+e¢), or, y=a cos (n log z+e) is the required solu-
tion, @ and e being arbitrary constants of integration.

17°7(2). Equations of the types
...... dy, \a
(A) F (dx" x’ X) 0.

(B) F( .....d_y’é,y)-o.

(A) These equations do not contain ¥ directly. The

substitution is Z » (derivative of tho lowest order)=g.

(B) These equations do not contain z directly. The
e s QY _
substitution is dz= P

d’y_ dp . dv/__ 2d®p (dp
Then -3= P, ¥ 48 =P gy2 tP\y,) ebo-

17°7 (8). Illustrative Examples.

2\ 2
Ex. 1. Solve MZ;.’ ga:g (g}!a,) +1=0.



INTEGRAL CALCULUS

ay_,. . dy_ds,
Puat =9 T g iz’
.*. the given equation becomes

2 74](1 -q?+1=0,

dx
* d —d log (g2 —1) =1
. Q _1 q="""or, log(q =log ¢,z
. q?—1=¢,2.

. . d?

S q i.e., d.c{{= N1+¢,2),
dy_

v dr 3c

2
te y3c-)c

(1+('.a.)" +c,,
(l+c,m)'g +eqaztcy

4
=15l’1" (1 +c,ac)g+c,.'c+c_,.

.. 150,’y=4(l+c,a:){+c.,a:+c“..

e g @ (2) () (L) i
Ex. 2. Solve y ;5 (dw ez dz® }_'
dy _ . d’_ dp,
de™V o dprTlay

. the cquation transforms into

d (dp)ﬂé
CP_ pi4{p*—p? =0.
upd p? { "\ gy }

p=qy+(l—q")§, where q=:ll;l)-

Put

This is Clairauts’ forin.
. ay
e dz= Ay -k

o e+B= Llog(dy+r)= log {dy+(1- 47}

p= Ay+(l—A’)}=Ay+k say where k=(1—A")*.
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EXAMPLES XVII(B)

Solve the following equations :(—

1. (1) +4y='2:r +3.

P a2 1/ dy _
2. () jra*t 2, =
3. (i) (D + 3)%y = 25¢%%,

2
4. (3) ZZZ ~a’y=¢""

dy
dx

5. (i) (D% -4)y=sin 2.

2
P S 4 + 3,!1 = 2883'
€T

124
6. () ‘ J+y=smm

(; ;+1/—cos x.

(iii)
7. () (D? -1)y=mze®".
8.(G) (D*+2D+2)y=xe ™"

(iii) (D% +1) y=sin « sin 2.

(iv) (D? - D —2)y=sin 2.
9. (1) d 1/ Z?/+'!I—e +e7 %,
d*u _ d'l/ —
(i3) s d +k2y=¢"
7
(111) @ 7’ (l"+1/=c .
(xv) d’ " = cosh 7.

1%
l(,:.f+ya:

(1)
. 17 1/ dy
(11) ME dor
(ii) (D“+9)_1/=96“.

(n)

-0y==x.

1/""3
Le. r. 19507
(Gi) (D +4)y =sain 22.

(i)

d® .f+41/-:r Cos .

.y d%y . 2
v g +4y = sin”a,
(l )dx.i ./

(i) (D% -9)y=¢>" cos =.
(i) (D% -1) y=c"sin 3a.

(V) (D-2)" y=u"

v) @ 1’-11=a'e sin z.
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2
10. a:’g;;’ T +y=logm [ Put x=¢"]
11. (z®D®+ 2D+ 1)y =sin log z*. [Put z=¢")

12. (i) Show that the general solution of the equation for
S. H. M. viz.,

2z .
y=-n’z,isz=4 cos (nt+e).

dt?

(ii) BEvaluate 11)43“” cos br

and hence show that

axr
Je®* cos bz dz = dge_'_ 5 (@ cos bx +b sin bx).

13. Solve in the particular cases :—

(1)‘ g+y sin 22 ; when =0, y=0 a.ndjl 0.

(ii) ya— 5y, +6y=2¢" ; when =0, y=1and ¢, =1.

(iii) (D*-4D+4)y=2% ; when =0, y=§ and Dy=1.

(iv) (D?-1)y=2; given Dy=3, wheny=1;and 2=2,
when y= —1.

Solve :—

. A4y
14. (l)m Y=1. (ll)ds'_‘
16. (i) y5 cos’z =1, () y’va=a.

16. y"= tan y sec®y, given ¥’ =0, when y=0.

17. (l) ‘\/ZI (ii) E;g'l' 2 0.

2
18. (i) g&%=m’ sin z. (i1) g;i-‘- -
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X dy. o d  dy
19. 1 — R
G) 93 =2dm (ii) a % d

d*y , dy
20. dn? et s =g",

21. (1+2%)y, + 22y, =2.

22. ” (d”) +9% log y=0.

L\ 2
03. 9Y d’!) + 3.

az* T \iz dz
24. y,—(y,)*=0.
25. yya+(y,)%=2.

(l"?/ dﬁ

dz*  dz? =0.

26.

ANSWERS

1. (i) y= 4 cos 2z+ B sin 22+ }(2x+3).

(ii) y= A4 cos x+ B sin =+ (z* — 6x).
2. (i) y=Ade~**+ B+ 23— 30’ +3x.  (ii) y=4Ae**+ Be **—§(x+3).
3. (i) y=(C,+Caz)e~3>+e?". (ii) y =4 cos 3z+ B sin 8z +§e*>.

4. (i) y=0.e“+0,‘a‘“’+2a;c“’. (ii) y=Ae*+ Be "+ 46?2,

(iii) y=C,e"+ C,e**+xe®*.
5, (i) y= 4e?*+ Be~?*—4§ sin 2z.
(ii) y= 4 cos 2z+ B sin 2z — 3z cos 2z.
6. (i) y=4 cos 2+ B sin z—3}x cos z.
(ii) y=C, cos 2z+ C, sin 2z+ §x cos z+ 2 sin z.
(iii) y= 4 cos z+ B 8in z+§ —# cos 2z.
(iv) y=A cos 2z+ B sin 2z+ 31— 4z cos 22— yx? sin 2z,
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7. (i) y=0,6"+Ce >+ }e?* (32— 4).
(ii) y=0C,e**+ Cye= 2"+ Pye* (6 sin z —cos z).

8. (i) y=e-%(4 cos z+ B sin z+z).
(ii) y=Ae™+ Be™* —y%¢® (sin 3z +4 cos §x).
(iii) y= 4 cos z+ B sin z+%z sin o+ 5 cos Sx.
(iv) y=Ae "4 Be?* + 5 (Los 22— 3 sin 2x).
(v) y=e€* (A+ Bz+ fhz*).

9. (i) y=¢=2(C,+ Coo+32?)+1e°. (ii) y=(4+ Br)e**+¢* (L-F)-2.
(iii) y=(4+ Bx+3ix?) e (iv) y=A4c*+ Be=*+3x sinh .

(v) y=Ae®+ De~"— ;-:5 {(10x+2) cos z+ (52 —14) sin z}.

10. y=(A+DBlog x) z+log z+2.

11, y=4 cos log =+ B sin log . —} sin log «°.

18. (i) y=4% sin 2~} sin 22. (ii) y=¢".

(iii) y=Fze®*+3}z2+3z+8. (iv) y+2==¢%-2,
14. (i) y=z g 2+ .4z + B. (ii) y=(x-92) "+ Az + B.
16. (i) y=1log scc z+Ac+B. (ii) C,*y*=a+(C,+C,%)".

16. (sin y+ Ce®)(sin y+ Ce~")=0.
17. () 3z=2 (Jy—20)(Ny+C I +C,.
() WGy Fu= g 108 (/Ciy+ JIFTr3)=aCs W25+,
18. (i) y=C,+C,z+(6—27) sin z — 4z cos .
(ii) z=1¢"'+C,1+C,. 19. (i) y=342°+B.
(ii) a log (y+B)=z+C. 20. y=C,e~*+C,+§c".
21, y=log (1+37)+4 tan-'g+B. 22 y=e4 sinz+Bcosz
28. ¢ (C,—e")=0C,. 24, o (C2+0C,)=1.
25, . y? =22+ C, 2+ C.. 28. y=C,6*+C.e-*+Cyx+C,.
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17°8. Equation of the nth order.

The linear differential equation of the nth order with
constant coefficients is

d"y dq"-1
dx" ax" TP ggems dx"-?

or, symbolically (D"+P,D"1+P,D" 24 .- +P,)y=X (2)

AT ’-’+P..y-x - (1)

or more briefly f(D)y =X, - (3)

where P,, Pg,...... Py, are constants, and X is a function
ol x only, or a constant.

The method adopted in the case of the solution of the
second order equation admits of easy extension to the ahove
case. Thus, the general solution of (1) consists of two parts
(i) the Complementary Function and (i) the Particular
Integral, the complementary function bheing the general
solution of

f(Dy=0 - (4)
and the particular integral being the value of f(lD) X.

Assuming as before y=¢"" as a trial solution of (4),
we shall find that ¥ =¢™ will be a solution of (4),

it f(m)=0, i.e., if m®+Pym™ 2+ -+ Pp=0. = ()
Equation (5) is then the auxiliary equation of (4).

If the auxiliary equation (5) has n rcal and distinct roots
ViZ., My, Mgyees ... ma, then the complete solution of (4) is
Y= 010"“2 + Cgemﬂx +eee 4+ Gnem"“.
If the auxiliary equation has a multiple real root of order
7, and if this root be a, then f(D) contains (D—a)" as &
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factor, and the corresponding part of the complementary
function will be the solution of (D — a)"y =0.
Assuming, as before, ¥ =e**v,
(D-a)y=(D- a)e**v=e*D"v
and the solution of D™ =0, is by successive integration
v=(Co+ Cyz+Coz®+ +*- +Cp_12™ %),
whence, y=(Co+Ciz+Cozl+ -+ Cr_12" 1)e®
is the corresponding part of the complementary function.
If the auxiliary equation has complex roots axiB, the
corresponding part of the solution is, as before
y=¢e""(4 cos pz + B sin gz),
and ¢f a+if are double roots of the auxiliary equation, the
corresponding part of the solution will be
6®® [(4; + A.2) cos pz+ (B, + Byz) sin pz].

The method of obtaining the particular integral of (1)
when X has those special forms [ See 4rt. 17°5 ] is essentially
the same as shown in the case of the second order equations.

17°9. Illustrative Examples.
Ex. 1. Solve (D*+8D?*+3D+1)y=e"".

Here the auxiliary equation is m°+3m?+3m+1=0 of which the
roots are —1, —1, —1. .. C.F.=¢"*(Co+C,x+C,2?%).

P L= ! or= 1 g
T (D*+8D*+3D+1) (D+1)*

-z 1
‘(D—-1+ )*

=g -1=e";,-1=e"-ez’.

*. the gemeral solution is y=¢-*(Co+ C,x+ C,2* + §2°).
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Ex. 2. Solve (D*+2D*+38D*+2D+1)y=ge".

The equation can be written as
(D?+ D+1)*y=ge".

Here, the auxiliary oquation is (m?+m+1)?=0, it has double
complex roots, — 444} /3, —4+id N/3.

C.F. is ¢™3 [(4,+ 4,2) cos (3 W32)+(B, +B,a) sin (3 W3z)].
P.I = i 8 = il .z
(D+1)* +(D+1)+1}
= “'--«——--—1——— — = z.l[ 1- ].
CDTFIN+8)* TT 9+ pa+4Dpr) ®

=6 {1+ D(1+3D} 2r=e"J{1 - 2D+ -+ -}

=36%(z—2).
the general solution is

¢ ¥ ((4, 4 4,2) cos (3 V/32) +(B, +B,2) sin (§ N32)]+ 17 (2~ 2).

a®y
dz®

d*y

- 2dz4

Ex. 3. Solve +y=sin (2z+3).

The equation can be written as
(D' =1)%y=sin (2z+3).
The auxiliary cquation is (m*—1)*>=0; its roots are 1,1, —1, -1,
i, 4, —1, —1. Hence,
C.F.is e" (4d,+ 4d,x)+¢7* (B, + B,x)
+(0, +C,x) cos z+(D, + D,g) sin z. < (1)

P.L ﬂ(_DT]i-IF' sin (2a:+3)={(_-_2,-}',,—_-i}, sin (2z+3)

—2;5 sin (2z+38). e (2)

Adding (1) and (2), we get the general solution.
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EXAMPLES XVII(C)

Solve :—

1.

4.

10.
11.
12.
13.

) -~—y 0. [C. P. 1946 ] (u)

8 k]
(i) d‘~—’é—3f§”+2y=o. [C. P. 1940

d*y _d*y _ ody _
() 2 e " 2dn =

d

(l)d Y ’+8dy+8 '”+4y 0.

? 3
(iv) (D +1)* (D2 +1)y=0.

(1) d ” -y=g - g2 (11) do?

(1) (Ds -Dly=e+¢"
(i1) (D3 -1y =sin (3x +1).

a’y 4(1 Yy 5di
dz?®  dz

(D®+ D% -D- 1)y =sin’z.

-2y=0.

a*y _qd®y
dz® dx*

@ _ogdy z,
e 21+4y csm2

(D®-3D?*+4D - 2)y=¢" + cos =.
(D*-4D+3D* +4D - 4)y=e**
(D*+1)y=2 cos®3x—1+¢%
(D*+2D%+ 1)y =cos =z.

(D -1)%(D?+1)%y = + sin®4x.

+4y=g%",

d® :/_I_d ¥_

-y=0.
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a*y _,d% dy 2
14. dm® 2da: Pt 4.
15. at y+5d Y 7 a,'

dat dz +4y=3603m2xcosg-

ANSWERS

1. (i) y=Ae"+¢7 3% (B sin § N/3z+C cos } N32).
(ii) y=A4e*+ Be~*+ C cos z+ D sin z.

2, (i) y=¢" (4+ Bx)+ Ce-2=. (ii) y=A+Be?*+ Ce-*.
(iii) y=e"" [(4 + Bx) cos z+(C+ Dx) sin ).
(iv) y=e"* (4+ Bz + Cz*)+ D cos z+ E sin x.

-l
3. (i) y=4e*+e¢ % (B sin § Af32+C cos § N/3r) —z®+ 22 ~0.
(ii) y=4+ Bx+ Ce™*+ fyz* — §z° +z°.
4. (i) y=A+B:"+Ce*+3z (e +e7%).

(i) y=e—t= (A s Yo+ B sin -’;ﬁ%)+cu=
+ %5 cos (3x+1) — 5}y sin (8x+1).
6. y=(4,+4,x) *+ 4 0%
6. y=C,"+(C,+C.x) ™"+ sin 2r+ g5 cos 2z —3.
2. y=6 (C,+Cy2)+Coc*+3e°=.
8. y=C,e~?*+¢"(C, cos z+C, sin )~ e’ (§ cos 3x—3 sin §x).
9. y=¢(C,+C, cos z+C, sin ) +xe“+ v ((0s z+8 sin z).
10. y=(C,+C,x) e?®+ 0,e"+ C,e~"+ }5%* .

11. y=e"%* [C, cos azx+ C, sin ax]+e** [Q, cos az + C, sin az)
+3 (cos z+¢") whero a=1/4/2.

12. y=(C,+C,a)sin z+{C;+C x) r08 z— 3z cos x.

18. y=(C,+ C,x) ¢®*+(C:+C,2) cos 2+ (C, + Cez) sin &
+3e"2? +4 — ggz? sin z.

14. y=(C,+C,z) "+ C+%e** +3z?+22.

15. y=C, cos z+C, 8in z+ C; cos 2x+ O, sin 2z +sin 4z+§ sin 8z.
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17°10. Homogeneous Linear Equation.
An equation of the form

” -1
"g 1'{-|-_p1 n-1 dd”"_lq- ......

d
+Pn-1wd_:+Pn'y=X oo (1)

or, symbolically, (z" D"+ P.g" * D" * +.....0
+ Pp_1zD+ Pp)y= X, - (9)
where P,, Ps...... Py, are constants and X is a function

of = alone, is called a homogeneous linear equation.,
The substitution
rx=¢% 1.e. z=logx,

will transform the above equation into an equation with
constant coefficients, which has already been discussed in
Art. 17°'8. Here the independent variable will be 2.

dy _dy dz _ 1 dy
Now, dz dz dz « dz ®)
d®y_d (1 d?/) 1 dy  1d% 1
dz® dz\z dz 2dz =xdz® o
-2 dly _ dﬂ
. a*y_1 (d®y_.d% dy)
Similarly, a2 =5 \a® -3 e =—+2 gz (5)

Let us write  for dié ; with this notation, (3), (4), (5) can

be written as
dy _
z 22 =0y. 6
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:IT_. 5(5 1y (7)
d

z® . =5(-1Xs-2)y (8)

n
2 T a5 (6-106-2) G-n+Dy - (9)
Note. This is sometimes called Cauchy equation.

17°11. Equation reducible to the Homogeneous Linear
form.
An equation of the form

1(1

d w~1 +

(az + I)" d YL p(az+0)"

+ Py (a + b) +P,.y xX-- (10)

where P,, P,, ... Py are constants and X is a function of =
alone c¢an be reduced to a linear cquation with constant
coefficients by the substiiution ax+D=z.

Note. This is somctimes called Legendre equation.
17°12. Illustrative Examples.
Sy A%y

d dy
o pd TV _ Y2
Ex. 1. Solve 2 az® a? dz? T 4

Put w=¢e ie., z=log z.
Then by Art. 17°10, the cquation transforms into
(3(58~1)(53-2)~5(5—1)+25~2] y=e?* e (1)

— oy =22,

where Ezg;- or, (6—1)*(6+2) y=e.

the roots of auxiliary equation are 1, 1, —2,
The O. F. is y=(0,+0,s) "+ C e~

And P. I is 1)’(6 +3)° ey TR

24
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.*. the general solution of (1) is

y=(C,+C.2) "+ C e~ "+ 3e".
Hence, the general solution of the given equation is

y=(C,+C, log z) x+ C 2z~ %+ }z2.
Ex. 2. Solve (x2D?+2xD) y=axe®.
Put z=¢" i.e., 2=log z.

by Art. 17°10, the equation transforms into
{8 (0—1)+20}y=e"¢" - (1)

where 6=gsr or, (32428)y=¢" -

the roots of the auxiliary equation are 0, — 1.
the C. F. is y=C;+C,c™".

= ]_- At 6"‘
3(3+1)°

=(; '6-}-1)9‘ e

=.]' & ce’__ 1
] é+1

L. 1.

* et
=S e " dz—e * S e ="dz[ By Art. 17°5'(1)]
Put ¢ =y.
P.L=¢" —e {(c*—1) ¢ }=¢" ¢ [ Scc Fx. 8, of Art. 17°6 ]
the gencral solution of (1) is
y=C +C e~*+c* e,
Houce the general solution of the given equation is
y=C,+Crx~*+a"" ¢ .
EXAMPLES XVII(D)

Solve the following equations :—
a‘y ay
e 9 _ ks .
1. =z d? 4z d._‘+6y x.

2. (z2?D®*+2D-1)y=sin (log )+ z cos (log ).
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ay

z? a® y+5”d

dz? +dy=

(z*D?-9)y=2+ i |

(x*D®*+2D-1)y=2x°

3d7/+ ay

dae* T VT

@+2)° a* ”—1( +2)‘7’+(':/—~a-.

(z*D* + 6:1:3D3 +92°D* +3rD+1)y=0.

3 2
A% 5 A2y ady
s +3x° . 2—2z
dz® 3 dz*

ANSWERS

y=0C 2>+ C.2>+3}z.

. y=C,x+C,z~' -1} sin (log z)-+ : {2 sin (log 2) —cos (log z)}.

=(C,+C, log z) -+ Fsz*.

. Yy=C,x" ' +Cz® +32? log z— ¥z~ "' log =

y=C,z’+C,xz"'+C,.
y={C,+C, log z+ C; (log x)*} z+z*.

={C,+C, log z+ O, (log )*} z+ }x (log x)*.

y=0C, (c+2)2+C,(x+2)*+3 (3x+4).

y=(C,+ C, log 7) cos (log z)+(C,+C, log z) sin (log x).
. y=(C,+C, log ) 2+C.z"?+3x " log .

dz + 2xy =log .
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CHAPTER XVIII
APPLICATIONS

18'1. We have already considered in the preceding
chapters some applications of differential equations to geo-
metrical problems. Here we shall have some other applica-
tions of differential equations.

18°2. Orthogonal Trajectories.

If every member of a family of curves cuts the members
of a given family at right angles, each family is said to be
a seb of orthoyonal trajectories of the other.

(A) Rectangular Co-ordinates.

Suppose we have one-parameter family of curves
f(my "ll (.7)=0, o (1)
¢ being the variable parameter.
Let us first form the differential equation of the family

by differentiation of (1) with respect to z and by elimina-
tion of ¢ [See Art. 14'2] and let the differential equation be

denir - @

If the two curves cut at right angles, and if vy, ¥’ be
the angles which the tangents to the given curve and the
trajectory at the common point of intersection, (say =, ),
make with the z-axis, we have y~vy'=3%n, and therefore,

tan y= —cct ¥'. Since tan v=%§* it follows that the
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differential equation of the system of trajectories is obtained

_q/dy, . de ., dy.
by substituting — 1 / ie = g for s in (2).

Thus, the differential equation of the system of orthogonal
trajectories is

¢(x,y, —g—;)-o. -+ (8)
Integrating (3) we shall get the equation in the ordinary
form.
(B) Polar Co-ordinates.

Suppose the equation of a given one-parameter family
of curves be

flr, 0, ¢)=0 = (1)

and the corresponding differential equation, obtained by
eliminating the arbitrary parameter ¢, be

B e

If ¢, ¢’ denote the angles which the tangents to the
given curve and the trajectory at the common point of
intersection, (say r, 8), make with the radius vector to the
common point, we have as before tan ¢ = — cot ¢'.

Since tan ¢=r Z‘:' it follows that the differential equa-
tion of the system of orthogonal trajectories is obtained by

1dr do, . \ d dr
- db for r i.e., —7r for o i (2).

Hence, the differential equation of the required system of
orthogonal tragectories is

Plno - ®)en - @

substituting — -
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Integrating (3) we shall get the equation in the ordinary
form.

Ex. 1. Find the orthogonal trajectories of the rectanqular hyper-
bolas zy=a’.

Differentiating zy=a® with respect to z, wo have the diffcrential
cquation of the family of curves

zzg+y=0 von (]_)

and hence for the orthogonal trajectories, the differential equation is

dz

@ d!'l

Integrating this, we have, z*®—y?=¢?, the required equation of

the orthogonal trajectorios. It represents a system of rectangular
hypaerbolas.

+y=0, or, zdx—ydy=0.

Ex. 2. Find the orthogonal trajectories of the cardioides
r=a (1-cos 6).
Since, r=a(l—cosf), .. logr=Ilog a--log (1—cos ).
Differentiating with respect to 6, we get the differential equation of
the family of curves
1dr_ sinf
r dd 1-cos @

.*. the diffcrential equation of the system of orthogonal trajectories is

.:!'.(._ ’dg)n sin 0 ’

r " dr) 1 =cos @
dr,1—cos @

7 Gag 9050

or, Wy 8RO 44 0,

+  1+4cos 0
‘. integrating, log f-_'-_—c%ﬁ=log 'H

i.e. r=¢ (1+cos 6),

reprosents tho required orthogonal trajectories.
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Ex. 3. Find the orthogonal trajeciories of the system of curves
r"=a" cos nd.
Since 7"=a" cos n, .'. n log »r=n log a--log cos nb.

Differentiating with respeet to 6, (and thereby eliminating a), we
get the differential cquation of the family of curves

ldr_ _ sinnf

a6~ " "cos b’
the differential cqnation of the system of orthogonal trajec-
torics is

1 (—r" 51_0)= _sinnf,
T d cos nd

dr_sinnd ., o.
r cos nf

integrating, log r— :L log sin nf=log ¢
i.e., log 4 1= log ¢
(sin no)"

r"=c" gin no,

18°3. Velocity and acceleration of a moving particle.

If a particle be moving along a straight line, and if
at any instant £, the position I’ of the particle be given by
the distance s measured along the path from a suitable fixed
point A4 on it, then v denoting the velocity, and f the acce-
leration of the particle at the instant, we have

v = rate of displacement
=rate of change of s with respect to time

_ds
dt
and, f=rate of change of velocity with respect to time
dv d%s

TatT at
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If instead of moving in a straight line, the particle be
moving in any manner in a plane, the position of the
particle at any instant ¢ being given by the cartesian co-
ordinates z, ¥, referred to a fixed set of axes, the components
of velocity and acceleration parallel to these axes will
similarly be given by

vz =rate of displacement parallel to z-axis = ‘;t

vy =rate of displacement parallel to y-axis= {j;il

_d (i) _d%

fz=rabe of change of vy = dt\ae) = a2
- _a d@/) d*y,
fy=rate of change of v, di\ae) = ar

The applications of these results are illustrated in the
following examples.

Ex. 1. 4 particle starling with velocily u, moves in a straight
line with a umiform acceleration f. Find the velocity and distance
travelled in any time.

s denoting the distanco travolled by the particle in time ¢, the

acceleration of the particle is given by the expression g‘,v and so in
. d?s . s . ds . .
this case, d_t"‘af; .*.  integraling, T ft+4, where 4 is the inte-
gration constant. Now, g: is the expression for the velocity v of the
particle at time ¢, and when ¢=0, i.e., at start, v=u. .°. u=0+ 4.
Henco, v=—-—ﬂ+u - (1)

Integrating (i), s=3ft"+ut+ B,
where the integration constant B is found in this particular case from
the faot that s=0 when ¢{= 0, .. B=0.

Hence, s=§ft* +ut=ut+3§ft*.
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Ex. 2. 4 particle is projected with a velocily u at an angle a o the
horizon. Find the path.

Taking the starting point as the origin, and taking the axes of
co-ordinates horizontal and vertical respectively, if z, y denote the
co-ordinates of the particlo at any time ¢, since there is no force and
therefore no acceleration in the horizontal direction, and since the
vertical acccleration is always tho same=g downwards, we have in
this case

d’z_, dy_ _
dtﬂ 01 dt'j g‘

Hences, integrating,

ar_ 4 W _ 4 e (i
dt_A' at gt+B. (i)

But %a;'%g_: represent the horizontal and the vertical component

of velocity respectively, and these, at start when t=O0, are given by
% cos a and u sin a.
. ucosa=4, usina=0+DB,

whereby the integration constants are obtained.

Thus, (i) gives

dz

g = eos e ‘fi';ma sin a —gt.

Integrating again, z=ué cos a+C
y=ut sin a~3gt*+D.

Now, since z=y=0 when t=0, wo get from akove, C=D=0.

Hence, x=ul cos a
y=ul sin a —§g£7.
Eliminating ¢, the path of the particle is given by

z’
y=z tan a—8g 5 -

which is evidently a parabola.
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18°4. Miscellaneous Applications.

The examples below will illustrate some other appli-
cations of differential equations.

Ex. 1. The population of a country increases at the rate pro-
portional to the number of inhabilants. If the population doubles in
30 years, in how many years will it {reble 2

Let z bo tho population in ¢ years.

'i?=kz, '+ solving, w=Cet".

dt
Lot £=x,, when {=0; Se C=aq; S z=xeett,
When =%z, £==30 ; S Ory=xeeh ;L 2=g%0%,

When £=38z,,let {=T; .. Bxo=z,c*": S 8=t

. 80k=log. 2 . T _log. 3_48

and Kl'=log, 8 ' 807 log, 27 g0 T

e T'=30x% §3 =48 yvears approximatoly.

Ex. 2. After how many years will Rs. 100, placed at the rate of
5% continuously compounded, amount (o Is. 1000 2

Let z be tho amount in ¢ years.

, dz_ 5

1
< a1 100 o =kx say, where L= 20"

.*. solving, r=Ce*'.
When £=0, z=100; .. C=100. .. x=1006"t,
When z=1000, Iet t=7"  .°. 1000=100e*T .. ef =10,

. kT=log, 10=2'30 nearly. .. T'= —]1‘ X 2'80=20 x 2'30 = 46 ncarly.

.*. the reqd. time is 46 years nearly.
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EXAMPLES XVIII

Find the orthogonal trajectories of the following families
of curves :—

1. (i) y=mar. (i) y=ax".
(iii) 2®+y® =2ay. (v) ¥* =4ax.
(v) ay®=2x* (vi) 2%+ 2% =a.
(vii) :r% +?/§L= a%. (viii) 22+ ¥ +a® =1+ 2azn.
(ix) r=u cos 6. (x) #*=a” cos 20.
(xi) # (1 + cos 0)= 2. (xii) #" sin n0 = a™.

2. (i) Show that the orthogonal trajectorics of a system
of concurrent straight lines form a system of concentric
cireles, and conversely.

(ii) Show that tho orthogonal trajectories of the
svstem of co-axial circles
22+ y?*+%%z+c=0
form another system of co-axial cireles
x®+y® +2uy—c=0,
where 2 and y are parameters and ¢ is a given constant.
(iii) Show that the orthogonal trajectories of the
system of circles touching a given straight line at a given
voint, form another system of circles which pass through

the given point and whose centres lie on the given line.
[ Take the point of concurrence as the origin. ]
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8. (a) Show that every member of the first set of curves
cuts orthogonally every member of the second

el () +y+1
dz " yEty+1 da: a: Fr+1-

(6) Show that

(i) the family of parabolas 9% =4a (z+a) is self-
orthogonal.

24+

(ii) the family of confoca.l conics

mz

+
ot +1 b" ) =1 (4 being the parameter }

is self-orthogonal.

4. (i) Find the curve in which the radius of curvature is
proportional to the arc measured from a fixed point, and
identify it.

(i) Find the curve for which the tangent at any point
cuts off from the co-ordinate axes intercepts whose sum is
constant and identify it.

5. Find the cartesian equation of a curve for which the
tangent is of constant length.

6. A particle is said to execute a Simple Harmonic
Motion when it moves on a straight line, with its accelera-
tion always directed towards a fixed point on the line and
proportional to the distance from it in any position. If it
starts from rest at a distance a from the fixed point, find
its velocity in any position, and the time for that position.
Deduce that the motion is oscillatory, and find the periodic
time.
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7. A particle falls towards the earth, starting from rest
at a height h above the surface. If the attraction of the
earth varies inversely as the square of the distance from
its centre, find the velocity of the particle on reaching the
earth's surface, given ¢ the radius of the earth, and ¢ the
value of the acceleration due to gravity at the surlace of
the earth.

8. A particle falls in a vertical line under gravity
(supposed constant), and the force of air resistance to its
motion is proportional to its velocity. Show that ils velo-
city cannot exceed a particular limit.

9. A particle moves in an ellipse with an acceleration
directed towards its centre. Show that the acceleration is
proportional to its distance from the centre.

10. In a certain culture, the number of bacteria is
increasing at a rate proportional to the number present. If
the number doubles in 3 hours, how many may be expected
at the end of 12 hours ?

11. After how many years will a sum of money, placed
at the rate of 5% continuously compounded, double itself ?

12. Radium disappears at a rate proportional to the
amount present. If 5% of the original amount disappears
in 50 years, how much will remain at the end of 100 years ?

13. A tank consists of 50 litres of fresh water. Two
litres of brine each containing 5 gms. of dissolved salt are
run into the tank per minute; the mixture is kept uniform
by stirring, and runs out at the rate of one litre per minute.
If m gms. of salt are present in the tank after ¢ minutes,
express m in terms of ¢ and find the amount of salt present

after 10 minutes.
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14. The electric current I through a coil of resistance R

and inductance I satisfies the equation BRI+ L%g— v,

where V is the potential difference hetween the two ends
of the coil. A potential difference ¥V'=qa sin wt is applied to
the coil from time t=0 to the time ¢=nr/w, whero a, ® are
positive constants. The current is zero at £=0 and V is zero
after t=n/o; find the current at any time hoth before and
after {=n/w.

15. A horizontal beam of length 2! {t., carryiug a uniform
load of w lhs. per foot of length, is freely supported at both
ends, satis{lying the differential equation

2
EI g;i/ =}wz® — wix,

¥ being the deflection at a distance z from one end. If y=0
at =0, and 9, =0 at =1, find the deflection at any point ;
also finll the maximum deflection.

16. A horizontal beam of length I simply supported at its
end subject only to its own weight satisfies the equation

aty
=w,

Ef

where 12, I, w are constants. Given ¥,=y=0 at =0
and at =1, express the deflection ¥ in terms of z.
17. A harmonic oscillator consists of an inductance 7,
a condenser of capacitance C and an esm.f. K. TFind the
charge g and the current ¢ when E=F, cos wt and initial
conditions are ¢ =g, and 1=14, at ¢{=0, 7, ¢ satisfying the
equations
d%®q, q _E, . _dg
o + - e i) = - e
at* ¥ LC L cos wé, 17 gy

i pm L _ 2
What happens if o N7
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ANSWERS
1. (i) 2?+y*=a’ (ii) z2+ny®=c. (iii) z*+y*=2cx.
(iv) 2z2+y?=c?  (v) 227 +3y%=c". (vi) y=cz
(vii) m’ - 1]"‘ =

(viii) y M1 —9%) -2z \'(1 —2?)+sin"'y—sin-‘z=c.

(ix) r=csin 6. (x) #*=c® sin 29.
(xi) 7 (1—cos 8)~=2c. (xii) »" cos nd=c.
4. (i) Equi-angular spiral. (ii) Parabola.

5. z= Ja'~y*+3a{log (a— &/a*~y?) ~log (a+ AJa*—y*)),

if y=a, when £ =0.

6. v=/ula*-z°), t= fﬁ. co»"z: when p is the aceeloration at
s s - Qr
a unit distance. Period e
N
7. /\/ 2agh., 10. 16 times the originul number.
a+h
11. 14 years ncarly. 12. %335 of the original amount.

13. 5¢ (1+——0— ) gms. ; 913 gms.

50+1¢
™ a . -11
14, TFor t < w' I=L"w"+]."‘ [IE sin wt—wls (cos wi—e )]
T R _Rt
T awls Wl I,
a.ndfort>w'I gty i1 (1+c )

5wl
—dlg® 30). =W |
15. y= 24FI(a: 4lg® — 81°2); tYmas BT

16

= W _ b Olp3 7% ).
y'MEI(x 2 +lz)
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E.,C 1 U 1
17. q=(qo—1—;—;°,fl—-c) cos jzl—‘c' t+ JLC i Bin Ufct

E.C

I=a 10 % wt.

+

imigcos A t- L. (, __g_,,_g___) sin ~1 ¢
0008 Joe'” Joe\""T1=w'LC JLC
_ _ECu

i- w:‘ 'L—é sin wif,

If w= J;C i.e., frequency of e.mn.f.=natural frequency oscilla-

tion 4.e., resonance will take place and the circuit will be destroyed.
Bofore destroying

- i s By ,
q=(, cos wt+ o S w‘+2Lw t sin wt

L. _ . E 1 . i )
$=1, cos wl q"“’S‘n‘"t+2L(w sin wi4-¢ cos wé




CHAPTER XIX
THE METHOD OF ISOCLINES

19'1. It is only in a limited number of cases that
a differential equation may be solved analytically by the
preceding methods, and in many practical cases where the
solution of a differential equation is needed under given
initial conditions, and the above methods fail, a graphical
method, the method of isoclines is sometimes adopted. We
proceed to explain bhelow this method in case of simple
differential equations of the first order.

Let us consider an equation of the tyvpo

g/’: = flz, y). (@)

As already explained before, the general solution of
this equation involves one arbitrary constant of integration,
and hence represents a family of curves, and in general,
one member of the family passes through a given

point (r, y).

I, .
Now, if in (i} we replace :Ja/: by m, we get an equation

flw, ¥)=m, which for any particular numerical value of
m represents a curve, at every point of which the value

of ZZ’ i.e., the slope of the tangent line o the family of
curves represented by the general solution of (i) is the
same as that numerical value of m. This curve flx, ¥)=m
is called an ssoclinal or isocline. For different numerical
values of m we get different isoclinals, which may be
graphically constructed on a graph paper. Through differ-
ent points on any one isocline, short parallel lines are
drawn having their common slope equal to the particular
value of m for that isocline. Similar short parallel lines
are drawn through points on other isoclinals. If the

25



886 INTEGRAL CALCULUS

number of isoclines drawn be large, so that they are
sufficiently close to one another, the short lines will ulti-
mately join up and appear to form a series of ocurves
which represent the family of curves giving the general
solution of (i) and a particular member of the family
passing through a given point represents the particular
solution wanted. All necessary informations regarding the
particular solution may now be obtained from the graph.

As an example, let us consider the differential equation

%z.:w—y{ The isoclinals are given by m=z-y* or

y® =z —m, a series of equal paraholas shifted left or right

Y'

from y®=2, (whicl' corresponds to m=0) as shown in
the figure. The dotted curves represent graphically the
solutions of the differential equation.



APPENDIX
SECTION A
A NOTE-ON DEFINITE INTEGRALS

1. Definition.

We have two methods of defining definite integrals : one
based on the notion of limits, the other based on the notion
of bounds.

The first method based on the notion of limits is given
in Note 2, Art. 6°2.

The second method based on the notion of bounds
is given below.

Let the interval (a, b) he divided in any manner into
a number (say ») of sub-intervals by taking intermediate
points

Let M, and m, he the upper and lower bounds of f(z)
in the r-th sub-interval (zr—;, #») and let &, denote the
length of this sub-interval. The lower bound (denoted by J)
of the aggregate of the sums S=XM,5r (obtained by
considering all possible modes of sub-division), is called

b
the Upper Integral and is denoted by af(a:) dez, and the upper
bound (denoted by j) of the aggregate of the sums s=Sm,3,
b
is called the"Lower Integral and is denoted by jaf(:t) de.

‘When the lower and upper integrals are equal, i.6., when § = J,
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then f(r) is said to be integrable and the common value
is said to be the integral of f(z) in (a, b) and is denoted

by j:f(z) da.

It can be shown by what is known as Darboux’s theorem
that both the definitions are equivalent when f(z) is
integrable.

Note. The inlegral defined above when it exists, is called a

Riemann integral, as it was first obtained by the great mathematician
Riemann.

2. Necessary and sufficient condition for inte-
grability.

Wae give below without proof the necessary and sufficient
condition for the integrability of a bounded function f(z).

If there be at least one pair of sums S, s for f(r) for
a sub-division of the interval (a, b) such that

S-s5<eg,
where ¢ is any arbitrarily small positive number, then f(z)
is integrable.

Note. It can bo easily shown that tho sum or difference of two or
mors functions integrable in (a, b) is also integrable in (b, a).

3. Integrable functions.

(i) Functions continuous in a closed interval (a, b) are
integrable in that interval.

(ii) Functions with only a finite number of finite
discontinuities in a closed interval (a, b) are integrable in
that interval.

(iii) Functions monotonic and bounded in an interval
(a, b) are integrable in that interval.
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4. Important Theorems.
1. If f(x) is integrable in the closed interval (a, b) and if

f@) >0 forallz in(a, b), then I: fz)dz >0 (b > a).

Since, f(z) > 0 in (a, ), it follows that in the interval
(zr-1, zr) the lower bound m, > 0 and therefore

3=2m76r } 0

4, which is the upper bound of the set of numbers
s,=0.

b
Since, f(z) is integrable, j=S flx) dr
a
b
and hencej fla) de = 0.
a
Alternatively.
Since, f() is integrable in (a, b),
b
o ae=ts srwa .
Since, flz) > 0in(a,b), .. f({») > 0in(a, b).
It 3f({s) 8r > 0in (a, b).
n->00
b
ja flx) dz > 0in (a, b).
Note. 1t can be shown similarly that if f(z) < O in (a, ), then
S" fta) dz < 0.
a
II. If f(z) and g(x) are integrable in (a, b) and f(z) > ¢(2)
b b
in (a, b), then j flz) dz > ‘L g(x) dz (b > a).
a

Consider the function ¥(z) = f(z) - g(x).
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Then %(z) is integrable in (a, 4) and ¥(z) > 0 in (a, 3).
by (), " ¥z) dz > 0 in (a, B)

‘o " {7(0) - o)} dz > 0 in (a, B)

s.e., -: flz) dz > j: g(2) de.

o

III. If M and m are the upper and lower bounds of
the integrable function f(z) in (a, b), b > a, then

mb-a)< j" 1) dz < M(b-a).

Sinoe, m < f(z) < M in (a, b),
{f@)—m} > 0 in (a, b),

j: {f(z) - mbdz > 0.

b
j . flx)dz = m j:'dw, ie., = m(b—a).
Similarly, since, M~ f(z) > 0, we can show
b
Mb-a)> L Slz) de.

Hence the result.
This is known as the First Mean Value Theorem of
Integral Calculus.
Cor. The above theorem can bo written in the form
SZ fle) dz=(b—a) p, when m L n < M ;

and if further flz) is confinuous in (a, b) then f(r) attains the value
w for some value { of  such thatla < ¢ < b*, and so,

S: 1(x) dx=(b—a) 1(2).

*See Authors’ Differential Calculus.
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IV. If f(z) and g(z) are integrable in (a, b) and if g(z)
maintains the same sign throughout (a, b), then

b b
j flz) g(z) dz= uj . o) de, wherem < u < M,
a
m and M being the lower and upper bounds of f(z) in (a, b).

Let us assume for the sake of definiteness that g(x) is
always positive in (a, ).

Now, m < f(z) < M in (a, d).
Since, ¢(x) is positive
my(z) < fla) g(x) < My(z),
f(@) g(x)— mg(z) > 0,

j::{f(a:) o(2) - male} de > 0.
[ :f(a:) glz) dr > m j : o(z) dz

and flz) glx) — My(z) < 0,

j"’ 1) o(z) - Mole) dz < 0

i.e., j : fle) gle) de < M j: g(x) de.
) J : o(z) dz <I :f(a') o(x) dr < MJ : g(x) de,

J:f(m) g(z) do = uj: g(z) dr, where m< u< M.

Cor. If further f(z) is conlinuous, then flz) attains the value p
for some value § of z wherea < $ < b, de., f(§)=p.

.*« when f(x) is continuons,

|2 100800 ax=16) | * g ax.
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Note. This is the generalised form of the First Mean Value Theo-
rem. The theorem III can be obtained from this by putting glz)=1.

V. If f(t) is bounded and integrable in the closed interval

(a, b) and if F(z)—j zf(t) dt where x is any point in (a, b),
a
then
(1) F(z) is a continuous function of x in (a, b).

(2) If f(z) is continuous throughout (@, b) then the deri-
vative of Flx) exists at every point of (a, b) and =f(x).

(3) If flz) is continuous throughout (a, b) and if ¢(z) be
a function of z such that $'(x) =f(x) throuyhout (a, b), then

)= ” 10 dt=le) - 9la)

(1) Let us consider a point =+ / in the neighbourhood
of z in (a, ).

[ z+h
Then Flx+h)= () dt.

J a

-

xz+h £
Hx+ 1) - Flz) = . f@) dt - j . f() dt

[ x+h
= f@t) dt= uh,
£

o

by Cor. of (III) where # lics between the upper and lower
bounds of f(t) in the interval (z, z+ k). Since f(2) is integra-
ble, m and M are finite and so is w.

Lt {Fx+h)- Fl}=Lt ph=0.
h->0 h->0

Lt Fla+h)=Fz).

h->0 :

F(z) is a continuous function of  in (a, b).
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(2) We have F(z+ h)— F(z) =I = £(e) dt

=1f({), where z< {2+ ]
since f(t) is continuous, [ See Cor. of (I17) ]
Flat = F@)_ ) tor 1 .

When & = 0, { = 2 and f({) = f(z), since f(¢) is continuous.
It F (a; +_h)_-j F (a:')
h>0 h
i.e., F (x)=f(z).
(8) Since f(r) is continuous throughout (a. ), as proved
above,

exists, and =f(z),

¥ (@)=f), ie, F(r)=q¢'(a).
F (r)-¢'(x)=0.
Let v(z)=F(z)— ¢(xz).
¥’ (z) =0 everywhere in (a, b).
Hence, ¥(z)= F(z)- ¢(r) =a constant ¢, in (a, #) *- (i)
[ See Diff. Caloulus, Art. 6’7, Bex. 1. ]

When z=a, F(a) =J :f(t) at=0.
Since from (i), F(a) - ¢pla)=¢c, .. -—¢la)=c.
Consequently from (i), F(z) = ¢(z) + ¢ = $(zr) — ¢(a),
i | 7 70 =) gla).
In particular,
j 210 at=p -2 @.

Note. The relation given in (8) is known as the Fundamental theo-
rem of Integral Calculus. [ For an alternative proof, Ses Art. 6'4. ]
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5. Change of variable in an integral.

b
To change the variable in the integmlj aj(a:) (dz) by the
substitution z = (¢), it is necessary that

(i) ¢(¢) possesses a derivative at every point of the
interval a < ¢ < B, where ¢ (a)=a and ¢(8) =0, and ¢'(t)#0
for any value ¢ in (e, ).

(i) fl4(e)] and ¢'(t) are bounded and integrable in (a, B).
‘When the above conditions hold good, then and then only
we have

J': @) dz =j £ L1 40 a
Illustration :

(1 dx
Let I—S _114g”

Putting z=tan 68, we get I=S 1_’;" a0 =3%m.
Putting »=1]t, we get

1 d
I= 'S—x 1+~ T

The reason for the discrepancy lies in tho fact thati 1/¢ does not
possess a derivative at £=0, an interior point of (-1, 1); in fact the
function itself is undefined when ¢=0.

6. Primitives and Integrals.

If ¢' () =f (), then ¢ () is the primitive of f(z). The
integral of f (z) on the other band is Lt Zf({,)sy, or symboli-
7n->00

b
ca.llyj' f(x) dz, i.e., the analytical substitute for an area
a

- in case f () has a continuous graph.

The distinction between the two is that while integrals
can be calculated, primitives cannot be calculated.
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The question as to whebther a primitive exists, and the
question of the existence of an integral of f (z) in (a, b), are
entirely independent questions. It is only in the case of
continuous functions that they are the same.

Indefinite integrals can properly be described as the
Caleulus of primstives.

The connection between primitives and integrals is
represented by the Fundamental theorem of Integral
Calculus viz.,

j : @) de=F ) -7 (a).

Illustration :
(i) f(z)=w.sin xl,—- ;1 cos;;l—,. (z50)
=0(z=0).

df1 .. 11_ _ _
Here, ‘-h{2x"smx,}—f(z) for # # 0 and =0 for z=0, so that

1
primitive exists but, S+1 S (z) de does not oxist.

(i) 7(@)=0(z £ 0), =1 (2=0); herein (0, 1), S;f(a;)d.cexists,
and =0, but no primitive exists.

7. Illustrative Examples.
1 dz

. N
0 \Jé—z?+2® 6

Ex. 1. Show that § <S
We have, 4> 4~(z*~z%) in (0, 1),
or, VI> J@=z o).

S G, 1< 1
N 2 " Ji-z+az®
11 .01 Sl daz
0 2da:, W, 5 < 0 Ji—oi iz
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Again, 4~2° < 4—2?+2° in (0, 1).
S .
BN By RN Y LT
HERS s
0 WiTi T o JiZaiis
S § ]1. s 1, . T Sl . dz
. [sm 22 01.0., sin 2’5.0., 6> 0 ;Ji—ic’-l'-x‘
Hence the result.

Ex. 2. If S: flx) dz exists, show that

(12 1) az| <" 1 o) 1 .

We have |f(5,)3, +f(a)3a +:-oere +f(a)in]
I3+ 1£€)1182)] + -1 £} 13a]
de, |28, 1< ZIfE 18
o LtZfE.1<2 Lt | £ 8.

w8 s 4| < 1 1t
Otherwise :
Since s: flx) dc exists, .°. S:I flx)| dz exists.
We bave = |f(z)|< flx) <1fl=)l
v eae < §P s 4o < (D sdla

Buluy ' S: fla) d:c{ < SZ 1flz) ] dz.



SECTION B

A NOTE ON LOGARITHMIC & EXPONENTIAL
FUNCTIONS

1. Introduction.

The fundamental concepts of Calculus furnish a more
adequate theory of the logarithmic and exponential functions
than the methods adopted in elementary books. There
exponential function is first introduced, and then logarithm
is defined as the inverse function ; but in the treatment of
these funections by the principles of Calculus, logarithm is
first defined by means of a definite integral, and then ex-
ponential function is introduced as the inverse of logarithm.
From the stand-point of these new definitions, certain
important inequalities and limits can be obtained more
easily and satisfactorily.

2. Logarithmic Function.

The natural logarithm log « is defined as

xdt
log x-S‘ T’ = (1)

where  is any positive number, i.c., x > 0.

Thus log = denotes the area undor the curve ¥ =1/t from
t=1tot=w.

From the definition it follows that log 1=0, and
[ *.© 1/t is continuous for ¢ > 0], from the fundamental
theorem of Integral Calculus it follows that log z is
a continuous function and has a derivative given by

o)=L )

Since the derivative is always positive, log = increases
steadily with z (i.e., log z is & monotone increasing function).
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Putting ¢ =1/ in the integral for z, we get

% dt Yz dy 1
log Ilt_ -jl -‘l—‘-—log;' . 3)

Putting ¢=vyu [ ¥ =a fixed number > 0] in the integral
for log (zv), we get

wat (= du_(=du_ [V du
log (av) Jl t Jmyu L % Jl %

=log z—log (1/y)=log z +logy. --- (4)

In this way, other well-known properties of logarithms
can be developed.

Since log z is a continuous monotone function of z,
having the value O for £ =1, and tending to infinity as
increases, there must be some number greater than 1, such
that for this value of = we have log £ =1, and this number
is called e. Thus e is defined by the equation

logc=1,i.e.,j:‘i-t=1. e (5)

8. Exponential Function.

If y=Ilog =, then we write z=¢" --- - (6)
and in this way the exponential ¢¥ is defined for all real
values of ¥. In particular ¢°=1, since log1=0. As ¥ is
a continuous function of z, # is a continuous function of .

z=¢", so that ¥ =log x, and so
dy _ 1. .ode_qfdy_ o _ oy
dz =z’ "t dy 1/al:t: r=e
.o ey
ie, g (e¥)=¢". )]

More generally, gy (6*- ) =ae™
a®(a > 0) is defined as e®'°8 4, 5o that log a®=z log a.
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Thus, 10% =gz 10810,

The inverse function of a' is called the logarithm to the
base a.

Thus, if z=4a?, ¥ =log, z.

4. Some Inequalities and Limits.
(i) Toprove 2 <e < 3.

2

For 1"?-1<t<2; i<t <1l

. 2 gt 52 . . Sedt .

. Slt< 1dt.‘.q,.e.,<1.w.e.,< Lt . 2<e
S“d4= 2 gt S3dt 1 du Sl du
1 1 24 02—1; 02+u

1 du edt,
SN T 7.
3>e.

(+2) To prove 1+ < log (14+2) <z (z > 0).

From definition, log (1+z)= S e dt

Ll<i<ltba, . 1/(1+::) <1/t < 1.

. 1 14 14z g l+z
'1+zS1 dt<§1 t<S1 at,

R 1

ey 14, < log (1+2) < .
(443) To prove Lt 1 2 Lo (1+z)=1,
From (if), 1 log (1+2)

Irg < p < 1, and since 1/(1+z) and 1 both
tend to 1 as z—> 0, tho reqd. limit=1,

; Lt -1,
(iv) To prove = s log a.

Since the derivative of a” is 4” log a, and that for z=0 is log a,
it follows from the definition of the derivative for z=0, that

h__ 0 h
o L}Te' ien Db, 97—1'1““'
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Putting x for k, the required result follows.

Lt €1
When g=¢, we get pod 1,

(v) To prove Lt {1+ m}.e=e’.
7n-»00 n

35 log (1+:ct)=i- -:Emt’ it follows that the derivative of

log (L+at) for {=0 is z. Tence, from the definition of the derivative
for =0, wo got

¢ log (1+ah)_ .
h>0 h

Since,

Putting k= 1/{, we see that
It ”) ie. Lt ( ’”)‘=
r—;mflog(1+;. Talay r_)w]og 1+$. z.
Since the exponential function is continuous, it follows

¢ s\ _ e
;Iim(*r) e

If we suppose {—>o through posilive integral values ouly, the
required result follows.

n
Putting z=1, we got Lt (1+ 1 ) =e.
n—->00 n
' It Ne—1)= .
(vi) To prove L n(Wz—1)=1log z
Sinco the derivative of ¢¥=¢¥, and that for y=0 is 1, we have from

the definition of tho derivative for y=0,

b 40 h
Lt [l A Lt € - 1 =
nao b TPeySe i ST

Putting z/n for 1 where 3 is any arbitrary number, and n ranges
over the sequence of positive integers, we get,

SNy e It p (e —1)=

f_t)w{ p, }—1, ie., Lt n{¥/ef —1)=2.

Putting z=1log z, so that ¢"=z, the required result follows.
" 1

(vii) To prove f_ﬁw%}”=0, when a > 0.

Hi¢>1and >0, <tf™2,

i oAl - s
10“-8’:-‘1‘@ sl B a4t ie., < ?’f;«l- i <% forg> L.
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Suppose o > 8.
0 <87 o, iey, < 1ol forg > 1.
z* Bz B x2-F

But (1/z*#)—0, as z—>o0, since, a > £,
Hence the result.

Note. Replacing @ by n where n is a positive integer,
Lt ]°ga"’=0, when a > 0 (n—>2 through positive integral
n—>00 4
values).

Ty Lt y“ = . .
(viii) To prove o e 0, for all values of n, however great

From (vii), z=B log  — 0, when ¢ —> o, for 8 > O.
Putting a=1/8 in the loft side, and raising it to the power a, we get

2z~ (log z)% — 0, as x —> o©. Now putting x=¢*, so that log z=y,
the required result follows.

SECTION C
ALTERNATIVE PROOFS OF SOME THEOREMS
1. Alternative proof of Art. 9°3.

Let AB be the curve, OA and OB be the radii vectores
corresponding to 6 =a and 6 = 8.

(o}

Divide 8 —a into = parts, each equal to % and draw the
26
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corresponding radii vectores. Let P> and @Q be the points
on the curve corresponding to 6=a+7h and 6=a+(r +1)h
and let us suppose 0 goes on increasing from a to f. With
cenfre O and radii OP, OQ respectively draw arcs PN, QM
as in the figure. Then the area OPQ lies in magnitude

between
Y0P%.h and 30Q%.1

i.e., between % [fia+71}]2%h and % [fa+ (r+1) 1}]%A.

Hence, adding up all the areas like OPQ, it is clear that
the area AOB lies between

&:2:‘.: [fia+rh}1%h and '}:.2;7; [fa+(r+1) k).

Now, let n = %, so that A—>0 ; then as the limit of each
of the above two sums is

8
2| 1o as,
it follows that the area AOB is also equal to the definite
integral.
2. Alternative proof of Art. 11°1.
(£) Volume of a solid of revolution.

Y

LM

Let a curve CD whose equation is ¥ =f£(z), be rotated
about the z-axis so as to form a solid of revolution. To find
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the volume of the solid generated by the revolution, about
the x-axis, of the area 4BDC, bounded by the curve ¥ =f(z),
the ordinates at 4 and B and the x-axis, let a and b be
the abscissa of C and D.

Divide 4B into n equal parts, each equal to /i, and draw
ordinates at the points of division. Let the ordinates at
g=ag+7rh and 2=a+(r+1)kh be PL and QM, and let us
suppose ¥ goes on increasing as z increases from a to b.

Draw PN perpendicular on @M, and QR perpendicular
on LI’ produced. Then the volume of the solid generated
by the revolution of the area LMQ@P lies in magnitude
between the volumes generated by the rectangles LMNP

and LMQR,
i.e., between = [ f{a ++1}1%h and = [f {a +(r + 1) &}]%A.

Hence, adding up the volumes generated by all areas
like LMQP, it is clear that the required volume lies in
magnitude hetween

:z'é: [/ {a+7R}1%0 and n'g}:[ fla+(r+1)n}%h.

Now, let » —>, so that » —=> 0 ; then as the limit of
each of the above two sums is

b b
"5 [fxN? dz, i.e., n}' v? dex,
a a
it follows that the required volume is also equal to this
definite integral.
(i1) Surface-area of a solid of revolution.

Let the length of the arc from C up to any point P(z, y)
be s and suppose that surface-area of the solid generated
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by the revolution of the arc CD about the z-axis is required.
As in the case of the volume, dividle 4B into » equal
-parts, each equal to h, and erect ordinates at the points of
-division. Let the ordinates at =a +7h and z=a+(r +1)h
be PL and QM, and let the arc PQ be equal to I. The
surface-area of the solid generated by the revolution of
LMQP about the z-axis lies in magnitude between the
curved surface of two right circular cylinders, each of
thickness I, one of radius PL and the other of radius QXM,
s.e., between
2af {a +7h} | and 2af {a +(r +1)h}1.

Hence, adding up all surface-areas generated by element-
ary areas like PQ, it is clear that the required surface-area

lies in magnitude between
n-1 ] n-1
27 2 W fla+7h}h and 27:2 ;l; fia+(r+1)hin.
r=0 r=0
Now, let % —>, so that h— 0 ; then ;’—L tending to :%3'

the limit of each of the above two sums is
4 ds . b
Qn"'af(a?) d_z da:, 1.6., 2n Ja Y ds.

Hence, the required surface-area is also equal to this
definite integral.

3. Alternative proof of Ex. 3, Art. 9'3.

Show that the area between the folium of Descarles and
its asymplole is equal to the area of ils loop, each being
equal to 3a*.

The equation of the folium is z*®+y® =3axy.

Turn the axes through 1z ; that is substitute

&—=y) N2 and (n+y)] N2

for z and y respectively. Then the given equalion trans{orms into
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,_g;__3c -,
y 3 c+x

. _1 Sc—z
s Y= ,Js"' '\/(c+:o)
Here, c+x=0, i.e., = —c is the equation of the asymptote MN
OA=38¢, OD=c¢,

where ¢=-— u/‘l a.

the required area o between the Folium and the asymptote

0 Sc—2
=2 It =2 JC 1
t>c S- ydz INE] ms '\/(c+z)d’;
=2 1¢ so z (3¢ —z)
N3 tve )-t N{z+o)Be— z)

M |y

) (. zBe=2) . _g. - . X
Let I S'J(:E-Fc)(t}c-—'r) dz=2¢ S(l 2 cos 6)(1+cos 9) do

c—x
[On putting z=c—2c cos 6, so that cos 8= -‘AT&']

= —-2c? S (cos 9+ cos 260) d6
= —92¢2(sin 0+ % sin 20)

- 1 . _, =
= —92c? {sin (cos“ 026‘5)+ 3 sm( 2 cos~? c-gé-—)}-

2 ; Nt i Y
a'=—~7§—2c’ {-’fc [sm (cos Y e )+} sm(ﬂcos Yoe )]_‘

=2a% 3 [on putting c=—-}§ a.]

=4a’.
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Again I, the arca of the loop OPAQ
=2 area of the portxon or4
.9 (3 z (8¢c—x)
2 So ydz=1j5 So Wiz +o)Be—x)

Puatting as beiore x=c~2c cos 0,

= 1 €T -1 c=x)]%
L= ~/3 2¢? [sm(cos % )+§ sin (2cos de )]0

40’3_\,_I§
N3 2 2

4. Proof of the result of Art. 17°5(f).
When X =aV, where V is any function of x,

1 ., 1,
e, 0= =\~ )70 7y T
We have, D(xV)=zDV+1V
D*@V)=DEDV)+ DV =2D1*V +2DV
and similarly, D"(«V) = D"V +nD" 'V

=..T[)"V+( D") V. - (1)

=3a? [on putling ¢= a]
N2

dD
Hence, f(D)zV=a2f(D)V +7F(D) V. e ()
Now, put f(D) V=717, ; hence r=f(11)) 1"y

(2) hecomes
. L 1 1 . 1 .
1.6., xf(D) p]_ f(D)mII-l-f(D)f(D)f(D)I'l.
Transposing, we get
1 1
i) V= (= i) "0 iy ¥
. Dropping suflix, we get

1 o [ 1 1.
D)= e it o)} K



SECTION D
A NOTE ON INTEGRATING FACTORS

1. Rules for determining Integrating Factors.

Let the differential equation be

Mdz+ N dy=0. < (1)
The condition that it should be exact, is
2 _oN 0
dy  Or 2)
oM _©oN
Rule (1). If M is a function of # only,

say f(z), then

e7(x) @z will be an inteyrating factor of (1).

If M da+ N dy=0, be an exact equation when multiplied
by e/(z) 4z theon, we must have

0 (31,55 0 (Nl
81; (J[aff(t dz) = 32): (1\6 f(z dz)

. oM oN
A oSf(Z) dr =21V Hff(x) dz Sfle) d
e g, ¢ z) dx 5 7% + Nefflxd ax f(x)

i.e., —-I-V.-—- = f(z).

Rule (IT). T amfl[—al= f(»), (a function of y alone)

o/fv) av ig an integrating factor.
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Proof is similar to that given above.
Rule (ITI). If M and N are both homogeneous func-

tions in z, ¥ of degree = (say), then

1
Mz + Ny (Mz+Ny #0)

is an integrating factor of the equation (1).

We can easily show that

) s
oy \Mz+ Ny] Oz \Mz+ Ny

if we remember that M and N are homogeneous functions

of degree n and hence =z %¥+y%€"!=n M
and =z %iv+?/g£l=nN.
If Mz + Ny=0, then % = - :—; and the equation
reduces to
ydex—xdy=0

which can be easily solved.

Rule (IV). If the equation (1) is of the form
y flzy) dz + 2 g(zy) dy=0

R S -N
then M= Ny (Mz-Ny#0)

is an integrating factor of (1).
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We can easily show that
?.(“_M____)_? (.._1_\ )
oy \Mz— Nyl 0z \Mz—- Ny
[ yfley) ] [ zg(zy) ]
> oy lay {f(w) gleyll ~ ox Ly {flay) - gleyl}

provided we remember ¥ ai); " Ilzy)=x a% Flzy).

M_vy

If however Mz — Ny =0, then N o asnd the equation

reduces to
zdy+y dr=0
which can be easily solved.
2. Illustrative Examples.

Ex. 1. Solve: (22*+y?+ca)dx+zy dy=0.
oM _ oN

Here % =9y ; Ft .*. the equation is not exact.
IM_ON
W dx_2-y_ 1,

Now, - o) ol

by Rule (I), 1. 1"‘.=e’"l dz_ Jlogz
Multiplying both sides of the given equation by x, we have
(2z® +zy*+2?) de+z*y dy=0,
or, %2°dz+z?dz+zy (y de+z dy)=0,
or, 2z®dz+z* dr+zryd(zy)=0,
or, 2r® dr+z?dr+zdz=0, where z=2y.

+ s 2
intograting, T+G+5=c,

.. reqd. solution is 3z*+2z®+3zy?=c.
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Ex. 2. Solve: (z*+9°) dz—zy? dy=0.
Here, aal;!= 3y?; giv— —y% .°. the equation is not exact.

1 1

Now, R R S
' Mz+Ny z*+xy*—ay*® z*

The equation is homogcneous.

.*. by Rule (I11), -‘ is an integrating factor.

Multiplying both sides of the given equation by m!" we have
( +;/ ) z—-—— dy=0.

This is exact.

- . - = -1 !,-'(
Now, SMdz S( +1 )da: log z 3 &

.. by Art. 15°5, the solution is

1y . 3 3 3
log x— 3 z_,=c, i.e.,, y'=3z"log r+cx®.
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homogeneous, 815

nth order, 363

order, 303

ordinary, 802

partial, 802

rosolvable into factors, 332

second order, 840

solution, 805

solvable for z, y, 333
Delta function, 134
Divergent integral, 133

Elementary rules of Integration, 4

Equations of second order, 340
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Homogeneous equation, 815

special form, 316
Hyperbolic function, 25, 66
Hypo cycloid, 291

Improper integrals, 132
convergent, divergent
oscillatory, 133

Inoqualities and limits, 361

Interior limit, 92

Infinite range, 132

Integrability, 388
necessary and sufficient
condition, 388

Integrable function, 350

Integrating factors, 321, 323

Integrals
definite, 3, 92, 93, 102, 349
Eulerian, 173
improper, 132
indefinite, 1, 2
infinite, 132
Riemann, 388

1ntegration, 2
a8 the limit of a sum, 91
by parts, 38
from first principle, 93
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Intrinsic equation to a curve from
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cycloid, 243
evoluto, 247
loop, 243
parabola, 242

Length of plano curve from
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Limits, 92, 361
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Tine integral, 229

Linear equation, 299, 340

Logarithmic curve, 294
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Lower integral, 387
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definite integral, 104
indcfinito integral, 14

Miscellaneous application, 341

Moment of inertia, 273
circular plate, 281
elliptic lamina, 281
rectangular lamina, 280
sphere, 282
thin uniform rod, 279

On some well-known curves, 286
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Orthogonal trajectories, 872
cartesian equ., 372
polar egn., 373

Pappus’ theorem, 267

Parabolic rule, 232

Particular integrals, 346, 847, 363
methods, 820

Perfoct differential, 320

Primitives and integrals, 35¢

Principal value, 134, 137

Probability curves, 294

Radius of gyration, 279
Rational fractions, 78
Rectification, 240
Roduction formulaes, 125, 163

double paramoter, 171

singlo parameter, 164

special devices, 177
Riemann integral, 388
Rose petal, 300

Series represented by definite
integral, 107

Scparation of variables, 310

Sign of an area, 225

Simpson rule, 229

Sine spiral, 301

Singular solution, 306, 335, 386

Solids of revolution, 259, 264
volume, 260, 264

Some well-known curves, 265

Special trigonometric function, 57 ,

Spiral of Archimedes, 297

Standard integrals, 24, 41, 43, 59
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Strophoid, 304

Superior limit, 92
Surface-area, 289, 365
Summation of series, 107
Symbolical operation, 348
Symbolical operators, 347

Tractrix, 290
Trial solution, 340

Upper integral, 349
Upper limit, 8, 92

Velocity, 376

Volumes, 259, 364

Volume and surface-area
cardioide, 264
cycloid, 263
parabola, 261, 262

Witch of Agnesi, 296
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