Bai 1: Cho a,b la c4c sb thuc khdng &m. Ching minh rang :

(az +b+§)(b2 +a+§j2(2a+£j(2b+£}
4 4 2 2

Khong miy kho khin ta ¢ thé du doan dwoc bit dang thirc nay tré thanh dang thuc khi a=b = %

a2+£2 a, b2+£2 b.
4 4

Tir hai danh gia nay ta dua bai toan vé chang minh bat dang thicc manh hon sau day

vttt

Hay

2
(a+b+£j 2(2a+ij(2b+£j.
2 2 2

Nhung diéu nay hién nhién ding vi theo bt dang thirc AM-GM, ta c6

2
1 1 2a+1+2b+1 1)2
2a+=|| 2b+=|< 2 2| a+b+=1.
2 2 2 2

Bai toan dugc ching minh xong. =

Day 1a mot bat dang thire hai bién véi hinh thirc khong phirc tap nén ngoai chirng minh trén ching ta c6 thé co thé
chirg minh dugc bang cach khai trién hai vé, IGc ndy can luu y thém vé ddu ding thire dé can biang hé sb thich hop
la duoc.

Bai 2: Cho céc sb thyuc a,b,c>0. Chirng minh rang:

a(b+c) b(c+a) c(a+b)
+ +

Jbe(?+¢?)  Jea(c?+a®) Jab(a®+b?)
Trudc hét ta viét lai bat dang thirc can ching minh nhu sau:

a(b+c) b(c+a) c(a+hb)

+ +

J2be(b® +¢%)  \f2ca(c? +a%) y2ab(a’ +b?)
Ta dy doan rang dang thie xay ra khi a=b = c. Khi d6 ta co b? +c? = 2bc. Thé thi tai sao khong thir ding AM-
GM nhi:

2 2 2

/—Zbc(b2+cz S2bc+b +C :(b+c) .
2 2

a(b+c) S 2a
2bc(b? +¢?) b+c
a(b+c) b(c +a) c(a+b) ( a b c j
+ + > + .

J2be(b? +c?)  y2ca(c?+a?) +2ab(al+b?) \b+c c+a a+b

b c

A: o n A , 3 a 3 A an SN A s . R
Cuoi cung, ta can chi ra rang + + > —, tuy nhién day lai la mot danh gia quen thugc.
b+c c+a a+b 2

Bai toan két thic. Pang thuc xay ra khi va chikhi a=b=c.
Bai 3: Cho céc sb duong X,y,z thoa man x+y+z=1. Chirng minh rang:

>342.

>3.

Tir d6 ta co . Két hop voi hai dénh gia twong tu khéc, ta suy ra




X y z
+ + <1.
X+ X+Yyz  y+y+zx  z+zxy
Trude hét, st dung gia thiét va bat ding thicc Cauchy - Schwarz, ta co
JX+yZ = XX+ y+2) +yz = J(X+ ) (X +2) = x+4[yz,

do vay

X X
< .
X++/X+YyzZ  2X +\/ﬁ
Dén déy ta thiét lap thém hai danh gi4 twong tu dé suy ra
X y z X y z
+ + < + + :
X+X+YZ YA+ JY+IX  Z+JZ+XY 2x+\/ﬁ 2y+\/§ 22+\/x—y
Do vdy, dé két thic ching minh, ta can chi ra rang
X y z
+ + <l
2X +\/ﬁ 2y+\/§ 22+\/x—y
Pit a=+/X,b=\fy, c=+/z, khi d6 ta dua bai toan vé viéc chitng minh
a’ b? ¢’
5 +— + <1
2a°+bc 2b°+ca 2c”+ab

Bat dang thirc nay tuong duong vai ddy sau

1 a’ 1 b? 1 c? 3
P el Rl Ity el el It el P
2 2a“+bc 2 2b“+ca 2 2c“+ab 2

bc ca ab
5 + + >1.
2a°+bc 2b°+ca 2c°+ab
Pay 1a mot danh gia dang vi theo bt dang thirc Cauchy - Schwarz:
bc ~~ca  ab _ b*c? .\ c’a’ . a’b?
2a’+bc 2b’+ca 2c*+ab 2a’bc+b’c® 2b%ca+c’a’® 2clab+a’b?
(ab + bc +ca)’
22 22 L 2.2 =1
a‘h® +b°c” +c“a” +2abc(a+b+c)

>

do vay ta két thic chizng minh ¢ day. Bang thirc xay ra khi va chi khi x=y=z= %
Bai 4: Cho céc sb thuc durong a,b,c thoa mén abc=1. Chting minh rang :

§+b—12+c—12+32 2(a+b+c).

Do abc =1 va a,b,c la c4c sb thuc duong nén ta co thé du doan dugc diu bang xay ra khi a=b=c=1.

D& thdy rang trong a,b,c ton tai hai sé cting 16n hon hodc bang 1, hoic hai s6 d6 cung nhé hon 1. Khéng mit tinh
tdng quat, ta co thé gia sir hai sé do 1a a,b, suy ra

C6 thé thiy rd hon diéu nay théng qua chd y sau:
[@-nb-][b-c-D][(c-a)a-1]=(@-1)*(b-1)2(c-1)* =0,

do d6 trong ba sé (a—1)(b—1), (b—1)(c—1), (c—1)(a—1) c6 it nhat mot s6 khong 4m va do tinh ddi xing nén ta hoan
toan c6 thé gia su

(a—1)(b—1)>0.

(@a-)(b-1)>0<= ab+1>a+b<2(ab+c+1)>2(a+b+c).



Ta s€ chirng minh
1 1
P

Dén day, ta co thé st dung bét ding thirc AM-GM cho hai s6 dwong nhu sau:

i2+12g :_Zabc =2ab, i2+i22i :_Zabc =2C.

C C C a~ b° ab ab

Cong hai bat ding thuc trén lai ta suy ra diéu phai chung minh. Bang thac xay ra khi va chi khi a=b=c=1. m
Bai 5: Chirng minh rang véi moi sb thuc duwong x,y,z thoa man x(x+y+z)=3yz, ta co:

+i2+322(ab+c+1)©iz+b—lz+i2+lz 2(ab+c).
C a C

(X+ ¥ +3(x+ Y)Yy +2)(z+x)+(z+x)* <5(y +2)°.
Do tinh dong bac cua bai toén ta gia sir x+y+z=3 tir d6 ta co diéu kién d& bai twong dwong x=yz. Vi x,y,z>0 nén &p
dung bit dang thire AM-GM ta c6

()/J;Z)2 _ (3—4X)2 jxgﬁg(x_n(x—%zo. @

Ta lai cé x+y+z=3 nén

X=yz<

x<3<9.(2)

Tir (1) va (2) suy ra 0<x<1. Bén dy ta phan tich hai dai lvong dau cua bai toan (x +Y)> +(x+z)* cling véi viéc sir
dung gia thiét x=yz:

(X+y)P+(x+2)° =(2x+y+2)° =3(X + V) (X +2)(2x + Y +2) =(x+3)* =3(3x +yz)(x +3) = (x +3)°* —12x(x +3).
Laicod

(X+ Y)Y +2)(2+X) =(X+y+2)(Xy+YyZ+2X)— Xyz :3[x(3—x)+x]—x2 =12x — 4x?

Va

5(y +12)° =5(3-x)°.

Ta c6 bat dang thirc can chirng minh twong dwong

(x+3)* —12x(x+3) +3(12x - 4x*) < 5(3—-x)°.

Sau do6 khai trién ta thu duoc

(x-6)(x-3)(x-1)<0.

Diéu nay diing vi 0<x<1. Bai toan dwoc chirng minh xong. m

Bai 6: Cho cac so thuc a,b,c théa man :

>b>1

.Ching minh:a+b-c<4.

ab <6c

Khi giai toan bat ding thirc, luc ndo ta ciing nghi dén viéc 1am sao dé sir dung gia thiét cho hiéu qua, bai ndy ciing
khdng ngoai lé.

Quan sat gia thiét ctia dé bai, cac ban c6 thdy chi c6 mot gia thiét lién quan dén bién ¢ théi khong? Nhu vay, dé co
thé chirng minh a+ b — ¢ < 4 thi chac chan ta phai sir dung gia thiét nay vao rdi. Luc ndy, ta dua dugc bai toan vé
chirng minh

a+b—a—b§4.
6



Bay gio, xem xét tiép, ta thiy rang gia thiét cho ta 3>a>b>1, két hop véi du doan diu bang s& xay ra khi a=3, dong
thoi ta can c6 sy xut hién ciia a+b va ab trong cac danh gia cia minh (do bat dang thic can ching minh né nhu
vay ma), ta nghi dén danh gia sau day
(3-a)(3—-h)=0.
Tur danh gia nay, ta suy ra 3(a+b)<ab+9, hay
a+b<3+ a_b.

3
(Ta thyc hién danh gia a+b theo ab vi gia thiét bai toan thi c6 lién quan dén ab nhung khong c¢6 chut dinh dang nao
toi a+b ca).

Vay 13, ta chi can chirng minh (3+%bJ—%b <4, hay ab<6.

Cai nay dung do gia thiét né. Va nhu vay Ia véi mot s6 phan tich don gian, ta giai xong bai toan roi 6. Vui hé. m
Bai 7: Cho a,b,c 1a c4c s thuc duong. Ching minh bét ding thic:

a’ +b”+c¢” +ab’ +bc’* +ca’ +9>5(a+b+c).

Pit x=a—1,y=b—1,2=c—1, khi d6 bt ding thirc ban dau duoc viét lai thanh

(X+1)° +(y+1)° +(z+1)° + (X +D(y+)° +(y +D(z+1)° + 2+ (X +1)* + 9> 5(x + y + 2 +3),

hay (sau khi d& khai trién va rat gon)

2(X% +y* +22)+ 2(Xy + Yz +2X) + Xy’ +yz* +2x* > 0.

Luu Y rang tir phép dat trén, ta suy ra x,y,z>—1, do d6 danh gia cubi cing dung vi

207 + Y +22)+2(Xy + Y2+ ZX) + Xy? + Y2t + X2 = (X + Y+ 2)° + Y (X + D)+ 22 (y+ D)+ x*(z+1) > 0.

Va nhu vy bai toan dwoc ching minh xong. DPang thirc xay ra khi va chi khi a=b=c=1. m

Bai 8: Cho x,y,z>0 thoa man x+y+z=1. Tim gié tri nho nhat cua biéu thuc :

2 2 2
p_X (y+z)+y (z+x)+z (x+y).
yz ZX Xy

Trudc hét ta viét biéu thirc bai cho lai nhu sau

Tiép dén ta s& chirng minh

2 2 2
X—+y—+z—2 X+y+z. (1)
y z X

2

Str dung AM-GM cho hai sb X7+ y > 2x,



roi thuc hién twong ty chi hai dai lwong con lai sau d6 cong vé lai véi nhau ta s& dugc bat dang thuc (1).

2 2 2
\ \ ~ , z

Hoan toan tuong tu cling c0—+y—+— >X+y+z. (2)

z X

Cong vé theo vé cua (1) va (2), lai ta dwoc P >2(x+y+2)=2.
Két lugn: Vay gid tri nhé nhat can tim 1a P=2 dat duoc khi va chi khi x=y=z= %
Cach 2

Ap dung bat ding thac Cauchy-Schwarz, ta co

2 2 2 2
P=x(y+z)+y(z+x)+z(x+y)2 (X+y+12)

yz ZX Xy y x| Xy

Y+Z Z+X X+Y

Yz Sy+Z.

Theo mot hé qua truc tiép cua bat dang thic AM-GM, ta lai c6 (y+2)? > 4yz,nén 7
y+z

Ta suy ra thém hai danh gia twong tu khac dé c6

. (X+y+2)?
y+Z Z+X X+y
4 4 4

=2(X+Yy+2),

va vix+y+z=1néntasuyra P >2.

Cudi cing, v6i x=y=z= % (thoa mén diéu kién) thi P=2 nén ta két luan 2 1a gi4 tri nho nhit cua biéu thic P. Bai
toan két thic. m

Cach 3

Str dung bat ding thie AM-GM, ta co

X2(y+2) _2x%\yz  2x* _ 4x°
> =—> :
yz yz Jyz y+z

Thuc hién tuong tuc cho hai dai lwong con lai sau d6 cong twong tng cac vé lai v6i nhau ta thu dugc

2 2 2
P24£ X + y + : j
Y+Z Z+X X+Yy

Mt khac theo bét ding thirc Cauchy-Schwarz thi

2 2 2

2
X N y N z >E_(x+y+z) :x+y+z:£

Y+Z Z4+X X+Y 2 X+Y+1Z 2 2




z X A r: 1 N N N , -7 ., 5 ~ Y
Twr d6 suy ra P > 2. Mat khac de thay voi x=y=z= Ethl P=2. Viéc tim dugc céc gia tri cua x,y,z théa mén dicu
kién bai toan va P=2 cho phép ta két luan gia tri nho nhit cua P 1a 2. Bai toan duoc giai quyét xong. o

Bai 9: Cho a,b,c 1a cac s6 thyc dwong thoa man diéu kién ab+bc+ca=a+b+c. Chirng minh ring :
a+b b+c c+a

+ + <3.
a’+b?> b’+c? c*+a’

Taco

(a+b)>
2

Panh gia quen thuoca’® +b? >

a+b b+c c+a 2 2 2
—— ot 5 < + + .
a+b- b°+c® c°+a° a+b b+c c+a

Bat dang thirc tuong duong

2 2 2 3(a+b+c)
+ + < .
a+b b+c c+a ab+bc+ca

, ab+bc+ca ab
=C+

Ta nhan ab+bc+ca 1én hai vé va dé y ,tir d6 viét dugc bat ddng thire dudi dang

a+b a+b
2ab + 2be + 2ca <a+b+c
a+b b+c c+a
fe an < A- - A en , . N Xy X+y | £ ,
T&i1 day thi ngon roi, ta nghi ngay dén viéc sir dung danh gia quen thuoc —— < Tva thu dugc ngay ket qua.
X+Yy

Tuyét. m

Bai 10: Cho cac sb thuc a,b,c€[0,1] thoa man diéu kién a+b+c=2. Tim gia tri lén nhét cua biéu thuc sau :
P=+a?—4a+5+vb’—4b+5++/c?—4c+5.

Thit nhét, du doan dau bang dé dat gia tri Ion nhat.
Khong khé dé ta ¢6 thé du doan mot cach "ty nhién" 1a khi a=b=1,c=0 thi biéu thirc dat gié tri I6n nhat. RS rang day
la b vira thoa man diéu kién d& bai ma né tréng ciing rat "tron tria" ma thuong céi gi "tron tria" déu dat hiéu qua

Cao.

Tuy vay, viéc du doan khong phai ldc ndo ciing dang. Nhung trong trudng hop ndy, niém tin cua ta duoc cing ¢b
baoi su "tron tria".

Nhu vay, ta cing nén bo chut thoi gian dé di theo cai du doan do6, néu khong hiéu qua, ta di theo hudng khéc, né s&
gilp cho ta tiép thu thém kinh nghiém lam bai.

Thi hai, "liéu" v&i du doan & trén, ta tim cach danh gia cho hiéu qua.

Quan sét thiy biéu thirc cua ta la tong ddi xing ba bién va hon nita nd c6 thé viét lai dugi dang

P=f(a)+f(b)+f(c),



Vi f(x) =vx? —4x+5 Nhu vay, mot cach tu nhién, ta mong mot danh gia "riéng 16" hay "chia dé tri" kiéu
g g y

f(X) =+VX*—4x+5<mx+n,
dung véi x € [0,1]véi m,n 1a cac s6 thue nao do.
Pé khi d6, ta c6 thé cO P = f(a)+ f(b)+ f(c) <m(a+b+c)+3n=2n+3m.

N6i mot cach khac, ta ¢4 tim dwoc mdt chan trén cua P ma ta mong d6 1a gia tri 16n nhét.
Cong viéc cua ta la di tim m,n.

Nhu d4 ndi & trén, ta can danh gia dé dam bao dau bang, ma vi cac bién 1a ddi xirng v6i nhau nén ta khong thé
quyét dinh bién ndo bang 0 hay bién ndo bang 1 khi biéu thirc P dat gia tri I6n nhit. Bai vay, tdt nhat, ta s& chon
m,n sao cho ma dau bang tai 0 va 1 déu thoa. N6i mot cach khéc, ta can tim m,n sao cho phuong trinh

VX* —4x+5—(mx+n) =0, cd hai nghiém la 0 va 1.

Thay x=0 va x=1, ta tim dugcm = V2 -Bva n=+5. Nhu vay, ta mong la bt dang thic sau dung
VX2 —4x+5< (ﬁ —ﬁ) x +~/5. Nhung ki diéu thay, bat dang thirc nay hoan toan déang véi diéu kién x [0,1]

Nhu vay, ta s& co P = f(a)+ f(b) + f(c)S(\E—\/g)(a+b+c)+3\@=2\@+\@.

Véi a=b=1,c=0ta c6 ngay P = 22 ++/5.
Bai 11: Véi a,b,c la cac sb thuc duong thoa mén diéu kién a+b+c=abc. Chiang minh bat dang thuc sau déy :
a b

c
—t—=+t—21
b° ¢® a

Bat dang thire nay khong dong bac, nhan thiy vé trai bac (—2), vé phai bac 0, diéu kién gia thiét a+b+c (bac 1) =abc
(bac 3), tir d6 ta co y tudng 1am cho hai biéu thie dong bac. Véi y tudng nhu vay ta sé tién hanh nhu sau.

Bt dang thuc can ching minh twong dwong vai
abc(%+%+%} >a+b+ec,
¢ a

Hay

a’c b’a c’b
F+C—2+?2a+b+c.

Pén day sir dung bit dang thirc Cauchy-Schwarz, ta c6

(1 1 1} a’c b*a c’b (a b cjz
4+ = 1 >l 24 —+= | .
c a b)lb* & & b ¢ a

Ta can chirng minh




2
(E+E+Ej 2(a+b+c)(£+£+ij,
a a b

b ¢ c
Hay
a2 b* ¢ a b c a b c
—+t 5t t+t—t+t—+—23+—+—+—
b ¢ a ¢ a b b ¢ a

Theo bt diang thirc AM-GM, ta c6

2 2 2
a—2+1 b—+1 C—2+1 22(E+E+Ej
b c? a b c a

Va

a +926
a

b
+_
c

+

c a
+=—+—
a ¢

Cong lai, ta co didu phai chitng minh. Déng thc xay ra khi va chi khi a=b=c =+/3.
Céach 2

Ta viét bat dang thirc can chirng minh lai duéi dang thuan nhét nhu sau

a b ¢ _a+h+c

b* ¢* a abc
Nhan hai vé cua bét ding thirc ndy véi abe>0, ta duoc

ab®> bc? ca2

> >a+b+c.
c

a’ bz_

Str dung bat ding thaec AM-GM, ta co

bc? ca’® bc? ca’
—5+—+b>3¥—- b =3c.
a b a? b2
Thuc hién danh gia twong tu cho cac dai lwgng con lai sau d6 cong twong ung cac vé lai véi nhau ta thu duoc két

qua can phai chirng minh. o

Bai 13: Cho céc s6 thyuc a,b>0 thoéa man 2(a” +b?)+ab = (a+b)(ab+2) . Tim gia tri nhé nhat cua biéu thuc:
a® b’ a® b’
°" 4(& asJ_g(b_er?J

Dit an phy t = %+9, quy dugc P v& dang ham mot bién theo t, rdi sau d6 chin mién cho t bang cach sir dung bat
a
dang thae

a b 2 22
Z(b aj-l—l (a+b)(1+£j>(a+b) \/a—



Cubi cung, ta dua duoc bai todn vé khao sat ham madt bién trén mién vira chin dugc.

Bai 14: Chtng minh rang véi moi s6 thuc duwong a,b,c, ta ludn ¢ :

2 2 2
ab +bC e +a2+b2+0222\/(ab3+b03+ca3)(3+9+£}
C a b b c¢c a

Véi bat dang thirc chira cin, didu dau tién ta phai lam d6 1a tim céch pha cin. Trong bai toan ndy, dé lam duoc
didu do, ta lién tuéng ngay toi bat dang thae AM-GM dang

2,Xy < X+Y

Nguyén tic tiép theo, khi sir dung AM-GM, can phai dam bao diéu kién dong bac cua x vay, d6 1a 1i do ta khong
nén danh gia nhu sau:

2, [(ab® + bc® +ca®) E+E+E Sab3+bc?’+ca3+§+9+£
b c a b ¢ a
. , 2.y A 2 ab3 ey e e
Mat khac, dé y rang— = e Tur do, co o1 giai sau.
C c

Day 1a mot bat dang thire hoan vi nén khong mat tinh tong quét, ta hoan toan c6 thé gia sir a la sb nam giira a,b,c.

Sir dung bét ding thac AM-GM dang 2./xy < X +y

3 3 3
a E+Ej<ab +bc®+ca b (a b cj
cC a

2 (ab3+bc3+ca3)(—+ C| —+—+—
b bc c a

Vay ching minh s& hoan tat néu ta chi ra duoc rang

2
+a®+b?+c?

ab® +bc® +ca’ (a b cj ab> Dbc? ca
+be| —+—+— < + +
bc cC a c a
Hay

ab? a bc> ab® bc® ca’
— 4+’ +—+ca+b’+—<—+—+—+a’+b*+c?
c b a c a b

Tuong duong voi

a(a—b)(a—c) <0
- =

Hién nhién dung do gia sir a la sé nam giira a,b,c.

Ching minh hoan tit. Dau bang xay ra khi va chi khi a=b=c>0

2 3
+ + =1
4Xx+5 4y+5 4z+5

Bai 15: Cho x,y,z€[0,1] va thoa man



Tim gié tri lon nhat cua : P = xy°z°.

Bai nay ta dung bat ding thiec AM—GM. Cu thé:
Viét giai thiét thanh:

1 1 1 1 1 1
+ + + + + =
4x+5 4y+5 4y+5 4z+45 4z+5 4z+5

Taco

1 1 1 +1_ 1 +1_ 1 +£_ 1 +£_ 1
4x+5 5 4y+5 5 4y+5 5 4z+5 5 4z+5 S5 47145

_1f 4y +£ 4y +£ 4z +1 4z +£ 4z
5 4y+5) 5\4y+5) 5\4z+5) 5\4z+5) 5\4z+5

Ap dung bit dang thire AM—GM ta co:

2.3
Loog Y2
4X+5 (4y+5)°(4z+5)

Tuong tu
3
1 S 4s Xyz : )
4y +5 (4x+5)(4y +5)(4z+5)

3

24i/ Xz ~ @3
4z+5 (4x+5)(4y+5)° (42 +5)

Binh phuong hai vé cua bét ding thirc (2) va lap phuong hai vé cua bt ding thic (3) rdi nhan vé theo vé cua
(1),(2),(3) , ta duoc:

1>4°xy*7°
Do do

1
xy’z® < o

Ping thuc xay ra khi va chi khi: x=y=1z =%

Vay gi4 tri 16n nhit cua P bang %

Bai 16: Cho 4 sb thyc a, b, ¢, d thoa man: abcd > a? +b? +¢? + d?.Chang minh rang:
abcd >a+b+c+d+38
Ap dung bat ding thac AM-GM ta c6

abcd >a’® +b* +c? +d? > 4%/abed < abed > 16



Ap dung bit dang thirc Cauchy-Schwarz ta co

2
abcd >a® +b?*+c®+d? ZM.

Pit k=a+b+c+d nén ta can ching minh
k? —4k—-32>0< (k—-8)(k+4)>0

Néu a+b+c+d<8 suy ra a+b+c+d+8<16<abcd (diéu phai chang minh).
Néu a+b+c+d>8 suy ra diéu phai chirng minh.

Bai 17: Cho céc s6 thuc x,y,z théa man x* + y® +z° = 3.Tim gi4 tri 16n nhat cua biéu thic:
P =Xy +yz+2zx

Trudc tién, ta s& ddng bac hoa bat ding thirc dd cho dé dua bai toan vé diing ban chit cua né.
Bat ding thirc ddng bac cua ta c6 dang:

Xy +Yyz+2zx K(x* +y? +2%) (*) Vi hang s6 k>0.
Tro lai bai todn can xét, khi doc téi gia thiét x* + y? +z* = 3thi phai hiéu ring Max P=3k va cong viéc cua ta la tim
k dé (*) luén ding voi moi x,y,z. Bé y ring, (*) c6 thé viét lai thanh

ky® —y(x+2) + kx* + kz* —2x2 >0

Do hé s6 k>0 nén coi day 1a tam thirc bac hai an y thi d& thdy néu ta tim dwoc k sao cho A<OVx,z, bai toan s& duoc
giai quyét

Ta lai c6: A = (1-4k?*)(x* +2°) + 2(1+ 4k)xz (1)
Mt khéc, bat ddng thirc trén ddi xirng vai X va z nén ta c6 thé du doan P dat Max khi va chi khi x=z.
Tur d6, dan t6i y tuong thay x=z=1 vao (1), ta thu dugc 2k® -2k -1=0

+3

Do k>0 nén ta chi chon nghiém k = 1T

Vay két luan dugc Max P = 3(1+T‘/§) .

Bai 18: Tim gié tri 16n nhét va gid tri nho nhit caa ham sé 1y =+12+4X— x> —v—X* +2Xx +3
Tép xdc dinh D =[-1;3]. D& thay rang trén (-1;3) thi

y = 2-X B 1-x
VI2+4x—x*  J-x?+2x+3

nén y'=0 tuong duong voi

(2= X)V-X>+2Xx+3 = (1 - X)V-X* +4x+12



0
= (2-X)* (X" +2x+3) = (1-x)*(-x* +4x +12) = 5
4

Thir lai ta thay chi c6 x=0thoa man phuong trinh y’=0. Tiép dén ta lai c6
f(-1) =~/7, £(0)=~/3; f(3) = /15.

So sénh cac gia tri trén suy ra

miny:\/§, maxy:\/ﬁ.

Bai 19: Cho cac s6 thyc khéng am x,y thoéa man x+y=1.Tim gia tri I6n nhit va nho nhit cua biéu thic:
P = \/l+ X201 \/1+ y2011

Thay y=1-x va biéu thuc d4 cho, ta co:

P =1+ X% 41+ (1— %)™ = f(y)
Taco

F(y)= 2011 x*° 2011 (1- x)?10
2 14 x20 2 1+ (1—x)™

2010

Pén day so sanh x véi 1-xva lap bang bién thién nira Ia xong. m

= f(x)— f(1-x)

Véi f(t)= la mot ham dong bién.
Bai 20: Cho x,y,z>0 thoa mén diéu kién xyz=8. Tim gi4 tri 16n nhét caa biéu thic:

I SR SR
2X+y+6 2y+7+6 27+X+6

Pit gz az,% = b2, % = c? v6i a,b,c>0 thi ta ciing c6 abc=1. Biéu thic tro thanh:

z
'2
I S SR

2a>+b?+3 2b%+c?+3 2c?+a’+3

2P

Ap dung bit dang thae AM-GM, ta c6:

1 1 1
P< + +
2a+2ab+2 2b+2bc+2 2c+2ca+2

=£:>P§£.
2 4

Bai 21: Cho céc s6 thuc khac khong x,y thoa man xy(x + y) = x> + y> — xy.. Tim gia tri I6n nhat cua biéu thirc sau :
1 1



Xy(X +Yy) = x> +y2—xy<:>l+£:i+——l
Xy

b= lDiéu kién bai toan tro thanh:a+b=a’ +b*—ab
y

bat a—l
X

Bai toan tro thanh P=a’+b®
Taco P=a’+b’=(a+b)’—3ab(a+b)=(a+b)@*+b*—ab)=(a+b)’
Tacd

3(a+b)? (a+b)
4 4
< 4(a+b)>(a+b)? < (a+b)(a+b-4)<0=0<a+b<4

a+b=(a+b)’—3ab>(a+b)’ -

Suy ra P <16 Dau bang xay ra khi: a=b hay x =y = %l

Bai 22: Chung minh ring véi moi s6 thuc X,y,z, ta co: X2 + Xy + y2 + Y + yz+ 2% 2 X? + Xz + 2.

V3 z 3. x z 3 3

. X
Xétsophucz =y+—+—xi,z, =—y——+—1zi,Tacod:z +z, = —x+—2|
phiez, =y 2 2 2=V 1T T ) + )

Ap dung bat dang thic| z, | +|z, [>| 2, + 7, |ta co:

\/xz + XY+ y? +\/y2 yz+ 22 2 xz 422
nén ta suy ra didu phai chirng minh. Bai toan két thic.m

Bai 23: Cho cac sb thuc a,b,c d6i mot khac nhau thudce doan [0:2]
1 1 1

+ +
(@a-b)* (b-c)® (c-a)’

Tim gia tri nho nhét cua biéu thic: P =

1, 8
2

> ta co
y: o (x+y)

Ap dung BDT iz+
X

8 1 _ 9 9

> + = >
(c-a)® (c—a)* (c-a)* 4

C6 "=" ching han khi a=0,b=1,c=2.

a’ b? c?
- +— +— <
2a°+bc 2b“+ac 2c +ab

Bai 24: Cho a,b,c la c4c s6 thie duong. Chang minh rang:

Pé y rang, theo bat dang thuc AM-GM dang 2xy < x* + y*ta c6



22° 1 1 1 a’b” +c’a’
2 - - - 212 2.2 2.2
2a’ +bc 1+bC2 14 1 1 a’b? +b%c? +c*a
2a , 88 a
a a .

a a
‘b'c b?  c?

Thiét lap hai bat dang thirc tuong tu va cong lai, ta thu dwoc

2a’ 2b? 2¢? 2(a’b? +b*c® +c*a?)

2 52 t53 f— 2.2 2.2
2a°+bc 2b°+ca 2c°+ab a‘b” +bc” +ca
Hay

a’ b? c?

5 + +— <1
2a°+bc 2b°+ca 2c”+ab
Cach 2
1 1
bc+ caJr a
24— 24— 2+—-

a’ b? c?

Bt dang thirc d4 cho tuong duong véi: 5 <1

b—f,yz = E—?,zz = a—?véi x,y,z>0, ta co: xyz=1.
a c

biat x° =

Bat dang thire can chirng minh tré thanh:

2 2 2

X2+y2+2221
2+X° 24y 2412

Mt khéc, theo bit dang thuc Cauchy—Schwarz, ta co:

2 2 2

X y z (X+y+2)°
2+ 2 2 = 2 2 2
2+X° 2+4y° 2427 6+X+Yy +2Z

Tacanchira

(X+y+2)? 1
6+X° +y* +2°

nita 13 bai toan duoc giai quyét. That vay, bat dang thuc trén tuong dwong véi:
Xy+Yyz+12x>3
Bat dang cudi ludn dang theo bat ding thirc AM—GM. Tir do, ta c6 diéu phai ching minh m

Bai 25: Cho céc s6 thyc x,y thoa mén bat phuong trinh 5x +5y? —5x —15y +8 <0 . Tim gié tri nho nhét cua biéu
thac S=x+3y.

Do S=x+3y nén x=S—3y, thay vao gia thiét 5x* + 5y* —5x —15y +8 < 0va viét theo hé sb cua bién y ta thu duoc

50y? —30Sy + 552 —55 +8 <0



V1 bét dang thic trén diing véi moi y nén ta c6 A>0, tirc Ia
900S* —4.50.(55* ~55+8) >0
Bién d6i tuong duong ta thu dugc —100S® +1000S —1600>0 < 2<S<8

Bai 26: Cho a,b 14 c4c sb thuc théa man a? +b? = 4a —3b. Tim gi4 tri 16n nhit va nho nhat cua biéu thirc
P =2a+3b.

Taco

2
a’ +b’ =4a-3b = (a-2)° +(b+gj :%.

Détxza—z,y:b+g,x2+y2 245 aP+%_2(a 2)+3(b+3J 2X+3y

Ap dung bit dang thirc Cauchy-Schwarz ta cd
(P+ ) = (2x+3y)* <13(x* +y*) = 13425

Do do6 ta co —g\/ﬁg p+%§g\/ﬁ, hay —1—25x/ﬁS PS—1+25\/E

Cach 2

Taco P=2a+3b=b= P-2a

Thay vao biéu thirc phia trén ta duoc:

a2+(P 2a.,

=0

Ta can tim P dé phuong trinh trén tn tai a. Twuc 1a ta phai co:

9- 45\/—< <—9+45JE 1- 5\/_< <—1+5\/E

18 18 2 2

A'=-9P? —9P +729>0 <

Cach 3

*Truong hop 1: a=0 va b=0 thi P=0
*Truong hop 2: a#0 va b#0 thi :

(2a+3b)(4a—3b) 8a’+6ab—9b’

P=2a+3b= =
a’+b? a’+b?

Dit: a=t.b ( t£0) dan dén:

8t +6t—9

P—
t2+1



2
Dén ddy chung ta chi can xét ham: f (t) = W VGi t£0 1 bai toan duoc giai quyét.
+
Bai 27: Cho céc s6 duong a,b,c théa man abc+a+c=b . Tim gia tri Io6n nhat cua biéu thic
2 2 3

= - + :
a’+1 b*+1 c*+1

T gia thiét, tacob>ava c = a .suy ra
1+ab
1 1 . (1+ab)y’ 1 (b—a)’
l+c®  (b-a)'  (+a’)@+b’) T (L+a’)@+b)
(1+ ab)?

Nhu vay, ta c6 thé viét lai P dudi dang

2 2 3(b-a) .3 (b-2a)Ea-b)
C1+a’ 1+b? (1+ad)(1+b?) T (1+ad)(d+b?)

Bay gio, sir dung céc bit dang thixe AM-GM va Cauchy-Schwarz, ta cd

—

b—a)(5a—b):1-(3b_3a).(5a_b)SE[(3b_3a)+(5a—b)} _(a+ b)? < (a® +1)(L+b?
3 3 2 3 3

Do do P£1+3:£.
3 3

Bai 28: Cho cac s6 x,y,zthéaman 1< x,y,z<4,x>y,x > z. Tim gia tri 16n nhét va gia tri nho nhit cua biéu thic

X y z
= + +
2X+3y y+z X+z

pit

y |z

2X+3y y+z X+z

+

f(x,y,2)=

Taco

X 2.y
f(x,y,Jx—y)—ZX+3y+&+ﬁ

Xét hiéu

B Wy 22X =Ay)
D= ) = )

>0 Hién nhién dang.

Taco



X
P=1f(xy,2)> X 2\5 S — 2

+ =
2x+3y x4y 9%, 3 \FH
y y

Ta dat t:\/g,lﬁtSZta cbd
y

t2 2
> =
2t +3 1+t

Cach 2

1

Ta o bo dé sau: ——+——>
1+a® 1+b” 1l+ab

voi ab>1

That vay, trir vé theo Vé, ta c6 ngay:

(a—b)? > (ab _21) >0 Hién nhién dang.
(1+a”)1+b%)(1+ab)
't .
Vi —>1khi d6
y
X X
- +y+Z:Xy +1Z+1X2Xy + 2
2X+3y y+z X4z X g g 2 g X o Xig L [X
y y oz oy y
Cach 3
Détlza;zzb;izc
X y z

Khi d6 abc=1 va 2>+/bc >1.taco

1 1 1
= + + .
2+3a 1+b 1+c

Xét bai todn méi nay cé cac bién b va ¢ binh dang nén ta du doan ding thirc xay ra khi b=c = %
a
Khid6 P= ! + 2a = f(a) voi ae[i;l}.
2+3a 1++a 4

Bai 29: Cho cac s6 x,y,z théa man1< x,y,z<9va x>y, x> z. Tim gia tri I6n nhit va gi4 tri nho nhét cua biéu

thic P=——+—Y 4~

X+2y y+2 X+2




bat f(x,y,z)= X ¥, 2
X+2y Yy+z 74X

Suyra

z 20y (Ix=y)xy -2
f(xy,2)- f(Xy\/_)_y+z+z+x \/_+\/— (y+z)(Z+X)(\/—+\/—)

Vi x=max{x,y,,z} nén ta dat t = \/gvéi 1<t<3
y

t2 2
Xét ham f(t)=——+—trén |1;3
®) t?+2 t+1 [ ]

Taco

2t -2)(t-2)
(t* +2)°(t+1)*

f'(t) = f')=0t=2vt=32

D3 thay gia tri t =%/2 khong thoa dk

s X s Lo 1A . 7 4
T do ta dé dang két luan dugc: MinP = E; MaxP = 3
2

2
Bai 30: Cho : x>y>z>0 . Chirng minh rang: xzy LY EX ey y>+12°

Ap dung BDT Bunhiacopsky cho 2 dy sb x\/g ; y\/z 'z \/g va x \/z ; y\/g ;z\/z
27\ x \y y "Nz Vx

2

)>(X +y*+2°)" (1)

2
Taco _y+y_ Z X)(X 2,y X4
z Xy

Xét hiéu

2 2 2 2 2
F XY Y7 X Xz yix 2y
z X Yy y z X
:i(X322+y322+23X2—XSZZ—ySZZ—ZSyz)

= i[(XSZZ _ ySZZ) + (ySZZ _ Zsyz) + (stz _ stz)]
yz

:i(x —y)y—-2)(x-2)(xy+yz+2x) >0
Xyz



Tur (1) va (2) ta duogc

2 2
Z "X XZ X
) LY

B T )2 (¢ 4y 4 2Y
z X oy z x 'y 'y z

Vay

X’y Y’z %X, X’y y’z %X

(—F+—+ )P 2 (X +y + ) o 2 Y2 2X S e +y?+27°

z X y z X y

Ping thuc xay ra ©x=y=z>0m

2 2 2

. L N , a“+bc b°+ca c°+ab

Bai 31: Chitng minh rang vai moi a,b,c > Ota co: + + >a+b+c
b+c c+a a+b

Taco

a’+bc a2+ab+bc+ca_a_ (a+b)@+c)
b+c b+c b+c

Twong tu ta ¢6 bat dang thirc ban dau tuong duong véi:

(a+b)(@a+c) N (b+c)(b+a) N (c+a)(c+b)
b+c a+c a+b

>2(a+b+c)

bat a+b=x;b+c=y;c+a=z ta co

L S

z X Y

Bai 32: Cho a,b,c la c4c s6 thuc duong théa man a+b+c=1. Chirng minh ring
\/az +i2 +\/b2 +i2+\/c2 +i2 >/82.
a b C

Ta d& dang du doan ring dang thirc xay rataia=b=c = % khi d6 bing cach nhan ca hai vé cho/82 va ap dung bét

dang thirc Cauchy-Schwarz, ta c6:

\/(1+81)(a2 +i2j 22+a
a’) a

Ap dung bit dang thire AM-GM, ta duoc

§+81a—80a2 54 -80a

Panh gia twong tu cho b,c va cong lai ta c6 diéu phai chang minh .o

4 4 4
X z Z'X
y vz,

X*+1 y*+1 z2°+1

Bai 33: Cho cac s6 dwong x,y,z>0,xyz=1. Chizng minh rang: g



X4

: y1 ¢6 I8 ai ciing mubn danh gia x? +1> 2x tuy nhién nhu vay bt ding thic s& bi dao
X"+
chiéu. Chinh diéu nay goi cho ta y tuéng si dung ki thudt AM-GM nguoc dau.

Hay nhé nguyén tic: Phi dinh cia pha dinh 1a khang dinh.

Thoat nhin biéu thirc

x* NG
X +1

Xzy 2
>xly-—L=xy-—=
x2+1 y 2X y 2

That vay, dé y rang,

Thiét lap hai bat dang thirc tuong tu va cong lai, ta thu dwoc

4 4 4
X z  7'X XY + YZ + ZX
y Yz, 2x2y+yzz+zzx—L

X*+1 y*+1 z°+1 2

Tir do, ta s& thir ching minh bét ding thirc manh hon 1a

Xy + YZ + zX

XY+ Y22+ 72X — >

zghay 2(X°Y + Y2+ 2°X) = Xy + Yz + 72X +3

Sir dung bat ding thic AM-GM b ba s6 danga+b +c¢ > 3%abc dé thay

XY+ Y22 +12°Xx >3.3/x%y.y’2.2°x =3xyz =3

Vay chirng minh s& hoan tat néu ta chi ra duoc X’y +y°z +2°X > Xy + Yz + 2X

Mot 1an nita, sir dung bat ding thie AM-GM b ba s6 két hop vai gia thiét xyz=1, ta c6
Xy + X2y +y’z> 3W = 3.W = 3xy

Thiét 1ap hai bat ding thirc turong tu va cong lai theo vé, ta thu dugc

3(XPY + Y’z +2°X) 2 3(Xy + Yz +2X) hay Xy +Y°Z+2°X > Xy + Yz + X

Tir d6 suy ra diéu phai chiztng minh. Dau déng thirc xay ra khi a=b=c=1.

34

1 Co6 logba.logch.logac=1

[ Pé co duge diéu nay ta chi can sir dung mot bat ding thire quen thude do 1a AM—GM ta c6 :

log, a. log, b+ log, c > 34 1
a+b b+c c+a (a+b)(b+c)(c+a)

Mt khac ciing theo bat dang thic AM—GM ta lai c6:

(a+b)+(b+c)+(c+a)=2(a+b+c)>33(a+b)(b+c)(c+a)

Hay

1 3
i/(a+ b)(b+c)(c+a) = 2(a+b+c)



Do do

log, a N log. b N log, c S 9
a+b b+c c+a 2(a+b+c)

Dau "="xay ra khi va chi khi a=b=c>1

Bai 35: Cho cac s6 thuc khong am x,y,z thoa man: x+y+z=1. Tim gi4 tri I6n nhat cia: P = 9xy +10yz +11zx
Dé y ring, véi gia thiét x+y+z=1 thi P = 9xy +10yz +11zx = 9xy + z(10y + 11x) = 9xy + (1- x -y ) (10y + 11x)
Khai trién va rit gon, ta thu duoc

P =-11x* -10y* +11x +10y —12xy

Tuong duong voi

11x* +(12y —11)x +10y* 10y + P =0 (*)

Coi day 1a tam thtc bac hai 4n x, do diéu kién tdn tai cua x nén suy ra Zphai c6 nghiem, téc
A= (12y-11)* —44(10y* —10y+P) >0

Hay

—296y* +176y +121-44P >0

Tuong duong

74( , 22 121
P<——|y ——y-—
11 37° 296

Dung phép tach thanh binh phuong, d& dang nhan thiy

, 22 121 5445

37y 296 10952

Suyra P< _ra : _ 445 =4—95
11 10952 ) 148

Vay két luan P = 495
148

Bai 36: Cho a,b,c>0 thoa méan: a+b+c=3 . Chung minh rang: (a+c)(b+1) > abc(a® + b* +c* +1)
Nhin vao bai nay ta thiy mot sé thi sau day:

« Céc bién a va ¢ binh dang.

« Ding thuc xay ra khi a=c=b=1.

e Chiya+c=3-b nén VT=(3-b)(1+b), do d6 ta sé danh gia VP theo b.



Do d6 ta stir dung 2 danh gia

2 2
acg(aJer _(3-D) |
2 4

pac(at +c?) <[ @+ _(@-b)
B 2 4

Bai toan s& duoc ching minh néu

(3-b)(1+b)> b%+ b(b? +1)% hay 8(L+b) > b(3—b)° + 2b(b +1)(3—b).

Cha y be(0;3), bat ddng thuc trén c6 thé chirng minh bang bién doi twong dwong hoic khao sat ham sé.
Bai 37: Cho cac s6 0<x,y, z, t<lva x+y+z+t=1.Tim gia tri nhé nhét cua biéu thuc:
X .y ozt
1-x 1-y 1-z 1-t

Ap dung bt ding thuc BCS ta c6:

X y z t X y z t
= + + + = + + +
l1-x 1-y 1-z 1-t y+x+t z+t+X t+X+y X+y+z

XZ yZ ZZ tZ

= + + +
X(y+x+t) y(z+t+x) z(t+x+y) t(xX+y+2)

(X+y+2z+1)?
T 2(XY + yZ+ X+ Xt + yt+ zt)

Ta lai co:

AX+)(Y+2)+(X+1)* +(y+2)°

XY+yzZ+zX+xt+yt+zt=(x+t)(y+2z)+yz+xt<

4
_(xry+z+t)° +2(x+t)(y+2) _ 3(x+y+z+t)°
4 B 8
e 4
Tir do suy ra: ng
Cach 2
T+4:X+l+y+1+z+1 t 1 ! ! ! !

+——+1= + 1
1-x 1-y 1-z 1-t l1-x 1-y 1-z 1-t
Ap dung bét dang thirc quen thudc sau:

E+£2 4 , Va,b>0

a b a+b

Luc do

T+4> 4 + 4 > 16 :E
2-X-y 2-z-t 4-(X+y+z+t) 3

Tur do :TZE—4zi
3 3



Déu dang thirc xay ra khi va chi khi : x:y:z:t:%

Bai 38: Cho a,b,c €[0;2] va a+b+c =3 .Tim gia tri Io6n nhat va gia tri nho nhét cua :
P =a”+2b®+3c? —2a—24c + 2060

O bai toan nay ta thay trong biéu thuc P c6 gi d6 bat thuang 1 vi bién b chi xuét hién mot 1an duy nhat nén ta c6
thé xem P 1a mot ham sb theo bién bva a ; ¢ 1a cac dai luong ¢ dinh .

That vay :

P = f(b)=2b* +a’ +3c* —2a—24c +2060, Vvbe[0;2]

Taco:

f(b)=4b>0, Vbe(0:2)

Do d6 hamsé y=f(b) dong bién Vb e[0;2] Néntaco :

£(0)< f(b)=P < (2)

Vay ta s€ di xét hai bai toan nhd sau :

Bai 1. Vi a+b+c=3—c=3-b-a

Tudotaco:

f(0) =(3—c)® +3c* —2(3—-¢)—24c + 2060 = 4c* — 28c + 2063 < P

Tt 1a lac nay ta di tim ¢ sao cho f(c)=4c¢* -28c+2063<P, Vce[0;2], (1)
Xét ham sb

f(c)=4c®—28c+2063, Vce[0;2]

C6 f'(c)=8c—-28<0, Vce[0;2] Vayhamsd f(c) nghich bién vce[0 ; 2]
Tu (1)taco:

f(c)<P, Vcel0;2]< minf(c)=f(2)<P, Vcel0;2]< P>2023

Vay gi4 tri nho nhat cua P=2023 dat duoc khi a=1;b=0 ; c=2

Bai 2. Vi atb+c=3—c=3-b-a
Tur dé taco : f(2)=(1—-c)’ +3c® —2(1-c)—24c+2068< 2067, Vce[0 1]

Ma P<f(2), Vcel0 1]= P<2067, Vcel0 1]

Do d6 gi4 tri 16n nhat cua P=2067 dat dugc khi a=1; b=2 ; c¢=0.

Bai 39: Cho a,b,c >0 va 21ab+ 2bc+8ca <12 .Tim gié tri nho nhit cua: P = £+%+§
a c



O bai toan nay ta quan sét thay biéu thuc cuia P chtra cac phan sé va didu kién lai chira cac tich s6 nén ta can phai
chuin nguyén vé mot dai lugng phan s dé dé nhin.O day ching ta c6 a ; b; ¢>0 nén trong diéu kién ta chia hai vé
cua né cho abc>0 ta duoc:

21
C

12

+g+£§_
a b abc

@
T6i day ta chii y rang ta c6 : 12=2.1.2.3 ; 21=7.3 ; 2=2.1 ; 8=4.2 , c4c hé sb ndy c6 su gan bo mat thiét vai cac hé
s6 trong biéu thuc P.
Nén ta c6 thé day diéu kién (1) vé dang:

1 2 3

2—+4—+7—§2£.g.
a b c ab

3
c
T6i day thi viéc doi bién s& 1am cho bai toan co hinh thire dé nhin 14 diéu chung ta wu tién cho bai toan .Pit :

X=£;y= ;2=§ (x;y;2>0)
a C

TN

Luc nay diéu kién bai toan tré thanh : 2x + 4y + 7z < 2xyz
Va biéu thirc P =x+y+z

T6i day tir diéu kién bai toan ta di dén :
2Xx +4y

2X+4y<z(2xy-T<z2>—=
2xy -7

2xy =7
2X +4y

(2)

Lacdétacd :X+y+z>X+y+

T6i day tham vong cua ching ta la kéo bai toan vé chi con theo mot bién dé tién viéc danh gia bang nhiing ki thuat
co ban.Diéu d6 dan dén ta phai cb gang bién d6i (2) vé mot bién duy nhét ciing c6 nghia rang ching ta can khir
duoc hét dai lwong 2xy—7 , ma dai lvong ndy & dudi mau cho nén ta can nghi ngay dén viéc sir dung bat dang thirc
AM-GM

Taco:
2 14 14
2xy -7 2xy—7+7 2X+(2xy - 7)* X 11 2xy-7 2X+?
X+Yy+ =X+ =X+—+ +
2X +4y 2X 2xy —7 2X 2X 2xy—7

14

2X+—
> xpiL g [2Y 2T X >x+£+2,/1+l
2X 2x  2xy—7 2X X

Vaytaco:P> XJrEJrZ,/Hl2
X X

Theo bt dang thirc BSC ta c6 : ( J [3+\/7\/_j <(9+7)( J 16(1+lj

X




Suyra

2, /1+l2 = /4(1+l2j 2£(3+ZJ
X X 2 X

Do d6

P2x+£+l 3+Z 2§+ x+g 2§+2,/x.22E
2x 2 X) 2 X) 2 X 2

Déu ding thirc xay ra khi va chi khi :

W7 =x\7
x*=9 gl
x=3 3
5 4
st eily="eib=-
2xy -7 X 2 5
2X 2xy -7 z=2 c=3
2
Z_2x+4y
2xy—7

Bai 40: Cho c4c s6 x,y,z thay d6i nhung luon thoéa man diéu kién: x> + y? +z? = 1Hay tim GTLN va GTNN cua
biéu thirc: A =X+ Yy +2Z + Xy + YZ +2X

Dé y rang cac bo sd X2 +y? + 2%, X+ y+2,Xy + Yz + 2x déu c6 mbi lién hé véi nhau thong qua hang dang thuc

(X+y+2)° =X>+y* +2° + 2(Xy + yZ+ 2X)

Vay ta 1am nhu sau:
Tu gia thidt x> +y? +22 =1tacod 3=3(x*+y* +22) > (x+y+2)* do d6 —/3<x+y+2<+/3

Mait khac
(X+Y+2)? =X>+ Y + 22 +2(xy + Yz + 2X) =1+ 2(Xy + yz + 2X)

2

Do do:xy+yz+zx = VOl t=X+Yy+2

2_
Vay A=tol > L vei J3<t<3

‘ NP t? -1
Dén day chi viéc xét hamso f(t)=t+

X+y+z+t=0

2 2

, Hay tim GTLN, GTNN cua biéu
X“+y +z2°+t°=1

Bai 41: Cho 4 sb x,y,z,t thay doi thoa mén diéu kién: {

thac: A= Xy+yz+zt+tx



Tir biéu thuc cua can tim gid tri I6n nhit va nho nhat cia bai toan va diéu kién x* +y? +z° +t* =1 cho phép ta nghi
ngay dén bit dang thuc BSC. That vay ta c6

XY+VZ+zt+tX <K x2+y2+22 +t2 =1
| xy+y y

Turdo:| Tl
Vay: T>-1
o 2 A A A trs 2 Ag . 1 1
Toi day ta ket luan gié tri nho nhat cia A=—1 khi x =z :E y=t= 5

Mt khac ta dé y thiy rang néu trong biéu thirc d4 cho ta stir dung nhém hang tir thi ta s& c6 mot diéu kha thuan
loi.bo 1a :

A=x(y+t)+z(y+t)=(x+2)(y+t)
Lai tur gia thiét :

X+y+z+H=0=>x+2=—(y+t)

Vay: A=—(x+12)°<0

Do do gia tri I6n nhat cia A=0 dat dwoc khi x=y==;z=t=—=

N |-

Bai 42: Ching minh rang néu a,b,c>0 thi:

(a+b+c)2+£ a’+b’+c®  a’+b*+c? >4
a?+b’*+c® 2 abc ab+bc+ca)

Ta s& chirng minh bat dang thirc manh hon 1a

2(a+b+c) 1[a3+b3+c3 ~ a2+b2+czj>7

a’+b’+c*? 2 abc ab+bc+ca

2
o 2(a+b+c) _2+4(ab+bc+ca)

D —
a’+b?+c? a’+b%+c?

nén bt diang thuc trén cé thé viét lai thanh

4(ab+bc+ca)+£ a’+b’+c’ a’+b*+c’ 5
al+b*+c* 2 abc ab+bc+ca |

Hay

8(ab+bc+ca) a’+b’*+c® a*+b*+c?
2 2 7 T - 210 (*)
a‘+b°+c abc ab+bc+ca

Pé bai toan tré nén don gian hon, ta nén tim cach giam bét sé dai lweng khac nhau.

ab+bc+ca a*+b?+c?

Cu thé 1a ¢ ddy, ta s& thir danh gia thé nao d6 dé dua dai luong —————— —
a~+b +c ab+bc+ca




Diéu ndy goi cho ta ¥ tuéng sir dung bét ding thac AM-GM dang x +y > 2./xy That vay, dé thiy

ab+bc+ca+ a’+b? +c? S
a’+b’+c* ab+bc+ca

Suyra

8(ab +bc+ca) 6_8(a2+b2+cz)
a’+b*+c? ab+bc+ca

a’+b*+c? >9(a2+b2+cz)

> 6
abc ab+bc+ca

Str dung danh gia nay, ta sé¢ quy v viéc chirng minh

3 3 3 2 2 2
Twong duong véi b_sg[b_ 1j

abc ab+bc+ca
Hay

a"‘+b‘°’+03—3abc> 9(a® +b® +c? —ab—bc—ca)
abc - ab+bc+ca

Str dung hing dang thuc quen thudc
a’+b’+c®—3abc=(a+b+c)@® +b’+c’—ab—bc—ca)

Ta suy ra bt dang thirc trén c6 thé viét lai thanh

>0

(a2+b2+cz—ab—bc—ca)(aerJrC J J

abc _ab+bc+ca
Do az+b2+cz—ab—bc—cazé[(a—b)z+(b—c)2+(c—a)2]20

a+b+c_ 9 >0
abc ab+bc+ca

Nén chitng minh s& hoan tat néu ta chi ra dugc

Hay (a+b+c)(ab+bc +ca)>9abc

Diéu nay la hién nhién dung vi theo bét ding thirc AM-GM bo ba sb,
(a+Db+c)(ab+bc+ca) > 3%abc.3va’b’c* =9abc

Bai toan duoc giai quyét hoan toan. Dau dang thuc xay ra khi va chi khi a=b=c>0

Bai 43: Cho cac s6 thuc x, y thoa didu kien x*+9y® =1.Tim gia tri I6n nhat va gié tri nho nhat caa biéu thic sau:
_(x+1)%+3(2xy +1) + (3y +1)?
B X+3y+1

T

Tu twong cua bai ndy chi 1a ding phwong phép khao sat ham sb thi.
Ta co:



X2+ 2X+1+6xy+3+9y +6y+1  (Xx+3y)°+2(x+3y)+5
X+3y+1 X+3y+1

2
_ (x+3y+1)°+4 x4yl
X+3y+1 X+3y+1

T

Tir diéu kién ta co: (x +3y)> —6xy =1
Suyra

_(x+3y)" _ (x+3y)°
2 2
= (X+3y)? <2< 2 +1<x+3y+1</2 +1

1=(x+3y)* —6xy > (x +3y)°

bat t:x+3y+1;—x/§+1st£\/§+1

Ta s& khao sat ham sb: f(t) =t +%

Bai 44: Chirng minh rang véi moit € [-1;1], taco: V1+t+y1-t>1+4/1-t> >2-t°
Bai toan nay cd nhiéu hudng tiép can dé ching minh. O day ban dau nhin nhan tir diéu kién bai toan ta thiy cac

biéu thirc trong cin déu da duoc xac dinh nén ta co thé nghi ngay dén viéc chirng minh truc tiép bai toan. Ta chia bai
toan thanh hai bai toan nho sau :

Bai 1. Chang minh : 1+t +V1-t>1+41-2 ()

Taco (1) ludn dung. That vay binh phuong hai vé cua (1) ta dugc :
2421-2>242V1-? ~2 = 0>t* (lu«n @6ng)

Vay (1) dwoc chirng minh hoan tat.

Bai 2. Chang minh : 1+41-2>2- ¢ (2)

Tur didu kién gia thiét 1 —1<t<1

Taco 0<1-t? <1=1-t2 >1-t?

Tudd 1+V1-t2 >1+1-t> < 1+/1-t2 > 212

Vay (2) duoc ching minh hoan tat.
Do d6 bai toan d4 giai quyét hoan toan.

Bai 45: Cho ba sb thuc dwong x,y,z thoa mén : x* + y* +z° =1 . Chang minh rang: %+%+%— (X+y+2)=2+/3

1+1+1+(x+y+z)24\/§
X y z



Trong hai bat dang thic trén, ta s& chirng minh bat dang thirc manh hon 1a:

1+£+l+x+y+zz4\/§
X y z

Day 1a mot bai tap kha co ban vé ki thuat chon diém roi.

Thoat nhin, ta muén ghép cip cac hang tir lai dé sir dung bat dang thicc AM-GM nham muc dich triét tiéu bién sé,
dé thu dwoc hang s6 & VP.

Tuy nhién, néu danh gia 1u6n£+x22 thi ta s¢ suy ral+£+l+x+y+zz6
X X y z

Nhung vi sao lai 12 6 ma khong phai 4+/3 2
Pon gian vi danh gia trén da khong "'bao toan" dwoc diu bang cia bai toan.

Do do, ta can chinh lai hudng di mot chut dé co 1oi giai chinh xac:

D& thdy dau dang thuc xay rakhix =y=z= L kni ay, 13y sw dung AM-GM, ta oL 43x> 23
X X

V3

Thiét lap hai bat dang thirc tuong ty rdi cong lai, ta thu dugc

1+l+l+3(x+y+z)26\@
X y 2

D& thdy ching minh s& hoan tat néu ta chi ra dugc rang
2(x+y+z)£2\/§ hay x+y+z£\/§
Piéu nay la hién nhién dung vi theo bét ding thirc Bunhiacopxki,

X+y+2</30C +y?+2%) =3

Bai toan duoc giai quyét hoan toan

Cach 2

Dit t=(x+y+2) tir gt ta cot < \3(x2 + Y2 +22) =+/3

Mat khécl+£+l2 J :g DﬁndénAzHg
X Yy 7z X+y+z t t

Ap dung bdt AM-GM ta c6 ngay A > (t+%)+%2 2J3+243 =443

Ding thc xy rakhix =y =z = —

Ne

1 N 1 N 1
(a-b)* (b-c)* (c-a)

Bai 46: Cho a,b,c khong 4m, d6i mot phan biét. Tim min: P =(a® +b° +¢®)(

7)



a+L=t khido dé thay t>2. Mat khac, a2+i2=t2+2 Vi 2 - -z
Pat a a (a.—l) t—-2

Do do, bai toan quy vé tim Min cua f (t) =t* + 2+%

Tinh dao ham ra, ta nhan thdy min f (t) = f [

3+x/gj

2
Bai 47: Cho a,b,c duong théa man a®+b® = c® .Ching minh rang: @’ +b’—c*>6(c—a)(c-b).
Bai todn nay tuong duong véi bai toan sau: " cho x,y>0 vax® +y° =1 Ching minh rang: x* +y? -1>6(1-x)(1-y)

Ap dung bit dang thire AM—GM ta co:

3
X +
x3+y3=12%:>x+y£€/2<§

(x+y)3 -1

3 3
:1 =
X" +y =1=xy 3(x+Y)

Thay vao ta duoc bat dang thirc can ching minh a:

8(x+y)3 -8

(x+y)2 >T7-6(X+Y)+ 3(x+Y)

c>—5£x+y—§}(x+y—l)2 >0

Bat dang thirc cudi luén ding.m.

a* . b* . c*
(b+c)(b*+c?) (c+a)(c®*+a®) (a+b)(a*+b?)

Bai 48: Cho a,b,c>0 thoa mén a+b+c=3. Chitng minh > ;

Minh tam goi Vé trai cua bat dang thire ban dau 1a VT. Luu y ching ta s& st dung gia thiét a+b+c=3 rat nhiéu lan.

Ta dé y rang bat dang thic can ching minh ¢ xuat hién bac 4 & tir (tc Ia hai 1an binh phuong), nhu vay ta nghi téi
dang sau cua bét dang thic Cauchy Schwarz (hay con goi 12 Bunhiacopskip cho quen thudc)

2 2 2 2
m n m+n+
_+_+p_2¢.

X y z X+Yy+2

(chizng minh bat dang thae ndy chi can mot lan dung Cauchy Schwarz 1a duoc)

Tuy nhién, néu ta dé nguyén va ap dung Cauchy Schwarz nhu sau

(az)2 . (bz)2 . (cz)2 N (a2+b2+cz)2

- (b+c)(b?+c®) (c+a)(c®+a?) (a+b)(@+b®>) (b+c)(b®+c?)+(c+a)(c®+a’)+(a+b)@ +b?)’

Nhu thé, ta can chitng minh



(a2+b2+cz)2 .3
(b+c) (b +c?)+(c+a)c®+a’)+(arb)(@ +b2) 4

Ta thdy rang, mau sé cua phan thirc bén tréi sau khi khai trién s& c6 dai lugng a® + b® +¢® ma theo kinh nghiém,
mau s6 ma c6 bac qua cao thi danh gia s& rat kho khan (trong trudng hop nay, vi khi bac cua cai nao d6 qua cao thi
gia tri cua "ching" thuong 1a 1on, ma "ching" & dudi mau va danh gia dang 1a > boi vy ta can mot cai mau "nho”
hon dé nguyén phan thirc ciia ching ta cé gi tri 16n). Bai vi thé, ta "tam" khong di theo hudng nay.

Nhu vay, ta s& thir 4p dung tu teéng "lam cho miu s6 ¢ bac nhé" sau khi 4p dung Cauchy Schwarz.
Mudn lam diéu d6, chung ta chi cin dé y mot diéu don gian sau:

a’ ’
a’ (x/ b? +c? j

(b+c)0?+c?)  b+c

Twong tu hai dai lwgng con lai. Va sau khi 4p dung Cauchy Schwarz, ta s& thiy ngay loi ich cua phép bién dbi trén.

[a2+b2+c2j2£az+bz+czjz
VT > Jb2+c? Jet+a? Jal+b? Jb2ic? ct+a?r ai+b?

b+c+c+a+a+b 6

a’ . b? .\ c? >i
Joi+c? Jeit+ar Jai+b? N2

Nhu vay ta da dua vé bit dang thire don gian hon (nhu & dau bai d dé cap) (mac du ¢é chira can nhung du gi tréng
né ciing gon hon).

Ta chi can chirng minh rang

Ta lai thiy tir s6 c6 xuat hién binh phuong, ap dung Cauchy Schwarz 1a mot diéu dé lién tuong téi.
Nhung néu ap dung truc tiép:

a’ . b? .\ c? S (a+b+c)? _ 9
Jb2+c? Wo2+a? Nai+b? Ab2+c? +4cE+a? +/at+h?  Jb2+c? ++/c+al +val+b?

Ta s& thiy ngay dén day ta khong thé 1am gi tiép, vi: &p dung bat dang thuc quen thudc2(x? + y?) > x+y ta duoc

Jb? +¢? ++/c? +a% ++/a’ +b? z[b\/gcj{cjzaj{aj;jz?aﬁ.

Nén
9 .3
Jb?+c? +yc2 vt +4a’ +b V2

Vay cach Cauchy Schwarz nhu trén 1a khong hi¢u qua.



Ta 4p dung mot ki ning khac dé sir dung bat dang thire Cauchy Schwarz thém hiéu qua: "nhan tir sé véi chinh né
réi ap dung Cauchy Schwarz". Cu thé, ta c6

aZ bZ CZ _ (aZ)Z (bZ)Z (CZ)Z (aZ +b2 +C2)2

+ + = > -
\/b2+c2‘ Jel+a?l Wai+b?  aivbi+c? biJci+a?l c2vai+b?  aivb?+c? +b?c? +al +c2val +b?
Vay ta can chirng minh

2 2 2\2
(@ +b”+c?) >i

a?Jb?+c2 +b2ct +a? +c2ai+b2 N2

Nhirng budc danh gia sau nham dé "dua vé nhirng dai lwong quen thudc”, mong céac ban tham khao.

Panh gia & mau s6, 4p dung Cauchy Schwarz mot 1an nita, ta dwoc

a2\b? + ¢ + b2Vc? + a2 +c2a? + b2 = /a2 Ja(b? + ¢?) + Vb2 b2 (c? + &) +v/c? [c?(a? + b?)

< \/(az +b? +¢%)[ @’ (b +¢?) +b*(c? +a%) +¢*(a* +b°) | = \/Z(az +b° +¢%)(a%h’ + b’ +¢%a%).

Vay ta co

(@ +b*+c?)’ S (@ +b*+c?)’
a?yb? +¢? +b?c? +a? +c?\a2 +b? \/Z(az +b? +cz)(a2b2 +b2c? +cza2)'

Ta chi can chi ra duoc

(a>+b*+c?)? .3
\/Z(az +b? +cz)(a2b2 +b2c? +cza2) V2

Tuong duon voi

(a® +b? +c2)\/a2 +b? +c? >3va%b? + b2c? +c?a?.
Pén day, ta chi can co danh gia don gian 13 hai bat dang thire sau, ta s& suy ra diéu phai chitng minh

JaZ+b?+¢? > a+\/b§+c =3, a?+b’+c? 2\/3(a2b2 +b2c? +c2a2).

T6m lai, bat dang thie da dwoc chitng minh hoan toan chi bing mdi bat diang thirc Cauchy Schwarz. m

Bai 49

Tim x€R dé biéu thtc sau dat gia tri Ion nhit P = cos x(sin x ++/sin? x + 2).

=2 2 2 =2
Tacé:x/§P=x/§sinx.cosx+\/§cosx.\/sms33'n X;COS X+3COS x+25|n X+2=3

T

Vay: P <+/3 D thiy khi x = 6+2k7r thiP=+/3



Bai 50: Cho 3 s thuc dwong x,y,z thoa mén diéu kién: x + y + z = xyz. Chirtng minh rang:

Xy + yz+zx23+\/x2+l+\/y2+1+\/zz+l

Trudc hét ta s& thuan nhat hai vé, that vay bét ding thirc da cho twong duong véi

Xyz Xyz Xyz Xyz

Ta c6 cac bién doi sau day

_Xy(x+y)+yz(y+2)+zx(z+ X) +3Xyz x+y+y+z+z+x

VT +3
Xyz z X y
VP:\/x+y.y+z+\/y+z.z+x+\/z+x.x+y
z X X 'y y |z

Nén bat dang thirc da cho tuong duong voi

x+y+y+z+z+x2\/x+y.y+z+\/y+z.z+x+\/z+x.x+y
z X y z X X y y z

Day 1a mot két qua hién nhién theo bit dang thirc co bana® +b? +c? > ab + bc + ca. Bai toan dugc chirng minh
Xong .o

Bai 51: Cho a,b,c 1a cac sb thuc thoa man: a — 2b + 3c = 16. Tim gié tri nho nhit cua :
P=2(’+b*+c*)-4(a+b+c)+15

Ta viét lai biéu thirc phia duéi nhu sau:

P 2 2 2 9
E:(a—l) +(b-1)"+(c-1 +§

< (a-1)° +(b-1)* +(c-1) +§—§:0
A \ A 7 ~ - A 2 2 2 P 9
Ta thay phuong trinh trén c6 dang phuong trinh mat cau: (x —=1)° +(y-1)° +(z-1)° = 373 *)

va biéu thirc: a—2b+3c=16 cd dang cua phwong trinh mat phing: x—2y+3z=16.

Ta quy V& bai todn: Cho mat cau c6 tam 1(1;1;1) va béan kinh R? =g—% va mit phang(Q): x—2y+3z=16. Tim gia tri

P nho nhat dé mat cau () va mat phang (Q) cét nhau.

Ta c6:d(1,(Q)) =14

Do d6 R>14 < R2214©;—§214© P>37

Ping thuc xay ra khi va chi khi (a,b,c)=(2;—1;4)
Vay minP=37



a*+b®+c®+abc+8

Bai 52: Cho cac s6 dwong a,b,c. Tim gi tri nho nhat cua biéu thiac P = -
a+b+

a’+b®+ab(a+b)+8>6(a+bh)
c®+b%+cb(c+b)+8>6(c+b)
a’+c’®+ac(a+c)+8>6(a+c)

Chirng minh BDT trén nhu sau:

< (a+Db)((a+b)*> —3ab) +ab(a+b)+8>6(a+b)
< (a+b)’-2ab(a+b)+8>6(a+bh)

Thé (a+b)? > 4ab vao thi can CM

_(a+by’

3
L g_(axh)
2

(a+b)® +82>6(a+b)(ding)
Vi déy chinh 14 cosi 3 s6

Thuc hién lan Iuot véi 2 co sé con lai roi cong 3 BDT trén ta thu dugc

2a° +2b%+2c¢® +ab(a+b)+bc(b+c)+ca(c+a)+24>12(a+b+c)
2a’ +2b* + 2¢® + ab(a+b) + bc(b + ¢) + ca(c + a) + 24 S
a+b+c a

12

Két hop voi BDT ma ban trén da néu ra
a’ +b’ +c® +3abc > ab(a + b) + bc(b +c) +ca(c + a)

Ta s€ c6 dugc min cua P=4 khi a=b=c=1
céch nay gan nhu 1 cach cua ban trén nhung ma lam véi 2 co s6 rdi cong lai.

Cach 2

Hinh thac biéu thirc P goi y rd rang cho ta rang min caa nd tim duoc bing AM_GM. That vay, 4p dung BDT AM-
GM, va Schur bac 3

a’ +b’ +c® +3abc > ab(a + b) + bc(b +¢) +ca(c + a)
Tacd

27, _ 6.75(a° + b* +¢*) +6.75abc + 54 S a’ + b’ +c® +6abc+3[ab(a+b) + bc(b +¢) + ca(c + a)] + 54
4 a+b+c a a+b+c
_(a+b+c)’+27+27

a+b+c

>AM-CM 27,

Bat dang thirc Schur bac ba ¢ trén dé dang duoc viét lai la
c(atb—c)2+c(c—a)(c—b)>0.

N6 dtng Vi chi can gid sir ¢ 4 s& nho nhat trong ba sé a,b,c ma théi.
Vay gia tri nho nhét cua P 1a 4 khi a=b=c=1.



Bai 53: Cho hai s6 khdng 4m a va b thoa man: a+b =210 . Chang minh ring : (1+a*)(1+b*) <101
Giai

Bai 54: Cho a,b,c khdng &m thoa man a +b+c =3 Tim gi4 tri I6n nhat
cia P =(a’—ab+b*)(b* —bc+c’)(c* —ca+a’)

Giai
Khéng mit tinh tong quét caa bai toén, ta co thé gia sir c=min{a,b,c}, khi dé ta co

b? —bc+c® =c(c—b)+b* <b’
c*—ca+a’=c(c-a)+a*<a’

Tir cac danh gia nay ta thu duoc P <a’b*(a® —ab+b?)

Mt khac theo bét ding thirc AM-GM thi

a’b*(a” —ab+ bz)—fﬂﬂ( +b?)
2 2
3
4 @ 3ab +a’—ab+Db?
<z 2 2
9 3

=%(a+ b)° Ssis(a+b+c)6 =12
Ping thuc xay ra khi a=2,b=1,c¢=0. Vay GTLN cua biéu thirc can tim la 12.o
Bai 55: Cho 3 sb thuc dwong x,y,z thoa x + y + z = 1. Chang minh rang: x?y + y?z + z?x < %

Giai
Gia str x=max{x,y,z}. Ta c0:
’x  7%x °x  zx°

A=XY+Y 2+ 2°X = XY+ Y I+ ——+ =< X°Y + XYZ + — + —
y+y y+y > > y+Xy > >

= xy(x+z)+z(z+ X)

—X(Y+—)(Z+X) 42 (Y+§)(§ E)

[x Z X zjs

A A A

<4 2 2 2 2 4
27 27

DAu ding thuc xay ra khi va chi khi (x,y,2) € (3 EOJ(OEEJGOEJ :
33 33 3



1 13
> 2
Arx)?  A+yY (<20 4

Bai 56: Cho x,y,z>0 thoa mén: xyz=1 . Chitng minh rang:

Giai
Bai 57: Cho a,b,c la c4c s6 thic duong théa min a + b + ¢ < 1. Tim gia tri nho nhét caa biéu thic:
P :-”i/a3 +%+§/b3 +i3 +§/c3 +i3.

a b c

Giai

a st dung dénh gia quen thudc sau day (co thé chirng minh bang phép bién d6i twong dwong): Vi x 1 ¢ thuc
duong thi

, 1 1( 1}3
X +—32— X+—1.
X 4 X

Str dung danh gia nay ta c6

P>—(a+b+c+1+1+1J
b ¢

7

Mait khéac ta lai co

a+b+c+£+%+l2a+b+c+

a c a+b+c
Va
1 8
a+b+c+ >a+b+c+ + >2+8=10.
a+b+c a+b+c a+b+c

Tudosuyra P, = 10 i dang thiic xay rakhi a=b=c=

72
Bai 59: Cho hai s6 duong X,y théa man diéu kign: x>1,y>1 va 3(x+y)=4xy . TimGTLN,GTNN cua biéu
thic: P=x%+y°+ 3(%+i2)
X’y
Giai
Tu diéu kién bai toan néu ta dat :

S=x+y
P =xy

Ta c6 ngay dugc :

p==2
4



Mt khac theo cach dit ndy tacd Sva P rang budc nhau boi diéu kién :
$°—4P>0<=5°-35>0<S5<0vS5>3

Ma tir didu kign x>1 ; y>1 tasuy ra S=x+y>2
Vaytaco: S>3
Lai c6 theo diéu kién x>1 ; y>1 thi

(x—1)(y—1)>0exy—(x+y)+1>045-354+1>045<4

Do d6 tong két lai ta co : 3<S<4
Bay gio ta dé y tir diéu kién bai toan :
4

3(x+y):4xyc>l+l:—
X y 3

Tiép tuc &p dung hing ding thirc quen thugc ta c6 :

2
x3+y3=(X+y)3—3><y(><+y);3+3=[3+EJ 2
X y \x y) xy
Tl‘J:d(')tacéPzS‘°’—28—§+E
4 S 3
fs)=s-25-8,10 5.5y
4 S 3
f'(S)zSSZ—98+%:3S(S—§j+%>0
2 S 2) S
Vay ham sb y=f(S) dong bién vS€[3; 4
f(3)< f(S)<f(4)
Vay
113

« Gia tri nho nhét cua biéu thirc P bing Tl f(3) dat duoc khi va chi khi :

S=x+y=3
9 3
P=xy=— ©x=y=—
y 4 y >

x>1;y>1

o Gia tri I6n nhit cua biéu thac P bing 9?4 = f(4) dat duoc khi va chi khi :



[(x=1
S=x+y=4 {Y=3
P=xy=3 <
x>1;y>1 X=3

|

Bai 60: Cho a,b,c>0théamana+b+c=1. Tim gia tri 16n nhét cua biéu thic P =

Giai

Bai 61:Cho a,b,c 1a c4c s thuc duong thoéa man:a+b+c=2. Tim GTLN cua:

M = ab N bc ,_ca
J2c+ab +2a+bc +2b+ca

Giai
Str dung bat ding thaee AM-GM, ta co

ab bc ca ab bc

2ca

M= J2ctab  J2atbe  J2brca J(c+a)(c+b) ' J(a+b)(a+c) +\/(a+b)(b+c)

1,6 ab ab bc bc ca ac
< +

<= + + + + )=1
2 c+a c+b a+b c+a a+b b+c

Vay GTLN cua biéu thic 13 1 khi a=b=c =

2 2 2

Bai 62: Cho cac s6 thyc dwong a,b,c. Ching minh rang: STt s >a+b+c+

c a
Bt dang thuc trén trong dwong voi

a> b®> c? 4(a-b)’
—+—+——a-b-c>———
b ¢ a a+b+c

2

Xét biéu thuc vé trai . Bé y rang, theo bat ding thuc AM-GM thi % +b>2a twong dwong véi

Tur d6 ta suy ra phan tich:

2abc  2bc
+ +
a+b b+c c+a
ca
4(a—b)®
a+b+c
(a=b)

a

Vay bit dang thire can chitng minh ¢d thé viét lai thanh

C a

2 2 2 2 2 2 _h)2 PRY: PRY
a—+b—+%—a—b—c:E%Jrb—2aj+[%+c—2bj+[c—+a—20j:(a b) +(b ) +(C 3)

>

+a%+b%

0



2 2 2 2
(a—b) +(b—c) +(c—a) 24(a—b)
b c a a+b+c

MGt céch tu nhién, ta lién tudng ngay dén bit dang thirc Cauchy Schwarz dang phan thc.
That vay, sir dung Cauchy Schwarz, ta ¢

(b—c)’ +(c—a)2 ,(b-c+c-a)’ (a-b)’
C a c+a c+a

D& thdy chirng minh s& hoan tat néu ta chi ra duoc

(a—b)2(£+ 1 __ 14 JZO
b c+a a+b+c

Diéu nay la hién nhién dung vi mot 1an nita, s dung bét ding thircc Cauchy Schwarz, suy ra

1 S 4

> Bai toan dwoc giai quyét hoan toan
c+a a+b+c

1
—+
b

Bai 63: Cho a,b,c 1a ba sb thuc khéng am c6 téng bang 3. Ching minh: a + ab + 2abc g%

Y twéng.

Ta mudn quy bat dang thirc da cho vé dang mot bién don gian hon. Van dé bién d6 1a bién nao ? Sir dung mot chat
cam giéc, i tin ai ciing s& nghi t6i bién a. Vay cong viéc cua ta 1a 1am thé nao d6 dé dwa cai thing ab+2abc vé
biéu thirc chi chira bién a.

Va cudi cung, ta di dén loi giai.

Lai gidi.
(x-y)
Sir dung bét dang thac AM-GM dang xy < 4y ta co
T |
b+c+) (3—a+) ,
b+2abc =2a.b c+l < 2a. 2 =2a. 2) _a(r-23)
2 4 4 8

Do d6, chitng minh s& hoan tit néu ta chi ra duoc

a(7-2a)*> 9
a+—1 <~
8 2

That vay, khai trién va rat gon, bat ding thic trén tro thanh

(4-a)(2a-3)° >0

Ludn dung v6i 0<a<3. Bai toan duoc giai quyét hoan toan. Dau dang thae xay ra khi va chi khi(a, b,c) = (gléJ



Bai 65: Cho a,b,c 1a c4c sb thuc khong &m c6 téng bang 1. Chang minh rang: 4(a® +b® +¢*) +15abc > 1

Bat dang thire dé cho twong dwong véi:
[(a+Db)* —3ab(a+b)+c*]+15abc >1 < 4[(1-c)* —3ab(l—c)+c*]+15abc—1>0
< 3ab(5c—4+4c)+3-12¢+12¢* >0 < 3(9c—4)ab+3-12¢c +12¢* >0

(a+b)® (1-c)?
4 4

Tadat:x =ab(0<x < )

. . . 1-c)
RO rang ham so: f (x) =3(9¢—4)x +3-12c+12c* 1a mot ham bac nhat véi bienx e {0;( 7 ) }

Ta co:

f(0)=2-12c+12c? =2(1-2x)* >0

_ 2 _ _A)2
p 4C) )= 30 ‘2(1 ©) 1 3-12c+126? = 3c(3c—1) 0
(1-c)
Suy ra: f(x)>0 vai moi X € {O;T} Ta c6 diéu phai chirng minh.

DAu "=" xay ra khi:a=b=c=% hoéc:a=b=%,c=0 va cac hoan vi.
cach 2

U . 1 2

Gia su: c:mln{a;b;c}:>0£c§§:>§§a+b§1

bit: f(a;b;c) =4(a®+b’+c®)+15abc—1

Ta co:
2
f(a+b;a+b;c):(‘,Jler)?,JrLng+15c(a+ b) 1
2 2
Ta co:

a+b a+b

2
f(a;b;c) - f(T,T;c) =4(a*+b*)—(a+b)® +15abc—w

2
=3(a+b)(a—b)’ —w=(a—b)z[3(a+ b)—%]zo
buang vi: 3(a+ b)—@23.g—£=§>0
4 3 34 4

Suy ra ta dua dwoc vé bai toan 2 bién 1a:
Chirng minh rang: f (t;t;c) = 4(2t> +¢*) +15t%c -1>0



V6i: 2t+c=3;t= — Ban rat: c=3-2t, rdi thé 1én trén ta thu dugc ham sb véi bién t, tir d6 khao sat ham s nira
la xong!

Bai 66: Chirng minh rang véi moi s6 thuc duwong a,b,c, ta ludn cé
a?+b?+c? . ab . bc . ca
ab+bc+ca a’+bc+ca b’+ca+ab c’+ab+bc

Loi gidi
Str dung bét ding thirc Cauchy—Schwarz ta co:

ab ab(b? +bc+ca) <ab(b2+bc+ca)
a’+bc+ca (a’+bc+ca)(b?+bc+ca)  (ab+bc+ca)

Tuong tu, ta co:

b _ be (b +ca+ab)

b*+ca+ab  (ab+bc+ca)’
2

ca  _ ca(c? +ab+be)

¢’ +ab+bc  (ab+hbc+ca)

Cong vé theo vé 3 bit dang thuc trén, ta dugc:

ab be ca <ab(bz+bc+ca)+bc(b2+ca+ab)+ca(c2+ab+bc)
+ + <
a’+bc+ca b’+ca+ab c*+ab+bc (ab+bc+ca)2

Do d6 ta chi can chitng minh

ab(b? +bc+ca)+hbc (b +ca+ab)+ca(c’ +ab+be) _alebic?

(ab+bc+ca)’ ~ab+bc+ca

Hay tuong duong

(ab+bc+ca)(a2 +b? +cz)2 ab(b2 +bc+ca)+bc(b2 +ca+ ab)+ca(c2 +ab+bc)
< a’b+bc+c’a>abc(a+b+c)
aZ 2 2

& —+—+—2>a+b+c
c a

Bat dang thirc cudi diing theo Cauchy—Schwarz.
Bai toan duoc chirng minh xong.

Ping thuc xay ra khi va chi khi a=b=c.



1+ x? 1+y? 1+7°
>+ >+ > =2
1+y+2z2° 1+z+x° 1+x+y

Bai 67: Cho x,y,z la cac s6 thuc 1én hon —1. Ching minh rang:

(a+b+c)*> _a+b b+c c+a
> + +

Bai 68: Chirng minh rang néu a,b,c>0 thi: >
ab+bc+ca a+c b+a c+b

Bai 69: Chung minh riang véi moi a,b,c>0, ta co:

a+«/£+\3/abc<i/aa+b a+b+c
3 N o2 3

3 3 3
Bai 70: Cho a,b,c la c4c s6 thuc duong théa man a+b+c=3. Ching minh ring $/$ +8%abc <9,

Taco:a®+b®+c® =(a+b+c)’—3(a+b)(b+c)(c+a) <27 -24abc

3, 13, 3 _
Suy ra ta co: 1-”3/# +8%/abc < ,3/&3%@: +8%/abc = ¥/9-8abc +8%/abc

T6i day chi con mdi mot bién:abe nén ta nghi ti phuong phap ham s dé khao sat ham mot bién.
bat: t=abc. Khi do ta co:

f(t) =398t +8%t

a+b+c

Taco:t=abc < ( P¥=1=0<t<1

-8

L8 81 1
330-87 32 3¢ Yo-s8ry

Ta c6: (9—8t)* —t* = (9—-9t)(9—7t) =9(1—t)(9—7t) >0 = f'(t) >0

Ta lai co: f'(t) =

Suy ra: f(t)< f(1) =9 Suyra ta c6 diéu phai chung minh.
Dau =" xay ra khi:a=b=c=1

Bai 71: Cho x,y,z la cac s6 thuc dwong thoa man xy+yz+zx=1.Chang minh rang:
X y z__ 9

2 + 2 + 2\ —
yd+x%) z(l+y°) x(1+z°) 4
Dé yrang, x> +1= x>+ Xy + Yz +12x = (X + y)(X + z) nén bat ding thtc can chimg minh twong dwong voi

X N y N z
yx+y)(x+2) z(y+2)(y+x) x(z+x)(z+Y)

-9
4

Déng bac hoa, ta thu duoc

X + y + z > 9
y(X+Y)(x+2) z(y+2)(y+x) x@Z+x)z+y) 4(xy+Yyz+12X)

Nhan ca hai vé caa bét diang thic trén voi (x+y)(y+2)(z+x), suy ra



x(y+z)+y(z+x)+z(x+y)>9(x+y)(y+z)(z+x)
y z X  A(xy+yz+2x)

Tuong duong voi

XY*+y° 2" + 28X+ xyz(x+y+2) 9 (X+Y)(y+2)(z+X)
Xyz T4 xy+yz+x

hay

9 (zx+zy)(yx +yz)(Xy + xz) (*)

(xy)* +(yz)® + (zxX)* + xyz(x +y +2) > =
4 XYy + Yz + ZX

D3 thay néu dat a=yz,b=zx,c=xy thi {Xtré thanh

a’+b*+c? +ab+bc+ca2L.(a+b)(b+c)(c+a)
4(a+b+c)

(x+y+2)°

Str dung bét ding thirc AM-GM bo ba sb dang xyz < >

Tur danh gia trén, dé thiy chirng minh s& hoan tat néu ta chi ra duoc ring
a’ +b*+c? +ab+bc+ca2%(a+b+c)2

Hay

a’+b*+c’> ab+bc+ca<:>%[(a—b)2 +(b-c)*+(c—a)’]=0

Hién nhién dung. DAu bing xay ra khi va chi khi x=y=z.

Bai 72: Cho a,b,c la cac s6 dwong thay doi sao cho CHNE S S gié tri nho nhat cua biéu thuc
a+l b+1 c+1
a+b+c
P= 1 1
c

Ta van du doan GTNN dat dugc khi: a=b=c=2.Tu gia thiét:1a+1 ! + ! + ! =1 tasuy ra:
a+l b+l c+1
X 1y 1 z

at+l x+y+z b+l xty+z c+l xty+z

Tdn tai cac s6 thyc dwong x,y,z sao cho:

Tu daytaco:a=

y“,b:HX,c:Xer .Ta can chang minh:a+b+cz4(1+1+1j hay la:
X y z a b c

y+z zZ+X X+Yy_ 4x 4y 4z
+ + > + +
X y z Y+Z Z+X X+Y

Nhung ta thdy bat dang thirc nay hién nhién dung vi nd tuong duong véi:



X(y=2)° | yE-xf  2x-y’
yz(y+2) xz(x+2) xy(x+y)

Nhu thé bai toan giai quyét xong!
GTNN cua biéu thire da cho 1a 4, dat duoc khi a=b=c=2.

Bai 73: Cho x,y,z la cac s6 thuc khéng am thoa man x® + y® + 2% = 3. Chang minh rang xy + yz + zx — xyz < 2

Loi gidi:
Khong mit tinh tong quét, ta c6 thé gia st z la sb bé nhat trong ba s6 x,y,z.Tur x® +y® +2° =3 tasuy ra z<1.

Dit P=xy+yz+zx—xyz ta viét P dudi dang:
P=xy(1-2)+z(x+y)

Bay gio ta tim cach dua biéu thuc P vé chi chira mot bién z.
Str dung AM-GM ta c6: x> +1+1>3x,y> +1+1> 3y,

3 3 3
X +Yy +4<7—z

Cong hai bat ding thic nay lai ta co: x® +y* +4>3x+3y = x+y < 3 =3

3

Tiép theo ta co: x* +y* +1>3xy = xy <

(4-2%)(1-2) . 2(7-7°)

T hai bt dang thie trén vai chl y z<1 ta ¢6: P < 3 3

2(7-7°)
3

3
Nhu vay ta chi can chirng minh : (4-2)d-2) , < 2 nira la xong, tuy nhién ta thiy bit dang thirc nay hién

3
nhién ding vi nd tuong dwong véi: (z-1)*(z+2) >0

Vay bai toan dugc chirng minh xong! Bang thirc xay ra khi va chi khi a=b=c=1. m

1 1
+ + <
V14X (1+y? V142

Bai 74: Cho cac s6 thuc dwong x,y,z thoa mén x+y+z=xyz. Chirng minh rang %

Xyz x? o X(X+y)(x+2)  (x+y)(x+12)
X+y+2 X+Yy+1z yz

Péyrangl+ x® = . Do d6, bt ding thuc can ching minh tuong

duong v 2\/ 2 +J & +J v 1
) Nralyen \Eenery 4

Bay gio, sir dung bit dang thire AM-GM, ta co

yz y Z ZX X Z Xy X y R
2 < + , < + , < + . Cong ba
(X+y)(x+2) XxX+y X+z (y+2)(y+x) x+y 4(y+2) z+x)(z+y) z+x 4(y+2)

bit dang thuc trén lai, ta thu duoc ngay

) yz N ZX N Xy X+Y X+Z+ y+2 _g
(x+Yy)(x+2) (y+2)(y+x) (Z+X)(z+Yy) X+y X+z 4(y+z)_4'



Bai toan dugc chirng minh xong. =
Céch 2

Ta c6 mot cach khac nhe nhang hon nhu sau. Nhin vao bai toan goi y cho ta sir dung luong gidc dé giai.
Ta sé dat: x=tanA;y=tanB;x=tanC. Vi moi tam giac ta ludn c6: tanA+tanB+tanC=tanA.tanB.tanC, hay A,B,C 14 3
goc cua mot tam giac.

Ta co: 2 = 2 =2C0SA

V1i+x?  A1+tan? A

Thiét lap céac biéu thie tuong tu, ta can phai chirng minh:

ZcosA+cosB+cosC£%

Day la mot bai toan kha co ban, ta s€ lam nhu sau:

ZcosA+cosB+c05C:2(1—23in2é)+2003(B+C).cos(B ) < —4sin? é+25|né+2——(23mé——) +9<g
2 2 2 2 20 4 4

Diéu phai chang minh.

. . 2 y? Xy
Bai 75: Cho x,y>0 théa man xy + x + y = 3. Tim min cua biéu thuc: P = + +

y+1 x+1 XxX+y
Ta co:
Xy=3—(x+y)
2 2 2 _
Ap dung bét dang thirc Cauchy-Schawrz ta c6: P = X Y Y (x+Y) +3 (x+y)
y+1 Xx+1 X+y X+y+2 X+Yy

y . t* 3

bat t=x+y, ta co: P > +——1=1(t)
t+2 t

Ta s& tim diéu kién t va khao sat ham f(t) 1a dugc.

. (x+Yy)? 2
Taco.3:x+y+xy£x+y+T<:>t +4t-12>0t22

, t*+4t 3 4 3 4 3 3 -z .
Tacd: f't)=———-—5=1-————-—>1-———=0 Suyra: f(t) > f(2) == Dau "=" xay ra khi: x=y=1

=2y & ey v e 0 S D=5 y y

1 1 1 1
+ + -

Bai 76: Cho a,b,c>0: ab+bc+ca=1.TimMin: P =
- a+b b+c c+a a+b+c

Thong thuong Min caa mot biéu thire ddi xirng ba bién dat khi ba s bang nhau hoac 1 sb bang 0, hai sé bang nhau.

Mat khac, coi P=f(a,b,c) thi so sanh f [ va f(1,1,0), ta s& nhan thay f(1,1,0) nho hon.

fffj

Do dé, Gia Cat Duw MinP=2 khi a=b=1,c=0, tuc



1 1 1 1
+ + - >2
a+b b+c c+a a+b+c

Thao tac tiép theo, quan trong khdng kém 1a quy bai toan vé viéc chieng minh bat ding thire dong bac.

Sau khi ddng bac hoa, dé thiy ta can chang minh

1 1 1 1 2
>

+ + — >
a+b b+c c+a a+b+c Jab+bc+ca

Nhan ca hai vé vai a+b+c, ta thu duoc

a b c 9 2(a+b+c)

+ +
b+c c+a a+b Jab+bc+ca

Ta mudn dua cai cau V& Tréai vé mot cau nao do c6 ho hang véi cau Vé Phai. Mot cach tu nhién, sir dung bit dang
thirc Cauchy Schwarz, d& thiy

a b c (a+Db+c)?
+ + >
b+c c+a a+b 2(ab+bc+ca)

2
Vay ching minh s& hoan tat néu ta chi ra dugc (@+b+c) > _2a+b+c)
2(ab+bc+ca) vab+bc+ca
a+b+c

T6i day thay hai vé cd lién quan roi thi toi gi khong dat x = Khi d6 bat dang thic trén tré thanh

vJab+bc+ca

t? P : I SR
E+ 2 > 2t Hién nhién dtng theo AM-GM. Bai toan dugc giai quyét hoan toan

2 2 2 2
. . 9(a+b+c
Bai 77: Cho a,b,c la cac so6 thuc duong. Chirng minh rang (1+2—a) + (1+ z—b) + (1+£) > (—)
b C a ab+bc+ca
Ap dung bt diang thuc Cauchy-Schwarz ta c6:

2 2 2 2 2 2
(1+EJ +(1+2—bj +(1+£j 21(3+2(2+E+£)j 21 3+2.—(a+b+c)
b a 3 b a

c c 3 ab +bc+ca

(a+b+c)?

(t >3) Tacan chitng minh:
ab+bc+ca

bat t=

%(3+ 2t)° > 9t & (3+2t)% > 27t & 4t —15t+9>0 < (t—3)(4t—3) >0 Hién nhién dung, diéu phai chirng minh.

Bai 78: Gia sir a,b,c la c4c sb thuc duong thoa man: abc=1. Chirng minh rang: 1+a+b+c¢>2 /1+£+%+1
a C

Do abc=1 nén bat ding thic trén co thé viét lai thanh1+a+b+c> 2+/1+ab+bc+ca

Sir dung bét ding thac AM-GM dang x +y > 2./xy tac:1+a+b+c>2\/[(1+a)(b+c)



Vay ching minh s& hoan tat néu ta chi ra dugc (L+a)(b+c)>1+ab+bc+ca< b+c>1+bc < (b-1)(c-1)<0

Mt khéc, do abc=1 nén trong ba s6 a,b,c, ludn ton tai it nhat mot s6 16n hon 1 va mot sé nho hon 1.
Khong mit tinh tong quét, ta cd thé gia st hai s6 d6 1a b,c dé tir d6 suy ra(b—-1)(c—1)<0

Bai toan duoc giai quyét xong. Dau dang thuc xay ra khi va chi khi a=b=c=1.

Bai 79: Tim GTNN, GTLN ctia ham sb: y =vx+4 ++/4—x —/16 - X?

Bai toan nay kha co ban vi thuc ra hinh thirc cia bai toan d4 16 16 y tuong dé giai quyét no chinh 1a dat an phu roi
khao sat ham mot bién an phu d6 hodc sir dung cach tim 16n nhat nhé nhat trén doan cho trudc.

That vay:

Didu kienbaitoan: —4<x<4 Pat t=v4+x +/4—x thx2/2<t<4

t? —
2

Khi do taco -t =8+ 2v16—x% = V16— x* =

Vay bai toan ban dau dd dugc dua vé bai todn tim gia tri I6n nhat va gié tri nho nhat caa ham sé

f(t):t—tzT_S, Vte[zﬁ;ﬂ

Bai 80: Cho 2 s6 thuc x,y thoa: x* +y® =4 .Tim gia tri nho nhat cua biéu thic: P =/5—2x +./54 —2x —14y

Loi giai:
Bai nay néu méi nhin vao ta s& thiy bdi réi khong biét bat dau tir du, tuy nhién néu binh tdm lai thi ta thay ring:
P 14 biéu thirc chira hai dau cin, boi vay "nhu mot thdi quen™ ta cd dua P vi dang:

Jx=a)? +(y —b)? +/(x—c)* +(y—d)?

That may voi gia thiét x> + y? = 4 ta hoan toan c6 thé dwa vé dang trén.That vay:
y g y

P:\/x2 +y*+1-2x +\/x2 +y>—2x—14y+50 :\/(x—l)2 +y? +\/(x—1)2+(y—7)2

T6i day chic han 1a don gian rdi, cac ban ¢ thé dung vector dé dua ngay ra dap sd, tuy nhién ta ciing co thé tim gia
tri nho nhat cua P nhu sau:
Tathdy ngay: P >|y|+|y-7|>|y+7-y|>7

(x-1)?=0

Chu y véi X2 + y? =4 nira ta tim dwoc x=1,y=+/3 .Nhu thé ta di dén
y(7-y)=0

Ping thuc xay ra thi ta phai co: {

két luan.
Gia tri nho nhét cua P 1a 7, dat duoc khi x=1,y=+/3..
1 1

Bai 81: Cho a,b,c Ia cac s6 thuc dwong thoa man: ab + b + ca = 3. Chiing minh rang: 21 2 3
a“+1 b°+1 c"+1 2

Minh xin duoc goi ¥ mot phuong phap dé "xoi" bai toan nay d6 1a sir dung bat dang thirc quen thudc sau

1 1

2 voi ab>1.
a“+1 b°+1 ab+1




Minh xin duoc déng gop 101 giai ma khong diing bé dé nhu anh Huyén d4 néu!
Néu ta ctr dé yén biéu thirc nhu trén thi danh gia qua 1a kho khin, nhu vay ta nghi ngay dén viéc ddi bién.That vay:
Dit: x=bc,y=ca,z=ab nhu thé ta c6: x+y+z=3.Bay gio ta biéu di&n a,b,c theo xy,z.

X LA z Xz X TR s X z .
Dé thay rang: a® = Y2 2 =22 o2 = Y Nhuy thé ta viét bét dang thtrc trén thanh: T zg Toi

X y z X+YZ Y+IX 24Xy
day nhiéu ban s& ap dung ngay bit dang thirc Cauchy-Schwarz nhu sau:
X y z (X+Yy+12)

+ + > Tuy nhién, 10i giai s& roi vao bé tic bai ta khong thé chi ra rang:
X+YZ y+zx z+xy X +y +7°+3xyz

(X+y+2)°
x* +y? +17° +3xyz

>3
2

Pén day nhiéu ban s& nghi khong dung Cauchy-Schwarz dugce nhung khéng hin vay, mot kinh nghiém cho thay véi
nhitng bat dang thirc kiéu nay khi ta diy dwoc vé mot bién thi bai toan s& gan nhu 1a duoc giai quyét, véi kinh
nghi¢m do6 ta dung Cauchy-Schwarz cho bai nay nhu sau:
2
X y z _ (x+y) Lz

+ + >
X+YZ Y+IX Z+Xy X +Y +2XyZ Z+XY

Tathdy: x* +y? +2xyz = (X +y)* + 2xy(z —1) két hop véi x+y+z=3 thi ta c6 thé viét bat dang thic thanh:

x Y z o (3-2)° Lz
X+yz y+2x z+xy (3-2)"+2xy(z-1) z+xy

(x+yY _(3-2)
4 4

z=max{x,y,z}.

V&i nhitng phan tich trén ta lam nhu sau:

Nhu vay chi can z>1 nita thoi la c6 thé "day" hét vé bién z.Ta co duogc didu nay khi

Lai dé yxy <

2 5\
Ta gia sir z=max{x,y,z} nhu thé thi z>1.Ap dung bit diang thirc xy < (x J;y) _G 42) ta duoc:
_ )2 _ )2
x+y+z2 (232) +ZZ (32)2 +zz
X+yz y+zx z+Xxy (B-z2)°+2xy(z-1) z+xy » (B-2)(z-1 (3-2)
B-2)y+—— == 74—~
2 4
Vé6i mot vai bién dbi thi dé chirng minh:
x ,y .z .3 Ta chi can chi ra rang: 2 - 42,3 Tuy nhién bét ding thic hién nhién dung
X+yz y+IX z+xy 2 z+1 z°-2z+9 2

boi n6 twong duong vai: (z—1)?(z—3) <0 Nhu thé bai toan dwoc chang minh!
Bai 82: Xét cac s6 thuc a,b,c,d thoa man diéu kiéna? +b? =1,c—d = 3. Tim gi4 tri I6n nhit ciaM = ac + bd —cd

Theo bt dang thirc Bunhiacopxki, ta co: (a® +b®)(c? +d*)>(ac + bd)* Hay (¢ +d*)>(ac+ bd)® Tir d6 suy ra,

M = (ac +bd) —cd <|ac + bd | —cd <+/c? +d? —cd =~/(d +3)2 +d? —(d +3)d =+/2d? +6d +9 —d? - 3d



(2d +3)

\2d? +6d+9—(2d +3)

Xét ham f(d) =+/2d* +6d +9 —d*—3d trén R, ta cd: f'(d) = Lap bang bién thién, ta tim

duoc max f(d) :%+i

A

Céch 2

Ap dung bit dang thirc Cauchy Schwarz ta c6: M = ac +bd —cd < \/(a2 +b?)(c* +d*)—cd =+/c* +d* —cd

Thay:c=d+3 vao ta duoc: M <+/2d® +6d +9 — (d? +3d) Toi day ta s& xét ham sb: f(d) =+/2d® +6d +9 — (d? +3d)
2d +3 —2(2d +3)(d? +3d + 4)

Taco: f'(d) = ———=-(2d +3) =
2d2 +6d +9 J2d2+6d+9(1+J2d2+6d+9)

Suy ra: f’(d)=0®d=—g T do ta vé

9+6+2 . 3
2 tar X =——
Bai 83: Cho cac s6 thyc dwong a, b, ¢. Tim gia tri nhé nhat cua biéu thuc:
2a’ 2b? 3c? 4a%b?
T= 7T 7T 7T 2 2
(@a+b)* (b+c)* (c+a) (a+b)(b+c)

Bai 84: Cho a,b,c>0 va abc=1. Ching minh rang: a’b+b’c +c’a> 201‘2/a+—b+c (a+b+c)
ab+bc +ca

Bai 85: Cho céc s6 thyc X,y thoa man x? + y? + Xy —6(x+ y) +11=0. Tim gia tri nho nhat va gié tri 16n nhit cua
biéu thirc P = 2x +.
Tu twong chinh ciia chiing ta & dang nay 1a dua vé phuong trinh bac 2 va tim diéu kién ¢6 nghiém 13 on.
Ta c6: y=P—2x. Thay vao biéu thirc phia trén ta dwoc: 3x* + (6 — P)x ++P> —6P +11=0 Léy diéu kién A nita 1a on.
Bai 86 :Cho a,b,c 1a céc sb thuc duong thoa min a® +b* +c® = 3. Chirng minh ring

a’ b? c?
\/b3+8+x/03,+8,+\/a3+8 o , o ,
Ta quan sat thay vé trai cta bat dang thirc thi chtra cén, trong khi dau cta bat dang thirc lai 1a "<" nhu thé ta nghi
dén ngay viéc dung bét ding thirc Cauchy-Schwarz kiéu (ax + by +c¢z)* < (&% +b? +¢*)(x* +y* +7%)

bang bién thién ta d& dang co: f(d) =

<1

a’ b? ¢z Y a b c

That vay, 4p dung Cauchy-Schwarz ta co: + + <@+ +C%)| o—+5—+—
Jb*+8 c+8 a*+8 b*+8 c*+8 a*+8
Két hop véia® +b® +c® =3 thi dé bai toan dugc chirg minh ta can chi ra rang: — 3b + 3C < 1 Tathiy
) y . i b*+8 ¢ +8 a’+8 3 ,
SO hang dudi mau c6 bac kha l6n S0 V01 tlr, nhu the ta can danh gia dé giam bac ctua nd di, diéu ndy lam ta nhg dén
bat dang thuc AM-GM, du doan diém roi xay ra khi a=b=c=1 ta sé ap dung AM-GM nhu sau:
a’+8=a’+1+1+6>3a+6=3(a+2)
Twong tu nhu thé ta cd: b +8>3(b+2), c® +8>3(c+2) Boi vay dé chirng minh bat ding thic trén ta di ching
b C

minh: a + + <1
b+2 c+2 a+2

Dén ddy ta khong thdy mot huéng danh gia ndo kha quan ca, nhu thé ta s& bién doi tryc tiép.Quy ddng miu sb, khai
trién rat gon ta thu dugc bat ddng thirc twong duong: ab? +bc® +ca® +2(a” + b? +c¢?) <abc+8

Dén déy ta chia ra chirng minh hai bat déng thirc sau:

a’+b?+c’ <3

ab®+bc* +ca® —abc<2

Viéc ching minh hai bat dang thirc nay 1a kha don gian, minh xin danh cho ban doc tu hoan thién!




a’ b3 c?

+ +
Jb2+1 Je2+1 ai+1

Bai 87: Cho a,b,c>0 théa mana? + b? + ¢ = 3.Tim GTNN cua biéu thic: P =

Loi giai:
a’ b’ c? 5 (a® +b® +c?)?

Ap dung truc tiép Cauchy-Schwarz ta cé: P =
il o+l a1l avhilebye l+cal i1

Bay gid &p dung Cauchy-Schwarz cho biéu thirc duéi mau ta co:
(a/b? +1+byc? +1+cva? +1)? < (@2 +b? +c2)(b? +1+¢% +1+a2 +1)

(@ +b*+c?)’
a’+b*+c*+3

Nhu thé ta co: P> \/ Thay a’ + b +¢* =3 vao ta thu dugc min P = # Ping thuc xay ra khi va

chi khi a=b=c=1.

a’ +a\/a2+1 N

Céch 3: Ap dung bét dang thac AM—GM , ta c6: >+/2a
Ja? +1 2

Thiét 1ap 2 bat dang thire tuong tu rdi cong vé theo Vé, ta duoc:

3 3 3 2 2 2
a b c ava +1+bx/b +1+c\/c +12\/§(a2+b2+c2)=3\/§

+ + +
Jb2+1 2l a4l 2 2 2
ax/a +1 b\/b2+1 cer+l 2a%+a’+l 207 +b2+1 2c%+ct+1 3@ +b*+c?)+3 3
Mat khac + < + + = -~
2 2 2 a2 42 42 a2 2
32

ta thu dugcmin P = - Ping thuc xay ra khi va chi khi a=b=c=1.

Céch 4
Bai toan duoc giai quyét hoan toan chi bing AM—GM.
That vay, sir dung bit dang thire AM—GM ta c6

a a b +1 3a?
\/ b*+1 x/b2+1 2 f
b3 b3 C +1 3h?
\/c +1 \/c +1 2\/_ \/—
c? c? a’+1_ 3c?

. + + >
Jal+1 VJal+l 2¥2 V2
Cong vé theo vé céc bat dang thuc trén, ta duoc

a b* c? 1 3 .
2[ + + +——=(a’ +b*+c* +3)>—=(a’ +b’ +¢’) Hay tuong duong véi
Jb2+1 241 \/a2+1j 22 2
a .\ b3 s c’ >3\/§
Jb2+1 e+l Nai+l 2

Bai 88: Cho a,b,c>0 théa mana? +b? + ¢ < 3. Chirng minh ranga? +b® + ¢? + 3abc < 2(a+b+c¢).



3 3 3
L&’igidiz.Sﬁ:dungbétdéngthfrcAM-GM,tacéazsa2+a, bzsb;b, 2S¢

3 3 3
Tir d6, bai toan dugc dua vé chang minh a 2+a + b 2+b + ¢ 2+C +3abc<2(a+b+c),

twong duong a’ +b* +c® +6abc <3(a+b+c).

do 3>a’ +b?+c? nén ta chi can ching minh dugc a® +b® +¢® +6abc < (8% +b* + ¢?)(a+b+c). Bit dang thirc nay
tuong duong voi bat ding thic hién nhién dung b(a+ b)+ bc(b +¢) +ca(c +a) > 6abc. Va nhu thé, phép ching
minh cua ta dd dugc hoan tat. m

Bai 89: Cho 3 s thuc a,b,c thoa man a® +b? + ¢? = 3. Tim gia tri I6n nhit cia: A=a+b+c—abc

Ta c6 thé giai nhu sau:
Ap dung bat dang thac Cauchy-Schwarz ta co:
(a+b+c-abc)’ =[(a+b)+c(l-ab)] <[(a+b)’ +c* |[1+(1-ab)’]

=(a2 +b? +c? +2ab)(2—2ab+a2b2) =(3+2ab)(2—2ab+a2b2)
a2+b2<a2+b2+c2 3

bat: t=ab voi:|ab|< < _3 >tk =
2 2 2 2

Ta xét ham sb: f(t) = (3+2t)(2 -2t +1%) Khao sat ham sé trén ta duoc: f (t) < % ddu "=" xay ra khi: t =g Suy ra:

a+b+c—abc< E Vay MaxA:E dang thirc xay ra khi:a=b = g;c =0 va cac hoan vi.

Bai 90: Cho a,b,c la c4c sé duong théa man a + b + ¢ = 3. Chirng minh rang
18+ 2a+ 4/b +33c? > 9(ab + be + ca)

N = .

Loi giai:
Trudc tién ta dua bt ding thic vé dang: 18+ 2a+ 4+/b + 3¥/c? > 9(ab+ bc + ca) Dumg trude tinh hinh nay ta s& nghi
lam thé nao dé dwa duoc bat ding thuc trén vé dang déi xing, nhu thé c6 thé s& dé dang hon trong viéc giai quyét
bai toan nay!V i suy nghi nhu vay ta lam nhu sau:

Ta thiy dang thic xay ra khi a=b=c=1 viy ap dung bt ding thicc AM-GM ta c6:

2a+2>4a,

1+43Yc? =1+ Yc? +3c? +¥c? > ae

T déy ta chi cin chirng minh: 15+ 4+/a + 4v/b + 4+/c > 9(ab + bc + ca) Ta d& dwa duoc bat ding thirc vé dang ddi
ximg, dén day co 1& bai toan da d& dang hon rat nhiéu rdi, vai mot chit kinh nghiém, dé chang minh bt dang thuc
trén ta chia nho ra va ching minh hai bat déng thuc sau:

ab+bc+ca<3,

Ja+Jb++c>ab+bc+ca



Taco(a+b+c)* >3(ab+bc+ca) két hop véi a+b+c=3 ta co ngay ab+bc+ca<3 nhu thé bat ding thirc dau tién da
duoc chang minh.

Bay gio ta tim cach ching minh bat dang thac thir hail

Ta thy rang néu cir dé biéu thirc ab+bc+ca thi viéc ching minh kha 13 khé khan, bai vay ta tim cach khir no di!
9-a’-b’-c?

Nhé t6i gia thiét a+b+c=3 ta co thé ritab+bc +ca = .Thay vao bét ding thuc hai thi ta phai chang

minh: @2 +b? +¢? + 2v/a + 24b +24/c > 9 Dén day cac ban cd thé thiy ngay ta phai 1am tiép thé nao! St dung AM-
GMtaco:a’ +2v/a=a’++a++a>3a Tuong tunhu vay: b? +2vb >3b,c? +24/c > 3¢ Cong ba bat ding thirc
nay lai vai chl y a+b+c=3 ta s& duoc ngay bit dang thuc trén!

T hai bat ding thic trén ta c6:15+ 4v/a + 4+/b + 4+/c > 5(ab + bc + ca) + 4(ab + bc + ca) > 9(ab + bc + ca) Nhu vay
bat ding thirc d4 cho dugc ching minh!Dang thic xay ra khi va chi khi a=b=c=1. m

Bai 91: Cho céc s6 thuc dwong a,b,c thoa man: 9(a4 +b* + c“)— 25(a2 +b?+ cz)+ 48 =0. Tim gia tri nho nhét
a’ b? c?
+ +
b+2c c+2a a+2b

(GTNN) cua biéu thic: P =

Binh thuong khi tiép can 1 bai toan, ta khai thac triét dé gia thiét cua bai toan trudc, va tir gia thiét sau khi d4 khai
thac s¢ dinh hudng cho ta sé phai lam gi.

O bai toan nay, vei diéu kien gia thiét9(a’ +b* +c¢*)—25(a’ +b” +c*)+48=0 va biéu thirc P Ia ddi xing véi cac
bién, nén ta du doan ding thuc xay ra khi a=b=c=1.

Tir gia thiét9(a' +b* +c*)—-25(a” +b” +c*)+48 =0 Vsi bac cua céc bién a bac 4 va bac 2, nén ta c6 hai husng
khai khac

1. Pua cac bién vé cuing bac 4.

That vay, dua vao du doan du bing va theo bit dang thae AM—GM ta c6

0=9(a4+b4+c4)—25(a2+b2+cz)+4829(a“+b4+c4)—?(a“+b“+c4+3)+48 tac latacoa® +b* +c* > 3.

2. Pua cac bién vé cling bac 2.
That vay, dua vao du doan diu bing va theo bit dang thie AM—GM ta co
0=(9a’ +9)+(9a* +9)+(9a’ +9)—25(a’ + b’ +¢*)+21218(a’ + b +¢* ) -25(a’ +b” +¢* )+ 21 tuc lataco

a? +b? +c? > 3. Nhu vay, gia thiét cua ta d4 khai thac xong va hién tai ta chang biét 1am gi voi gia thiét do, va
trong 2 diéu ma ta khai thac duogc, ta nén ding cai nao?

Bay gid ta xét biéu thic P.

Nho dy doan dang thac xay ra tai a=b=c=1 va sir dung gia thiét, nén ta s& c6 y do la chirng minh bit dang thirc
ddng bac dé sir dung gia thiét.

o b? c2 >Q/33(a4+b4+c4)

Tuc la ta s€ chung minh P = + + >
b+2c c+2a a+2b 3

(1) hoic Ia

“b+2c c+2a a+2b 3

(a2 +b? +¢?
3

nhu thé hay khdng? Ma chic gi (1) da dung

2 2 2 2 2 2 , , ) , )
a b° , C . N3@+DHC) 9y Nhan théy bit ding thirc (1) manh hon bt ding thic (2) vi

2
(a4 +b* + c“) > ) > (a2 +b% + cz) , nhung liéu ta cd nhat thiét phai ding mot danh gia manh hon (2)



Dé xuét hién caia’ +b? +c? hi theo I& ty nhién ta s& sir dung Cauchy—Schwarz dé trén ti sb xuat hiéna? +b? + ¢
trude d4, mau thé nao tinh sau &,
Sir dung bat déng thirc Cauchy—Schwarz ta c6:

a’ b? c?
= + +
b+2c c+2a a+2b
a’ b* c*
= + +
a’(b+2c) b*(c+2a) c’(a+2b)
(a2 +h? +¢? )2

a’b+b’c +cza+2(azc + b2a+czb)

>

O la la, trén tir xuét hiena? + b2 +c2rdi ). Con cai miu thi sao nhi? &
Lai mot lan nita ngai Cauchy—Schwarz cho mau sé cua chiing ta xuét hién a? + b? +c? That vay, tiép tuc sir dung bat
dang thac Cauchy—Schwarz ta co:

2 m2 o 2)2 2 w2 2 2 2 2
a2b+b2c+czag\/(az+b2+cz)(azb2+b2c2+c2a2)S\/(a2+b2+c2).(a +b3+c ) _(a°+b +C\)E\’a +b”+c
2(a2+bz+cz)\/a2+b2+(:2 ’

\/§ Do do
(a2+b2+c2)2 N (a2+b2+cz)2
a’h+b’c+c’a+2(a’c+b’a+c’h) _«/§(a2+b2+cz)\/m
3(az+b2+cz)
3

twong tu, ta cling co 2(a2c +bla+ czb) <

Nhu vay, cai don gian d3 dua ta di dén

thanh cong, that may man &,
o . X . a’ b ¢ _ /3(@®+b?+c?
Sir dung gia thiét ma ta khai thac duoc laa’ +b® +c* >3 tacoP = + > V3 ) >1

+ > >
b+2c c+2a a+2b 3
Ping thuc xay ra khi va chi khi a=b=c=1.
Vay minP=L1.
Bai toan duoc giai quyét hoan toan.
Bai 92: Cho a,b,c duong via? +b? + ¢? = 3.Chiing minh: %N% 1853
ab bc  , bcca ,caab _, . .. .o . C 2 Lo o A e 1x n . A
Deyrang——:b T c; F——a ma gia thiét cua ta laa® +b” +c¢” =3 nén mot 1€ tu nhién, ta sé cong
a a C

Vvé VGi vé cac dang thac trén dé sir dung duoc gia thiét. ab E+E %+% ab_ =a’ +b? +c? =3 Bay gio dat:

c a ab b c
X=—"y=—",2= % thi ta c6 xy+yz+zx=3 va bit dang thirc cin chirng minh tuong dwong véi x +y +z >3 Bai
a
toan d4 tro nén sang to bai ta ludn co: (X + Yy +2)> > 3(xy + yz + zx) =3.3 Tuc I3, x + y +z >3 Phép chang minh hoan

tat.
Ping thuc xay ra khi va chi khi x=y=z hay a=b=c=1.



Bai 93: Cho cac s thuc a,b,c khong am va c6 tong a + b + ¢ = 3. Tim gi4 tri I6n nhit cua biéu thic :
P=vaZ+a+4+yJb>+b+4+c’+c+4

2X+6

Goi y. Str dung danh gia sau: Vx> +X+4 < BDT ( hay Cyc tri) da phﬁn s€ dat duoc tai "tdm" hay tai "bién".

Do do6, sau mot hdi lau "thir nghiém" thi ¢6 tim dugc "Pap s6" nhu nguoivn.

Thé 13, ta mong mudn c6 danh gia~/x* + x +4 < ax+b. Ma "diu bang" xay ra tai x=3 va x=0. Thé 13, ta c6 ngay,
a=23 va b=2.

(x+y)d—xy)

Bai 94: Tim Max va Min cua biéu thuc: - :
A+x7)A+y7)

Bai 95: Cho a,b,c 1add dai 3 canh cua 1 tam gidc. Chang minh rang 3(%+%+§} > 2(2+%+%) +3

al+ bc+ca)+b(1+ca+ab)+c(1+ab+bc) S 27

Bai 96: Cho a,b,c>0 va abc=1 Chirng minh rang: >
Bal Y0. g ang b? 03 PE 2 +b+c

Bt dang thuc can ching minh trrong dwong voi

(@ + b° +C3)[a(lﬁt b(;+ca) . b(1+c2+ab) . c(1+a2+bc)} 507
b C a

Sir dung bat déng thire AM-GM, ta c6 a® +b® + ¢ > 3abc =1 nén ta chi cin chang minh

a(l+bc+ca) N b(1+ca+ab) N c(l+ al:g) +bc) 59

b3 c? a

Ciing theo bat dang thirc AM-GM thi

a(l+bc+ca) _ 3a/abc’
b’ = b’

b(1+ca+ab) 3b.3/bca’
c? - c

c(l+ab+bc) 3c.3/cab’
a’ - c

ailabc? bilbca® cilcab?
3 + C3 + a3
dang thac AM-GM cho ba sb vai gia thiét abc=1.

Vay nén ta chi con chang minh >3 Thé nhung diéu nay 1 hién nhién ding theo bét

Bai toan dugc chirng minh xong .o

Bai 98: Chirng minh rang véi moi s6 thuc khéng am a,b,c, ta ludn co
2(a% +b?)(b* +c*)(c* +a%) > (ab® + bc?® + ca® + abc)®

Ta c6 thé di theo huéng khac nhu sau:
Vi 6 VT c6 xuit hién cac dai luong nhu: (a° +b?); (b* +¢?); (c* +a?) nén ta s& ¢ gang ap dung bt diang thirc
Cauchy-Schwarz vao VP sao cho xuit hién mot trong cac dai lwong trén, nhu vay viéc chang minh s& nhe nhang



hon nhiéu. Tir y tuong do, ta s& ap dung bét ding thirc Cauchy-Schwarz, ta co:

(ab? +bc? +ca? +abc)? = [a(bz +ca)+c(bc+ ab)T <(a’+ c2)[(b2 +ca)’ + (bc + ab)Z]
Do vay ta chi can chirng minh duoc: 2(a® +b?)(b? +¢?) > (b? +ca)? + (bc + ab)®
Khai trién ra ta thu dugc: a’b® + b’c? + c?a® +b* > 4ab’c

Ap dung AM-GM ta thu duoc: a’b® + b?c? +c’a® + b* > 43a*b®c* = 4ab’c hing minh hoan tit. Pang thirc xay ra
khi: a=b=c.

Tir d6 ta c6 cha y sau:

« Khi sir dung bat dang thirc Cauchy-Schwarz ta s& ¢ gang tao ra cac dai luong ¢ hai vé gidng nhau dé giam
bét di, nhu vay viéc chirng minh s€ nhe nhang hon rat 1a nhiéu, ma vi du trén la mot vi du dién hinh.

Bai 99: Cho céc s6 thuc a,b,c thoa mén 6a + 3b + 2¢ + abc = 24 Chang minh rang: (a? +1)(b® +4)(c? +9) > 144
Bat dang thirc can chirng minh twong duong voi: 2(a +1)(b? + 4)(c? +9) > (6a+ 3b+ 2¢ + abc)?

Ap dung bit dang thuc Cauchy-Schwarz vao VP ta duoc:
(6a+3b+2c+abc)® < [a(6+bc) +(3b+2¢)] < (a° +1)[ (6+bc)* +(3b+2c)’ |

Ta can chirng minh: 2(b* + 4)(c® +9) > (6 + bc)® + (3b + 2c)?

Khai trién twong dwong ta c6: (bc —6)° +(30—2c)’ >0 Hién nhién dung. Biéu phai ching minh.

3
Bai 100: Chimg minh bét ding thire sau ding véi moi a,b.c duong, ot 2+C)"_4@+b+c) c(f —ij.
- ab(a+c) a b a+c

Do biéu thtrc d6i xing véi 2 bién a,c va dé y rang bt ding thirc trén dong bac 0 nén ta s& dua bat dang thic trén vé
2 x,y bién dé giai quyét. Vay 2 bién @6 1a 2 bién nao? Ta dé y rang vi dbi xtrng giita 2 bién a,c nén ta nghi téi viéc
diu "=" xay ra khi: a=c, do d6 khi ta dwa vé bién x,y thi ciing mong sao 2 bién d6 c6 diu "=" xay ra khi: x=y. Nén
khi chuyén vé 2 bién thi vai trd cua a,c van phai dugc dam bao binh ding nhu cii, c6 nhu vay bai toan méi d& giai

quyét. Tir nhitng phan tich d6 goi ¥ cho ta dua vé 2 bién: x = %;y = % That vay ta dwa bat dang thic ban dau vé

3
(S+E+l} 4(2+E+1} A 5C
dang: — S%__ b
afa ¢ a b a ¢
b(b b} b b b

bat: x = %;y = % Ta thu duoc bt ding thirc kha gon va dep nhu sau:

13
(x+y+1)  A(x+y+D) >y o (xry+17 —A(x-+y) (XY +1) > Axy(x+y) - 4xy

X(X+Y) X X+Y

Ta lai nhan thay ring bit dang thirc trén dam mau Viet khi lién tuc chira cac biéu thic: x+y;xy, nén tu tuéng dua vé
ham bac nhat n6 hién hitu ngay truéc mat, gibng nhu miéng mdi ngon ma khong an ngay dé lau s& bi ngudi khac an



mét!

Ta s& chuyén bt dang thuc vé& dang Viet thong qua viéc dit an phu chtr néu dé nhu trén va bién ddi thi kha cdng
2

kénh.Dat S=x+y;P=xy. Bé y rang voéi viéc dit nhu trén ta ludn co: P < ST Bat ddng thic trén tro thanh:

(S+1)° —4S(S+1)>4SP-5P < (5-45)P+5°-5*-S+1>0

D& thay rang bat dang thic trén chi 1a mot ham bac nhét véi bién P, nén ta s& danh gia thong qua ham s bac nhat
nay. C4c ban luru y ring ham bac nhit 1a ham dé danh gia nhat, vi nd ludn ludn don diéu nén ta chi can quan tam tsi
2 bién ctia no6 1a du.Ta xét ham so: f(P) = (5-4S)P+5°—-S$* —S+1

. 52 A ,
Voi: 0< PST Ta sé xét hai bién cua nd.Ta co:

f(0)=5*-S"-S+1=(S-1)*(S+1) >0
Sz 2 3 2 Sz 1 2

fl = |==(5-4S)+5°-8*-S+1="-S+1=>(S-2) 20
4] 4 4 4

Do ca hai bién ciia ham s6 f(P) déu khong 4m nén ta ¢ didu phai chirng minh.
Dau "=" xay ra khi: S=2&x=y=1<a=b=c.

2 2
Bai 101: Cho a,b,c,d € [3;4]. Tim GTLN, GTNN cia: T =§(a+cj +f(a+dj 2
4\d+a 3\b+a 16

Minh s& goi ¥ giai phan tim maxT, phan tim minT ban lam twong tu nhé:

Tir gia thiét ta co

<a+c<a+4: +4—d<1 4—-d 7

0 < 1 <l4+—=—
a+d a+d a+d 3+d 3+d
Va
0<a+dSa+d:l+d—3£1+d—3:d+3.
a+b a+3 a+3 3+3 6
Do d6

2 2
T SE(—7 j +£(—d +3J +i
4\d+3 30 6 16
va dang thirc xdy ra khi a=3,b=3,c=4. Bay gio, ta chi viéc khao sat ham

2 2

f(d)= E(L +i B +i rén [3,4] nira 1a xong. Gi4 tri 16n nhit cua f(d) trén doan ndy s& dat duoc tai
4\d+3) 3 6 16

mot d0 nao d6 thude [3,4] va gié tri 1on nhat ndy ciing s& chinh 1a gié tri I6n nhét cua T Vi ta c6 déng thirc xdy khi

a=b=3,c=4 va d=d0. Ban ty khao sat ham va tinh gia tri nay nhé.

1 1 1

+ + + >1
(1+a)® (1+b)* (1+c)®> ab+bc+ca+1

Bai 102: Cho a,b,c>0 thoa mén abc=1. Chirng minh rang :

Sau khi d& danh gid duge ——— +— = >
@+a)” (@+b) 1+c
Lai dé y rang ! = L 1 2 L 1 - ]]: = Cz
ab+bc+ca+1 c(a+b)+E+1 c(1+ab)+E+1 C+E+2 (€+1)

T6i day ta dd thu duge bat ddng thirc mot bién ¢. Phan con lai rit don gian, ban tu hoan tit nhé
a-bc b-ca c-ab

+ +
a+bc b+ca c+ab

Bai 103: Cho a,b,c>0thoamdna+b+c=1. TiImGTLNcua: T =



Ta co:
3—T=1—a_bc+1— b—ca+1_c—ab
a-+bc b+ca c+ab

_ 2Dbc N 2ca N 2ab
a+bc b+ca c+ab
b%c? c’a’ a’h?

- 2( n " )=Q

~ abc+ b%c®> abc+c’a® abc+a’b?
Ap dung BDT Cauchy-Schwarz:

2(ab+bc +ca)?

= Q 2 2152 2.2 2,2

3abc+ah” +b°c” +ca
Chung ta di chirng minh:

2(ab+bc + ca)? .3

3abc+a’b’ +b’c’ +c%a’ 2
Hay ,sau khi nhan chéo va rit gon : a’b” + b’c® +c*a’ + 8abc(a+b+c) > 9abc (1)
Bay gio ap dung gia thiét a+b+c=1, ta dugc:
(1) & a’b* +b*c* +c’a® +8abc(a+b+c)>9abc(a+b+c)

& a’b? +b’c® +cfa’ > (a+b+c)abe (2)

(2) @tng theo AM—GM do d6, suy ra: Q Zg

Hay:3—T2§©T£g Vay: MaXng datdu:qckhi:azb=0=%

Bai 104: Cho cac s6 thuc duong a,b,c thoa mén abc=1. Chtrng minh ring a__, b i >
a+b+1 b+c+1 c+a+1l

Sau mot hoi suy nghi kha lau, minh nhan thy rang bai ndy chic chan 1a ding Cauchy-Schwarz réiqtuy nhién néu dé
"nguyén dai, nguyén kién" the kia thi chac la khong thu dugce ket qua gi. Nhu the chac chin phai doi bien roi, véi
gia thiét abc=1 ta nhé ngay tai phép doi bien:

a= X, b= 5, c=2
X y z
Thay a,b,c nhu trén vao thi ta phai ching minh:
yZ ZZ XZ
P= + + >1

VPHXZHzZy ZPAXy+YZ XA XY+ XZ
Dén déy thi "thom" qua rdi, 4p dung truc tiép Cauchy-Schwarz ta co:
(X+y+2)? B
X2+ Y2 +22 42Xy + 22+ 22X
Vay 14 bai toan chirg minh xong! Pang thirc xay ra khi va chi khi a=h=c=1
Cach 2 ‘7
Dang nay kh& quen thudc nhi! Theo 161 goi ¥ ctia anh Can thi chldng ta co 101 giai nhu sau:
bat azi,c:z; b:E
y z X
Khi d6 bat dang thie can chimg minh twong duong voi:
ey ey
XZ+Y +YyZ Xy+Z°+XZ YyZ+X +Xy
Ap dung bét dang thirc Cauchy Schwarz ta co:

P>




Xz X z
+ Y - y

XZ+Y +yZ XY+Z° X2 yI+ X+ Xy
_ (xz2)? N (xy)* N (y2)° S (xy +yz +2x)* 1
(X2)* + xy’z+xyz>  (Xy)’ +Xyz° + X°yz  (yz2)? + X°xy +xy°z  (xy)* +(yz)® +(X2)* + 2xyz(X + y + 2)
D%éu phai chung minh.
DPang thirc xay ra khi: x=y=z&a=b=c.
Bai 105: Chang minh rang véi moi s thuc a,b,c khdng am ta ludn c6: (a+b+c)* >8(a’ +b® +¢?)(ab +bc +ca)

Ta co:
8(a’ + b +¢®)(ab+bc +ca) = 4(a* + b* +c*)(2ab + 2bc + 2ca) < (a® + b* +¢* + 2ab + 2bc + 2ca)’
= 8(a’ +b* +c¢*)(ab+bc+ca) < (a+b+c)*
Déu bang xay ra khi: 8’ + bzr +c” =2ab+2bc+2ca ‘
Bai 106: Cho a,b,c la cac so6 thuc thoan méan a,b,c>1 vaa + b + ¢ = abc. Ching minh rang:
(@ —1)(b*~1)(c*~1) <8
a b C

Bai 107: Cho a,b,c>0 thoa man: a + b + ¢ = 3. Ching minh rang: ————+—————+—5————<1
a’+b"+c b’+c"+a c’+a’+b

Ap dung bat dang thirc Cauchy - Schwarz, ta c6
(@ +b? +c)(£+1+ CJ > (a+b+c)’,
a

< l+a+ca

a’+b’+c (a+b+c)?

3+a+b+c+ab+bc+ca
(a+b+c)?

tur do ta suy ra . Do d6 dé két thiic chirng minh, ta can chi ra rang

<1, tuy nhién day lai 1a mot danh gia d& dang chirng minh néu ta dé ¥ ring ab+bc+ca<3.

3
Bai 108: Cho a,b,c>0. Ching minh rang: (a th+c +1j > 8(a +bc)(b + ca)(c +ab)

3 (a+b)(b+c)(c+a)
Goi y.

- Budc 1. St dung ki thudt ghép dbéi xtng, hdy chung minh
8(a+bc)(b+ca)(c+ab)<(a+b)(b+c)(c+a)a+1)(b+1)(c+1)

Cu thé(a+b)(c+1):a+bc+b+ca22\/(a+bc)(b+ca) Viét 2 BDT tuong tu rdi nhan theo vé ta cb
diéu phai chtng minh.
- Bude 2. Sau khi su dung danh gia trén, dst a+l=X, b+l=y, c+1=z, ta s& thu duoc

(x+y+zj32XyZ

3

Bai 109: Cho x>1.Tim gia tri nho nhét caa biéu thuc: y = 3x + Zi
X

Bai toan kha don gian, 4p dung AM-GM ciing duoc, nhung tu nhién nhét Ia st dung ham sé.

2_
Xét ham sé: f(x)=3x+i Ta co: f’(x):3—%=6x—21>0
2X 2X 2X

Do d6 ham sé ddng bién véi moi x>1.

Suyra: f(x)> f(1) =%



Bai 110:Cho x,y,z la cac sé thuc duong thoa mén x +y + z = 3. Tim gia tri 16n nhét cua biéu thac

_(x+y) +(y+2)" +(z+ %)’

P
X +y +2°+3

Pé y thay P la mot biéu thire ddi xing, mat khac X,y,z>0 nén dé dang Gia Cat Dy MaxP=2, dat duoc khi

x=y=z=1. Ttc ta can chi ra

(X+Y)* +(y+2)* +(z+x)°
X2 +y’ +2°+3

Tuong duong véi

Ap dung bd dé quen thudc xy + yz + zx <

Bai 111: Cho x,y,z € [1,2]. Tim gi4 tri I6n nhit va gia tri nho nhat cua biéu thac: P =

Minh tim GTNN trudc:

+y+12)°

(x

<2 Hay2(x* +y* +2° +3) > (X +Y)* +(y +2)* + (2 + x)?

Xy+yz+zx<3
=3 ta suy ra ngay dpcm.

Xty Yy+z Z+X
2+7 2+X 24y

Vi diéu kién trén ta cd: 2<x+y. Suy ra:X+y2 X+y Tuong tu nhu trén ta c6:
2+7 X+Yy+2z
XAy yhe zax, X+y y*z XX o Suy ra: MinP=2, Dau "=~ xay ra khi: x=y=z=1.
2+7 2+X 2+Y X+Y+Z Y+Z+X Z+X+Y

Bai 112: Cho céc sé thuc khéng am a,b,c théa ména’® + b® +¢® =1. Tim gid trj I6n nhét cua biéu thic

P =a’b+b’+c%a.

Céach 1:

Str dung bét ding thirc Cauchy—Schwarz va danh gia quen thudc xy + yz + zx <

P? = (ab.a+bc.b+ca.c)’ <(a’b® +b*c® +

Do doP <

1
NG NG

Bai 113: Cho a,b,c duong. Ching minh

Vay maxP =

Ta co:
R
a’+ab+b?

a3

c’-a’

¢’ +ac+a’

CS

b®—c?
b* +bc +c?
b3

= khia=b =

(X +y+2)°
3

ta co:

2 2 2\2
cta)(at +b7 47y < @0 HE) .(a2+b2+cz):%

3
c=—
V3
al b® c? a+b+c
2 2+ 2 2+ 2 22
a‘+ab+b° b +bc+c® c +ac+a 3

=0

3

3 a

b* C

= + + = +
a’+ab+b® b’+bc+c® c’+ac+a’ a’+ab+b® b*+bc+c® ¢’ +ac+a’
Vay bat dang thuc can chirng minh tuong duong véi bat dang thie sau :

1(_a’+b’ b +¢’ ¢ +a° a+h+c
= n S
2\ @*+ab+b®> b*+bc+c® c*+ac+a’ 3
2 2 2 2 2 )
<:>(a+b)az"Jl—berer(bJrC)b2 bC+C2+(c+ c2 ac+a222(a+b+c)
a~+ab+b b*+bc+c c°+ca+a 3

Hién nhién ta co:



a’—ab+b*> _1 b®—bc+c? 21 a’ —ac+c’ S
a’+ab+b*> 3'b’+cb+c® 3 a’+ac+c’
Tir d6 ta suy ra bt dang thire trén dung.Dau bang xay ra khi a=b=c
Vay ta c6 diéu phai chung minh.

1
3

Cach 2
a’ a’b+b’a ab(a+b) (a+b)
2 7-8-3 7=a- =a-
a“+ab+b a“+ab+b 3ab 3

Twong ty cho 2 vé con lai rdi cong lai, tir d6 ta c6 diéu phai ching minh.
Bai 114: Cho a,b,c 14 céc s6 thuc thoa man a® +b” +c? +ab +bc + ca =1. Tim gid tri nho nhat, gia tri I6n nhét

cua biéu thicP = a? + b? + 4c?,

+\/§ . 7—«/@
2

Goi y. Sir dung phwong phdp tam thirc bac hai Ta s& thu duoc két qua: max P = > ,minP =

Bai 115: Cho céc sb thuc a,b,c ddi mét khac nhau thoa manb? —bc +ca = %ab . Tim gié tri nho nhét caa biéu

a Y b Y ¢ Y
thuc: P:(—j +4.(—J +9,[_J

a-b b-c c—-a
Ta co:

bz—bc+ca:%abc>bz—bc—ab+ac:_?lab

o 2a-b)b—c)=ab= 22 _)
a-b b-c

Khi d6 ap dung BDT AM - GM tacd: P = (—) +4( ) +9( ) _4| b I:
C

la—b'b-
Dau = xay ra khi (a,b,c)=(2,1,0).

Bai 116: Cho céc sé thuc khéng am a,b théa man a? +b? =1. Tim gi4 tri I6n nhat cua biéu thic

P=a’+(a+b)’.vaQ=a +(a;bj.

Taco

a’+(a+h)’® 2a’+2ab+b’

P— —
a’ +b? a’+b?

Néu b=0 thi P=2.

Neub#OthlP—ﬂ _a Hay la
t? +1 b

(P-2)t° -2t+P-1=0

Phuong trinh theo an t lun c6 nghiém, do d6



A =1-(P-2)(P-1)>0
& -P?+3P-1>0

:>P£3+\/g
2
Ping thuc xay ra khia = SZf,b: 5186 vay maxP=¥

Cach 2
That vay, vai gia thiéta® + b® =1 ta c6 thé dit:a=cosa, b =sina véi a€[0,27] Luc d6 ta co:

_ 2sin2a +c0s2a +3

p
2
sin2a +2cos2a +3
Q= 4

Phan viéc con lai 1a di tim GTLN cua P,Q. Py 1a mot viéc kha don gian, minh xin dé céc ban ty hoan thién!
Bai 117: Cho a,b,c>0 théa man: a+b+c=1.Tim gia tri Ién nhét va gia tri nho nhat caa biéu thic sau:
F(a,b,c)=a(b—c)’+b(c-a)’+c(a—b)®

Bai 118: Cho a,b,c>0 thoa man c? = a’ —ab+b?. Chirng minh ranga® + b® + 3abc < 5¢°

Ta thiy rang: Khi c=0 thi:a> —ab+b? =0 < (a—b)’ +ab =0« a=b =0 Bét ding thic trg thanh dang thic. Do

vay ta chi can xét khi: ¢>0.
Khi d6 ta c6 nhan xét rang voi bat ding thic trén ta thdy né vira 1a bat dang thic & dang ddng bac va dbi xung vai 2
bién: a,b nén ta cd thé chuyén vé 2 bién dé giai quyét. Ta s& giai quyét bai toan nhu sau:

a)Y ab (b
Dua diéu kién vé dang: (—j ——2+(—j =1
c) ¢ \c

3 3
Twong tu ta dwa bat dang thirc vé dang: (Ej + (EJ + 3a_5) <5
c c c

< a b ... . A A A pmA
bat: x =—;y =— Bai toan ban dau dugc dua vé bai toan sau:
c c

Cho 2 s6 thuc khong &m X,y thoa man: x> — xy + y> =1 Chuang minh rang: x* +y* +3xy <5
Ta d4 cd: x+y>0, nén nhan (x+y) vao diéu kién ta co: X + y)(x* —xy +y*) = x+y < x> +y* = x+y Do d6 ta c6:

(x+y)?
4

X2+ Yy +3xy <5< x+y+3xy <5 Ma theo diéu kién ta c6:1= x> — xy + y* > S (X+y)Y <4 x+y<2

2
Tur do dﬁntéi:x+y+3xy3x+y+w:2+3:5



Bai 119: Cho céc sé thuc a,b,c khac nhau d6i mét théa man b*> —bc+ca = %ab .

2 2 2
Tim gid tri nho nhat cua biéu thic: P = (Lj +4.(Lj + 9(Lj
a-b b-c c—a

Bai 120: Cho cac sé thuc khéng am a,b,c théa man a+b+c=2. Tim gia tri lén nhét cua biéu thuc:
P = (a’h® +b’c® + c*a’)(ab + bc + ca)

Bai 123: Cho a,b,c>0 théa man a+b+c=2. Chirng minh rang: (a”+bc)(b* + ca)(c’ + ab) <1



